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Some rigidity results on homogeneous Finsler spaces
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Abstract. Utilizing Killing frames on homogeneous Finsler manifolds, we ex-
press the Berwald and mean Berwald curvatures in terms of Killing frames and
get some rigidity results among them we prove that homogeneous isotropic
weakly Berwald metrics reduce to weakly Berwald metric.
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1. Introduction

In Riemannian geometry, a Killing vector field is a vector field on a Rie-
mannian manifold (M, g) that preserves the metric g. Killing fields are the
infinitesimal generators of isometries; that is, flows generated by Killing fields
are continuous isometries of the manifold. More simply, the flow generates a
symmetry, in the sense that moving each point on an object the same distance

*Corresponding Author
AMS 2020 Mathematics Subject Classification: 53B40, 53C60

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 Inter-
national License.
Copyright (©) 2024 The Author(s). Published by University of Mohaghegh Ardabili
136


https://doi.org/10.22098/jfga.2024.14829.1123
https://orcid.org/0000-0003-2973-5441
 https://creativecommons.org/licenses/by-nc/4.0/

Some Rigidity Results on Homogeneous Finsler Spaces 137

in the direction of the Killing vector will not distort distances on the object.
Thus a vector field X is a Killing field if the Lie derivative with respect to X of
the metric g vanishes, Lxg = 0. A typical use of the Killing field is to express
a symmetry in general relativity in which the geometry of spacetime as dis-
torted by gravitational fields is viewed as a 4-dimensional pseudo-Riemannian
manifold. In a static configuration, in which nothing changes with time, the
time vector will be a Killing vector, and thus the Killing field will point in the
direction of forward motion in time.

In Finsler geometry, the Riemannian and non-Riemannian curvatures are
mostly defined with standard local coordinates

C:= {m =) e M, y=y'0/0x" € TmM}.

But in the homogeneous context, generally speaking, the local coordinates are
not compatible with the homogeneous structure, and invariant frames or Killing
frames seem more suitable. A Killing frame for a Finsler manifold (M, F) is a
set of local vector fields {X;}?_;, n := dim(M), defined on an open subset U
around a given point, such that: (1) The values X;(z), Vi, give bases for each
tangent space T, (M), z € U; (2) In U, eachX; satisfies XZ(F) =0.

Though Killing frames are rare in the general study of Finsler geometry,
they can be easily found for a homogeneous Finsler space at any given point.
Let the homogeneous Finsler space (M, F') be presented as M = G/H, where
H is the isotropy subgroup for the given x. The tangent space T'M, can be
identified as the quotient m = g/b, where g and b are the Lie algebras of G and
H, respectively. Take any basis {v; }?_; of m, with the pre-images {01,...,0,}
in g. The Killing vector fields {X;}? ; on M corresponding to #;s defines a
Killing frame around x. The choice of 0;s or X;s identifies the quotient space m
with a subspace of g, and then we can write the decomposition of linear space

g=bh+m. (1.1)

In homogeneous Finsler geometry, curvatures can be reduced to some tensors
on m, and differential equations are reduced to linear equations. So we may
avoid some extremely complicated calculations, and find the intrinsic nature
of curvatures from the Lie algebra structures. The most successful examples
for this approach include the following. We can use Killing frames (i.e., local
frames provided by Killing vector fields) to present the S-curvature, and use
the Finslerian submersion technique to deduce the flag curvature formula, for
a homogeneous Finsler manifold [1][2][4][5][7][15][16]. Notice in Finsler geom-
etry, curvatures are mostly defined with standard local coordinates C. But
in the homogeneous context, generally speaking, the local coordinates are not
compatible with the homogeneous structure, and invariant frames or Killing
frames seem more suitable. In [3], by applying invariant frames, Huang pro-
vides explicit formulas for all curvatures in homogeneous Finsler geometry.
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In [4], by using the Killing fields, Hu-Deng give formula for the Riemann
curvature of a homogeneous Finsler manifolds which is a generalization of the
formula for homogeneous Riemannian manifolds. Then Xu-Deng proved that
a homogeneous Finsler space has isotropic S-curvature if and only if it has
vanishing S-curvature [14].

2. Killing Frame

For the Killing frame {X7,...,X,} around z € M, a set of y-coordinates
y = (y) can be defined by y = 3" X;. Accordingly, we have the fundamental
tensor gi; = 3[F],ii,
When both the Killing frame and the local coordinates {z = (Z'),y = 779, }
are used, the terms and indices for the local coordinates are marked with bars,

and the inverse matrix of (g;;) is denoted as (¢g%).

and the indices with bars are moved up and down by the fundamental tensors

g or g; for the local coordinates. Let f! and fi, Vi and i, be the transition
functions such that around =z,

Oy = fiX;, and X; = fid,. (2.1)

We summarize some easy and useful identities which show how the transition
functions exchange the indices with and without bars:

g =fly and y = fy (2.2)

Oy = fid,: and 9, = fg‘ag;, (2.3)

gij = flgufl  and gy = figifl, (2.4)

g7 = flg"f] and g7 = figif]. (2:5)

The S-curvature is a important non-Riemannian quantity. At the first time
S-curvature introduced by Z.Shen in [6]. it is for measure the rate of change

of the distortion along geodesics. There is a notion of distortion 7 = 7(z,y) on
TM associated with a volume form dV = o(x)dz, which is defined by

7(z,y) =In det((yg(z)(x, v) ) (2.6)

Then the S-curvature is defined by

S(z,y) = %[T (c(t),c'(t))] o, (2.7)
Y.

where ¢(t) is the geodesic with ¢(0) =
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3. Results

Lemma 3.1. Let (M, F) be an n-dimensional homogeneous Finsler manifold.
Suppose that {X;}*_, is a Killing frame around x € M for the Finsler metric F.
Then for y = §'X;(x) € TM,, the geodesic spray coefficients can be presented
as

S -
G' = 2{yyjé?f“r g”&mwabwﬂﬁ}- (3.1)

where cklj are defined by [X;, X;|(z) = ¢ lek(a:).

Proof. Let {X1,...,X,} be a Killing frame around z € M for the Finsler
metric F. In [14], Xu-Deng have studied Killing frames of homogeneous Finsler
spaces. For y = §'X;(z) € TM,, they obtain the geodesic spray G(z,y) as
follows

G<$ay) = ini + QQ”CZ [FQ]ykyjayi' (3.2)
The spray coefficients are given by
1
10 [Py = (F)]. (3.3)

By using (3.2) and (3.3), we get

G(w,y) = y'(fi0p +§0u f10,5) +

G =

1 4 i r1
59 ICZ[FQ]yky]fiag?

— G0, + {y P00 fi+ 3o ey [P, } O B

Comparing (3.2) and (3.4), imply (3.1). O

Let (M, F) be an n-dimensional homogeneous Finsler manifold. Suppose
that {X;}? ; is a Killing frame around « € M. Then for any 0 # y € T'M,, the
S-curvature at (z,y) can be presented with the notations for the Killing frame
as

1., .
S(z,y) = 59 lez] [FQ} yky]L-. (3.5)

Now consider the case that M = G/H is a homogeneous Finsler space, where
H is the isotropy group of z € M. Let the Killing vector fields X;’s be defined
by v; € g, Vi. Then the tangent space T M, can be identified with the n-
dimensional subspace m spanned by the values of all the v;’s at . With respect
to the decomposition g = h + m, there is a projection map pr : g — m. Note
that for the bracket operation [-,] on g, we have [-,-]n = pr[,-]. Then ;s can
be determined by

(05, D5]m = —C30k- (3.6)
In [14], Xu-Deng proved the existence of Killing frames around z. Each Killing
frame {X;}? ; determines a decomposition g = b+ m, where X; is determined
by ¥; in m. Let the operation [-, |y, be defined as before. The gradient field of
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In \/det(gpq) with respect to the fundamental tensor on T'M,\0 is the m-valued
function

G Loy = g {m det(gpq) Lvl (3.7)

We will denote it as V%3 In \/det(gpq)(y) for y € m. Let (-,-), be the inner
product defined by the fundamental tensor g;; at y. Then by (3.6) we can
rewrite (3.5) as

S(a.v) = o"elyouny"y’ I = (0. V% oy fdet(gpg) W)lmov) . (38)

which gives a formula for the S-curvature of a homogenous Finsler space.

Proposition 3.2. Let (M, F) be an n-dimensional homogeneous Finsler man-
ifold. Suppose that {X;}?_, is a Killing frame around x € M for the Finsler
metric F. Then for y = §°X;(x) € TM,, the Berwald curvature of F is given
by

B .= _;fgfgfgf;{[ Dy Oya Oym g™ () [FQ]yk.yj)}
+[8yq8 mg" (9’ grp + ]
—|—[ Oy Oym g’ cljngkq fcquZ ]
{ yf’ang Cljy gkm *szFQ]y’v)]
[0y 1 (el ™) ] + (D™ Dy g + By 970y g1
049" Dy gim) (b | + | Oymg™)(chygna + cligis)|
+[0yr9™)(chygim + chngin)| + | Dy g™) (el gim + chngna)]
+ [(3ngkmcfp + aypgkmch + 3ypgchfm)g”} } (3.9)
The mean Berwald curvature of F' can be express as follows
Eg = i{ [f?ff(aysa g e [F? ey I)} + [ft e 9"l (22 sy’ 1

1 Oy L+ FIF e )| + | £20,09ely (2t guay
FHF 0y L + FIF 1)) + |9l (26 Fhguals

F212 flarey? Dye I; + 212 fLgus I + f2 FLIF?] 10y I

212 fLgusy? Oy Ii + fLFEHF?) 0y I + f2 fg[FZ]ykaysayJi)} } (3.10)
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For a two-dimensional plane P C T, M and y € T, My, the flag mean Berwald

curvature E(P, y) is defined by
Fg('ra y)Ey(ua U)
gy (Y, y)gy (u, u) — 8y (y, u)]*’
where P := span{y,u}. F is called of isotropic mean Berwald curvature if for
any flag (P,y), the following holds
1 1 1
"t e By = %cFyiyj — B = ”;“ cF~hy;,(3.12)

where ¢ = ¢(z) is a scalar function on M. We have the following.

E(P,y) := (3.11)

E(P,y) =

Theorem 3.3. Let (M, F) be an n-dimensional homogeneous Finsler manifold.
Then F' has isotropic E-curvature if and only if it has vanishing E-curvature.

Proof. Tt is proved that, F' has isotropic E-curvature E = (n + 1)/2cF~'h
if and only if it has almost isotropic S-curvature S = (n 4+ 1)cF + n, where
n = ni(x)y’ is a 1-form on M. Let us consider the S-curvature at a fixed
point z. The function In+/det(gp,) is homogeneous of degree 0, so it must
reach its maximum or minimum at some nonzero y, where the gradient field
vanishes. Then by (3.8), S(x,y) = 0. If the S-curvature is almost isotropic,
ie, if S = (n+1)c(x)F + n, then ¢(z) = 0. In this case, S = n. Taking two
vertical derivation of it implies that E = 0. O

A Finsler metric F' has isotropic Berwald metric if its Berwald curvature is
given by following

B, (u,v,w) = chl{h(u, v) (w —g,(w, E)f) + h(v,w) (u - gy(u,f)é)
+h(w,u) (v - g, (v, Z)E) +2FC,(u,v, w)ﬁ}, (3.13)

where ¢ € C>°(M). In this case, I' is called an isotropic Berwald metric. It
is obvious that Berwald metrics is a isotropic Berwald metric condition with
¢ = 0. Geometrically, Berwald metrics are those Finsler metrics which are
affinely equivalent to Riemannian ones.

Corollary 3.4. Let (M, F) be an n-dimensional homogeneous Finsler mani-
fold. Then F has isotropic Berwald curvature if and only if it has vanishing
Berwald curvature.

Proof. In [9], it is proved that every isotropic Berwald metric (3.13) has isotropic
S-curvature S = (n+ 1)cF. By Theorem 3.3, we get ¢ = 0. Putting it in (3.13)
implies that B = 0. g

By definition, L/C is regarded as the relative rate of change of C along
Finslerian geodesics. Let (M, F) be a Finsler manifold. Then, F' is called
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relatively isotropic Landsberg metric if it satisfies L4+ c¢FC = 0, where ¢ = ¢(x)
is a scalar function on M. We get the following.

Corollary 3.5. Every homogeneous relatively isotropic Landsberg metric of
isotropic mean Berwald curvature is a Berwald metric.

Proof. Every n-dimensional (n > 3) relatively isotropic Landsberg metric of
isotropic mean Berwald curvature is a isotropic Berwald metric. In [3], it is
proved that every relatively isotropic Landsberg surface (n = 2) of isotropic
mean Berwald curvature is a isotropic Berwald surface. By Corollary 3.4, it
follows that F' reduces to a Berwald metric. (]

Let (M, F) be a Finsler manifold. Then, F is called a weakly Douglas metric
if it satisfies
Diyr = Timy', (3.14)

where T}y is a Finslerian tensor on M.

Corollary 3.6. Let (M, F) be an n-dimensional (n > 3) weakly Douglas man-
ifold. Suppose that F has isotropic mean Berwald curvature. Then F is a
Berwald metric.

Proof. Taking vertical derivative from (3.14) with respect to y*, we get

W B 2 (OFg, OBy OBy, Ol OBng)
oy* Oy* n+1L1 gys oys 7 Oy OysOy! oy
8Tjkl ; ;
= ——y" 4+ Tjno;. 3.15
ay° Y+ k10 (3.15)
Contracting ¢ and s in (3.15) and using the relations
1 0B E; E Ey;
1955w _ OBk _ 0Bu _ OEy (3.16)
2 Oy* oyt Oyl Oyk
we get
oD%y,
0= ays = (TL - Q)Tjkl. (317)

Therefore, for n > 2, we get T, = 0 and F' is a Douglas metric. By Theorem
3.3, F reduces to a Berwald metric. O

Let (M, F) be a Finsler manifold. Then, F is called a generalized Douglas-
Weyl metric if its Douglas tensor satisfies

Dijkl\mym = Tjkll/i (3.18)

that is hold for some tensor T, where D? kllm denotes the horizontal covariant

derivatives of Douglas curvature D* ki with respect to the Berwald connection
of F. For a manifold M, let GDW (M) denotes the class of all Finsler metrics
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satisfying in above relation for some tensor Tjy;. It is proved that GDW (M)
is closed under projective changes.

Corollary 3.7. Let F = a¢(s), s = 8/a, be a homogeneous non-Randers type
(o, B)-metric on n-dimensional manifold M (n > 3). Then F is a generalized
Douglas-Weyl metric with isotropic S-curvature if and only if it is a Berwald
metric.

Proof. In [11], it is proved that a non-Randers type (o, 3)-metric is a gener-
alized Douglas-Weyl metric with vanishing S-curvature if and only if it is a
Berwald metric. By using Theorem 3.3, we get the proof. (|

A Finsler metric F' has almost vanishing H-curvature if its non-Riemannian
quantity H satisfies following

="l
2F
where ¢ = ¢(z) is a scalar function and 6 = 0;(z)d2" is a 1-form on M ([10][12]).
Corollary 3.8. Let F := «a + B be a homogeneous Randers metric an n-

dimensional manifold M. Suppose that F has almost vanishing H-curvature.

Then S = 0.

Proof. In [13], Xia proved that a Randers metric has almost vanishing H-
curvature if and only if it has isotropic S-curvature S = (n+1)cF. By Theorem
3.3, we get S = 0. The converse is trivial. a

Corollary 3.9. Let F := o+ 3 be a homogeneous Randers metric of weakly
isotropic flag curvature on a manifold M of dimension n > 3. Let F has
constant flag curvature.

Proof. Let F be of weakly isotropic flag curvature
0
K= % + o, (3.19)
where o = o(z) is a scalar function and 0§ = 0;(z)y’ is a 1-form on M. By
Najafi-Shen-Tayebi theorem, F' satisfies following

(n?-1)0
H=""F
where 0 = 0;(z)dz® is a 1-form on M. By corollary 3.8, # = 0. By the Schur
lemma in Finsler geometry, if K = o(z) is a scalar function on M, then it must
be constant in dimension n > 3. O

(3.20)
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