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Abstract. In this paper, we remark some of the well-known curvature prop-
erties of square Finsler metrics. Then, we study weakly stretch square Finsler
metrics.
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1. Introduction

The well-known Hilbert’s Fourth Problem is to characterize the distance
functions on an open subset in R™ such that straight lines are shortest paths.
It turns out that there are lots of solutions to the problem. For example, in [4],
Blaschke discusses 2-dimensional solutions to the problem. Then, Ambartzu-
mian [1] and Alexander [2] independently give all 2-dimensional solutions. In
[8], Pogorelov discusses smooth solutions in 3-dimensional case. Then, Szabd
investigates several problems left by Pogorelov and constructs continuous so-
lutions to the problem in high dimensions [12]. See [5] on related issue.

The Hilbert Fourth Problem in the smooth case is to characterize Finsler
metrics on an open subset in R™ whose geodesics are straight lines. Such
Finsler metrics are called projectively flat Finsler metrics or projective Finsler
metrics. Hamel first characterizes projective Finsler metrics by a system of
PDE’s [6]. Then, Rapcsdk extends Hamel’s result to projectively equivalent
Finsler metrics [9].

For an mn-dimensional Finsler manifold (M, F'), a global vector field G is
induced by F on T My := TM — {0}, which in a standard coordinates (z?,y")
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for T My is given by
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, 0
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where G = G*(x,y) are called spray coefficients and given by following

1, 0*°F2 , OF?

47 Ba:k(?yly C oal”

9

(1.1)

G is called the spray associated to F. F'is projectively flat if only if there exists
scalar homogeneous function P : TU — R such that the its spray coefficients
satisfy
G'(z,y) = P(z,y)y". (12)
In this case, P = P(xz,y) is called the projective factor.
In Finsler Geometry, there is an interesting class of projectively flat metrics
on the unit ball B™ which is given by

b VA= PP + (9% + (,y)? (1.3)

(1= |22/ = [Pyl + (z,)*

This class of metrics is called square metrics which can be expressed as

F= %, (1.4)
where
VA= 12P) P+ @y, ()
SR (S b= TP (15)

That « is a Riemannian metric and § is a 1-form with ||5]lo < 1. L. Berwald
first constructed a special projectively flat square metric of zero flag curvature
on the unit ball in R™ (see [3]).

Then the flag curvature of F is a function K = K(P,y) of tangent planes
P C T,M and directions y € P. F is called of scalar curvature if the flag
curvature K = K(x,y) is a scalar function on the slit tangent bundle T My,
for any y € T, M. Recently, Shen-Yildirim determine the local structure of all
locally projectively flat square metrics of constant flag curvature. Later on,
L.Zhou shows that a square metric of constant flag curvature must be locally
projectively flat. In [10], Shen-Yang proved the following.

Theorem A. ([10]) Let F = (a+ 8)?/a be a square metric on a (n > 3)-
dimensional manifold M, where o = \/a;j(z)y’y’ is Riemannian and g =
bi(z)y" is a 1-form on M. Then F is of scalar flag curvature if and only if it is
locally projectively flat.
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A Finsler metric F = F(z,y) on a manifold M is said to be locally dually flat
if at any point there is a coordinate system (z°) in which the spray coefficients

are in the following form

i L i
G = —59 ]Hy]‘7
where H = H(z,y) is a C™ scalar function on TMy = TM \ {0} satisfying

H(z,\y) = N*H (z,y) for all A > 0.

Theorem B. ([7]) Let F' = (a+ )/« be a square metric on an open subset

U C R™ with n > 3. Then F is dually flat if and only if one of the following

holds:

(i) F is a dually flat Riemannian metric.

(ii) F is of Minkowski-type. Moreover, F' can be expressed in the following

form.

(lyl + (v, 9))?
lyl

where v € R™ is a non zero constant vector.

F = : (1.6)

Let (M, F) be an n-dimensional manifold Finsler manifold. Then F' is called
an Einstein metric if its Ricci curvature Ric is isotropic,

Ric = (n — 1)A\F?,

where A = A(z) is a scalar function on M. In [11], Shen-Yu proved the following.

Theorem C. ([11]) Let F = (a + 8)?/a be a square metric on a n-dimensional
manifold M, Then F is an Einstein metric if and only if it is Ricci flat and

“Ric = k*(1 — b*)*~[5(n — 1) + 2(2n — 5)b*]a® 4 6(n — 2)5?,
bij = k(1 —b?)(1 +26%)a; — 3bib;. (1.7)

Then, they determined the local structure of Einstein square metrics as fol-
lows.

Theorem D. ([11]) Let F = (a + 3)?/a be a square metric on a n-dimensional
manifold M. Then the following are equivalent:

(1)F is an Einstein metric.

(2) The Riemaninnain metric & := (1 — b?)a and the 1-form B = vV1-b23
satisfy

SRic = —(n— Dk*a, by; = k\/1+ b2, (1.8)
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where k is a constant number, b = || 3|5 and l;i| ; is the covariant derivation of
[ with respect to &. In this case, I is given in the following form

(V1+8%a + §)?

(0%

F =

(1.9)

with (1+52)(1 — %) = 1.

(3) The Riemannian metric a := (1 — b2)2/a? — 32 and the 1-form 3 :=
(1 — %) satisfy agi. = 0 and l_)i‘j = ka;; where k is a constant number,
b= ||8|la and b;; is the covariant derivation of 3 with respect a. In this case,
F is given in the following form

=)+ 72 + B’

(-ep /-5

(1.10)

with b = b.

Also, they provide a new description for square metrics with constant flag
curvature.

Theorem E. ([11]) The Finsler metric F' = (a + 3)?/a is of constant flag cur-
vature if and only if under the expression (1.10) of F, & is locally Euclidean, 3
is closed and s homothety with respect to &. In a suitable local coordinate, F’

can be expressed by

- WO=TPIYP + (3,9)° + (7.9) (1.11)

(1= 122/ =[Pyl + (T,9)*

where T := cx + a for some constant number ¢ and constant vector a. In par-

ticular, F must be locally projectively flat with zero flag curvature.

For y € T, M, define the Landsberg curvature Ly, : T, M xT, M xT, M — R
by
-1
7gy(By(u,U,w),y).

A Finsler metric F' is called a Landsberg metric if L, = 0.

For y € T, M, define J, : T,M — R by J,(u) := J;(y)u’. J is called the
mean Landsberg curvature. A Finsler metric F' is called a weakly Landsberg
metric if J, = 0. For y € T, M, define the stretch curvature 3, : T, M @ T, M ®
T.M @ T,M — R, by Z,(u,v,w, 2) := X (y)ulviwk 2!, where

Ly(u,v,w) :=

Yijrt := 2(Lijrp — Lijik), (1.12)
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and ’|" denotes the horizontal derivation with respect to the Berwald connection
of F. A Finsler metric F' is said to be a stretch metric if 3 = 0. Also, one

can define Mean stretch curvature ¥, : T, M — R by X, (u,v) := Z;;(y)u'o?,
where

A Finsler metric F is said to be weakly stretch metric if ¥ = 0. It is easy to
see that every Landsberg metric or stretch metric is a weakly stretch metric.

For an («, #)-metric, let us define b;); by bi|j9j = db; — b, 93, where 0 := dz?
and 67 := ngdxk denote the Levi-Civita connection form of a. Let

1 o
Tij = §(bi\j +bj1i)s  Too =iy Yy’

In this paper, we prove the following.

Theorem 1.1. Every weakly stretch square Finsler metric F = (a+ )%/«
satisfies following
A7y + Biroo + C1 =0, (1.14)
AQT%O + Borgg + Co = 0, (115)
where A1, Ag, B1, Ba, C1, Co are functions in terms of b> and s, and are given

in Appendiz.

2. Proof of Theorem 1.1

The mean Landsberg curvature of (a, §) metrics is as follows:

1 207 o ,
T = SRat [52 30+ s0)hi (5 + (n+ 1@~ @)
o (0]
+ m(\yl + SZ)(TOO — QQQSO)hﬂL
+ %( — aQ'sohi + aQ(a’s; — yiso)
+ a?Asio + a?(ri0 — 20Qs;) — (oo — 2aQso)yi>} . (2.1)

where

— Vil [

2

P =—(Q—sQ)(nA+1+5Q) - (b* —s*)(1+5Q)Q",

_ ¢
Q—¢_S¢,,
A=1+sQ+ (1 —s)Q,

hi = b; — o™ sy,
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For a square metric F' = a¢(s), we have ¢(s) = (1 + s)2. Then

Q=" (2.2)
A=1T 82(1+_2S’;_ ) (2.3)
o — (n+1)(4$?1+_2§)3_2) 4 —52)(”(1 _(ff)s‘;f“) (2.4)
= S

(b? ;52) —24ns? + 1211715_4;;43 +2n+2 25)

By substituting (2.2), (2.3), (2.4) and (2.5) in (2.1) we have:
Ji = (7”0 + So)hiKl + ((1 — S)TOQ — 40[8())hiK2
+ [— 2as0h; + 2a(1 — s)(a®s; — yiso) + (1 — 5% 4+ 2(b* — 5%))s40

+a?(1 = s)((1 — 8)rip — 4as;) — (1 —s)((1 — s)roo — 40480)%] Ks, (2.6)

where
12s
Kl = 2
a? (1 — 24202 - 32))
M.
KZ = 2 )

3
203(1 — s) (1 24 2(h — 52))
My = 2(0% — 8?) (6(2n —3)s3 —2(5n — 1)s2 + 6(n — 1)s — 4nb? — 2(2n — 2))

—12(n +3)s° + 8(2n + 5)s* + 6(n + 5)s® — 2(Tn +19)s* + 2(n + 1)(3s — 1),
M3

2a3(1 — 5)2(1 — 82+ 2(b% — 32)>27

Ks =

Ms :4(b2—32)<n(1—2s)+s+1) +2(n+1)(283—32—23+1>.

And the geodesic spray coefficients of square Finsler metric F' = ag¢(s) is as
follows

G'=G + Py +Q (2.7)
where G, is the spray coefficient of Reimanian metric, and P and Q' are given
by

1—2s 4o :
P . I S L ) o
a(l 4 2b% — 3s?) 0T Ty (28)
. b 4oy 200
i = - = 2.
@ 1+2b2—3s2(7"°° 1—380)+1—580 (2:9)



80 F. Barati

On the other hand we have:

dJ; _ _
ook — 7 k_ v m _ oom\ m _ zm
Jiny" = Jiwy" = 250 (G G ) I (NZ NI ) (2.10)
where
G™ - G™ = Py™ +Q™, (2.11)
N — N™ = Py™ + P&™ + Q™. (2.12)

First, we calculate the equation J; wyF

Jipy" = ((7”0 + So)thi)lkyk + (((1 — 8)ro0 — 40480)K2h¢) ‘kyk

+ [( — 2asph; + 2a(1 — 5)(a®s; — yiso) + &*(1 — 52 +2(b% — 5%))s40

+ (1= s)((1 = s)rip — 4as;) — (1= 5)((1 = s)ro — 4a80)yi>K3] Ikyk-

(2.13)
Let us put
F; := ( — 2asph; + 2a(1 — s5)(a®s; — yiso) + &*(1 — 52 +2(b% — 5%))s40
+a?(1 = 8)((1 = 8)ri0 — 4as;) — (1 — 5)((1 — 8)rgo — 4aso)yi)K3.
Then we get

Jipy* = ((To + SO)thi) kyk + (((1 — 8)ro0 — 40480)K2hi)|kyk + Fipyf(2.14)

and

((ro + sO)thi) \kyk - Kl{(ro + 50)({1;050 B a(l — s? +22(b2 —s2)

i Yi
(2aat3bj‘0bt — 68b0|0 + 2abtbt|0)} hz + bz‘o — azboo) + (7’0‘0 -+ SO|0)hi s

(2.15)

-1
(((1 — 8)ro0 — 40480)K2hi> lkyk =Ky [(abomroo + (1 = 8)rooj0 — 4a50|0)hi

T 1
—= +
M2 1—s

+((1 = 8)roo — 4aso)(bijo — %bo\o) + (1 = s)roo — 40480)(

4bb|0)

3(6s — 5o
h;
R T 32))5'0 i
(2.16)
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where
4bbyg , ) 2
Ty = (—2 — 4s) (6(2n —3)8% — 2(5n — 1)82 + 6(n — 1)s — 4nb? + 2(2n — 2))
5‘0
207 — ) (18(20 — 3)s* — 4(5n — )5 +6(n — 1) - M)
510

—60(n + 3)s* —32(2n + 5)s® + 18(n + 5)s? — 4(Tn + 19)s + 6(n + 1),
and

”
Fypy® = Ky [ — 2asg(bijo — 071250\0) — 2bgjo(e®s; — yiso) + 201 — s)(a’si0 — yiso)o)

b
+ 042(—68%0 + 4bbyo)sio + (1 — s> + 2(b* — 5%))sio0 — abojo((1 — )70 — davs;)
2 —bojo
+a*(1— s)( ri0 + (1 = 8)r000 — 4ozsi|0) — 2as0)0h;
—b —b
- yi( OE)IO (1 = s)ro0 — 4asg) + (1 = s)( ;'0 700 + (1 = 8)T0010 — 4a80|0))
9 125 — 820

T3 5o )( )
2 — 2asghy; + 2a(1 — P — Ui
+(M3+1—s+1—52+2(b2—52) asoh; + 2a(1 — s)(a®s; — yiso)

+a?(1 — 8% +2(b* — 5?))si0 + a(1 — 8)((1 — 8)rig — daus;)

—(1=9)((1=s8)roo0 — 4aso)yz-)s|0] (2.17)
Here, we define

T3 := S(bf(? - s) (n(l —2s)+s+ 1) +4(b* — s*)(=2n + 1) — (n + 1)(125* + 45 + 4).

By putting (2.15), (2.16) and (2.17) in (2.14) we have

bO\O 2

(Tojo + S0j0)hi + (ro + SO)((E - (1= 21207 — ) (—6sbojo

Jiey" =K,

. : 1
+ 200" b;oby + 2abtbt‘0)>hi +bijo — %bmo)} e {(?bmoroo + (1= )ro0jo

- 404<‘>’0|o> hi + ((1 — s)roo — 4aso) (bijo — %bom)

1 3(6s — “210)

T g
+ (1 = s)roo — 4arso) (E el T (2 52))80}“]
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+ K3 { — 2as)0hi — 2as0(bsj0 — %bom) - 2b0‘0(a25i —yiSo) + 2a(1 — s)(azs“o — Yi50]0)

b
+ a?(—6s OIO + 4bbg)sio + (1 — s> + 2(b* — 5%))si00 — abojo((1 — s)ri0 — davs;)

—b
+a?(1- 3)( O?‘oﬁ'o + (1 = s)rioj0 — 4048i|o)

—b —b
- yz( O?IO (1 = s)rop — 4asg) + (1 = s)( OE)IO oo + (1 — S)T00|o - 4aso|o)>

bbjo

2 128—83‘0
Jr(Mg LT 1—s242(b2 — s?)
+a?(1 =82 +2(0% — 5%))si0 + @*(1 — 8)((1 — 8)r50 — 4avs;)

— (1 =s)((1 = s)roo — 40480)yz'>3|0] (2.18)

) ( — 2asph; + 2a(1 — S)(Oé251' — ¥i50)

On the other hand, we have

a.J; _ 2(1 — 25) da 2bi da
0k ()= o :
oy™ a(l +2b% — 3s2) (roo 1-— Sso)y 1 + 202 — 352 (oo 1- sso)
4 i
—|—1 — Saso) (K1 [(rm + 8m)hy
a?b,y, —|—2ymﬂ s 2Ym 125(8)ym
o B, 2 (L ey 2
+(TO+SO)( at o + s()y + a? +1—82+2(b2—82)
4ym
+Ks [((—s)ymroo +2(1 — 8)rmo — Ym0 _ 4asm> h;
et
*Oézbm + Qym,ﬁ S
+((1 - 5)7"00 - 40[80) (Tyz - Eaim
By 3Ym . (8)ym 185(s)ym
hi - m —— 5
- (M2<>y a2 +175+1—52+2(b2—52)>)}
—2Ym m
+K3 4 sohi — 2asmhi — 2aso(hi)ym + (a?s; — yiso)(2(1 — 5)% —20(8)ym)
+2a(1 = 8)(2UmSi — YiSm — @im50) + (2Ymsio + @sim) (1 — 52 + 2(b* — 5?))
—65025i0(8)ym + (1 — s)rip — 4as;)(2(1 = 8)ym — a*(8)ym)
4Ym
Q%(1 = 8)(=(8)ymrio + (1 = 8)rmi — —s.) + (1 — s)roo — darso)

(yi(8)ym — (1 — 8)aim) — (1 — s)( — (8)ym7T0o0 + 2(1 — 8)rmo — 4y7mso - 4asm)yi

Bs 3Ym 2 12s
+(ﬁ3(s)ym a2 11— S(S)ym + 1—s242(b% — s2) (S)ym)
( — 2asph; + 2a(1 — s)(a®s; — yiso) + (1 — 52 +2(b% — 5%))s40

+a?(1 = 8)((1 = 8)ri0 — 4as;) — (1 — 5)((1 — 8)rgo — 4a30)yi>D,
(2.19)
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where

By = —24(2n — 3)s* + 8(5n — 1)s® — 24(n — 1)s% + 16(n — 2)b*s + 8(2n — 2)s
+2(0% — 8?) (18(2n —3)s2 — 4(5n — 1)s + 6(n — 1)) — 60(n + 3)s*
+32(2n + 5)s® + 18(n + 5)s? — 4(7Tn + 19)s + 6(n — 1),

By := —8(1 — 25)ns — 85> — 85 + 4(b* — s*)(—2n + 1) — (n + 1)(—12s? + 45 + 4),

Also, we have

I (N = W) = a(l—9) :22+S 202 — 57)) [ Ko+ 50)((1 = 8)roo — daxso)y

—|— ((1 — S)T‘oo — 40[50)2K2hi + Kg((l — S)TOO — 40580) ( — 20[80}%

+2a(a?s; — yiso) + a?(1 — 5% 4+ 2(b% — 5%))s40 + &*(1 — 5)((1 — s)ry0 — 4as;)
= (1 =5)((1 = s)roo — 40450)%” + {(7"0 + 80) K1hi + (100 — daso) Kol
+ K3( — 2a80hm + 20(1 — 8) (%5, — Ymso) + a2 (1 — 8% + 2(b* — 52))sm0

+ a2((1 — 8)rmo — 4asy,) — (1 —8)((1 — $)roo — 4aso)ym>}

[ 65((1 — s)roo — 4aso)(8)yi
(1—5)(1—s2+2(b% —s2))
2a(1 — 5)%rig — 4(1 — s)y;s0 — 4a?sg(s),: — 4a?(1 — s)s;

bm
a(l —$)2(1 — 2 +2(b — s?))
20((8)yi 2 Yo m
(1—5)280 1_3(550 + as] )} (2.20)
The following hold
by B
(S)y’” = ; - ﬁym;
*a2bm + 2 m S
(hi)m = Tﬂy i G
bo|0 = To0,
b bjj0 = so + ro,
bb|0 =19 + So,
hib' = b* — 2, (2.21)

Sibi = O,
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siob" = —si(rh + ),
Sio‘obi = Sqj0 — Si0 (7“6 + SB),
Sjo = —>
!
hijo = sio + Tio — %Too-
!
By substitutions (2.18) , (2.19), (2.20) and (2.21) in (2.10) we get J;.1y".
Now, by computing J;.xy* = 0 we get

2(1 —2s8)(1 — 5)(b? — s?)
1+ 2b% — 3s2

[(1 —5)(b% — $%) Ky + 25(1 — 8)Ksa + s(1 — s)%qs Ko +
C12s(1 - 5)2(1 — 2s)K N 2(b? — s?)? I 453(1 — s)

K,

- SKy —s(1—5)K
L7 o =857 M0t T g2 T Tygp g iz sl 9
4sh?(1 — ) OB 22 _ 2_ 2
sb*(1 —s) L 2(1 —s)(b* — s%) Py + 6s(1—s)(b* —s )K2
1+ 262 — 352 1+ 262 — 352 1+ 262 — 352
45(1 — s)(b* — s%) . 20%(1 —5)? 25(1 — 5)2(b? — s%) .
— Ksa — ——K. K
11207 352 0 T T o 3 T T o 3 3
6s2(1 — )2 _ V(B2 <2) _ _ )
_ 6s%(1—s) 3a—(1 25)(1 — 8)(b* — 57) - s(1 —25)(1 — 5)? Koo
1+ 207 — 352 1—s2+2(b2— 5%) 1— 5242007 — 2)

_ 6s(1— s)(b? —s2)2 (1 —3)2(b? — s?)
1— 52 +2(b2 — 2)K = — 2+ 2(b2 — s2) K?’O‘} 700
2 2 ,
{ro+ SO); —° ) lfs_(bsz +822go - s())) Kio — s(rg + so) K1 — (2 — $2) Ko

+(1=s)(ro+ so)Kga + 4sso Kz + 4(1 — 8)(b? — 52)(ro + s0) 2 Kaax

~16(n—2)(1 - s)(b? — %)% (ro + SO)K» 601 - 25)(b? — s%)(ro + so)
M, 2 1+ 22 — 352

— 4s0(b% — 52)(]2KQOZ — 2ss0 K300 — 88 — 250(b* — 52)q3K3a50K3a —2ro(1 — S)Kgaz

+ 28so(1 — S)quga + so(l — s? 4+ 2(b2 - 32))q3K3a2 +7o(l — s)2q3K3a2

Kla

16s0(1 — 2s)(b? — s?) . 830 (b? — 32)(1 —2s) 28ss0(1 — s)(l —25) , o
BT 1+2b2 2 e 1+ 202 — Ksa
24s508(1 — 2s) _, 16ss , 1
T _1_0222 3 2)K3Oé g 5152 )Kg()é + 2s0(1 — S)KgOé +8s(1 — 5)%(ro + s0) gz K30
1250(1 — 25)(b% — s%) _, 36306(1 —-$)(1—2s) , 4s(rg + s0)(b* — s%) .
T T L i TR L B T R
3 20%(b% — 52)(ro + SQ)K 02 25(b* — s%)(ro + SQ)K», oo 245(b% — 52)2(ro + s0) .
B(1+20% —3s2) ! 1+ 2b2 — 352 YT (202 —38%) (1 — 52+ 2(0% — 52))
~ Adro(1— s)(b? — 32)K o 40ss0(b* — s?) . o 32ss0(b* — 52)K o 2ro(1 — 8)2(b% — s?)
1+202 —3s2 00 14202352 0 1+2b2-3s2 1+ 2% — 352

8so(b? —s%)2 _ 16550(b* — s2) . 4s5982(1—58) . o 1250b%(1—3s) .
G I _ 20 T g 20T e 22500 T S)
T+202 —3s2 2020 T T o —3e2 3 T T apr — 32 %Y T T a2 — g2 3¢

P3K30[2
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24s%508 . 25083(1 — 82 +2(b? — s?)) . (1 —25)(ro + s0)(b* — s%) .

-—K Ksa — K
14202 —3s2 30 1+ 202 — 3s2 3 1—s2to02—s2) ¢
2roB(1 —s)? 8ss00 y p 4s(b? — %)%
- — =K — K 8ss9 K. ——— P K.
T+ ob2 —as2 20 Tap —ger o0 T Oss0lad g Ty g feltsa
dssp(1—s)(b° - 82)P3K3a2  250(0° = 8*)(1 = s> +2(b° — 82))P3K3a2 _ ABsp(V* = 5%)
1+ 2b% — 32 1+ 2h% — 352 1—8s242(b% — s2)
8s0(b? — s%)2 . 8s(b? —s%)2 _ 165s0(b* — s%) . o
— K ——— = PK — K
(= s)(1+ 202 —352) 2% Tqgpe —3g2 2120 T T g — g2 19

8sob?(1—8) . o 8sso(l—s)(b?> —5s?) . o 4so(b? —s?) , 36ss08(1 —s) ,
2007 AT 2 _ K 07 TR 2D90P\ T °)
T+26° — 352 % [T v B T g
— 4s0(b? — 2) PyKoyar — 8s50(1 — s)Ksa? — 4sg(1 — s)K3a® + 4508(1 — ) K3
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+

K2 P3K3043 — K Oé

1+26%2 -3 1+ 2h% — 352 1-s
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B élsms’”(b2 —s?) 24583 (b — s?) .

T Kga — 458m55° K3a — 4smsmK3a +4s KgOég + T K3a
— 2r050K3a3 + 45(()1(bi _)82) Kga — 26* — 52)(1(1__528;; 2(6° — 57)) SnLQSBanOéB
e D ol
1= jzri_(;(_b;)_ 52) K30® — 287080 K3a® + (1168_% g(z 183222__3i2)) (50
+ (1- S)‘gojos(gi—izg _ 82))K3043 - %_Ssz)rmosanff/ga?’ + 8((1l72__8§2)smso Ksa*
gslsTSO Ksat — 25™ o Ksa® + %K'Sag) e 9622f(§§b53222)K3a3 _ 852Kya®

16s%s3(1—s) . 4 16ss3(b> —s?) . 4

K30[

8ssoro(1 —s)% . 4
K
I—s2 120257 3¢ TT @ ro@—5) 2% T1- 24207 - 22)

4+ (1 — 8% +2(b* — 5?)) (80|0 — Smo(sg + TB”))K3a3 =0.

The above relationship is equivalent to (1.14) and (1.15). O

3. Appendix

;0 2(1=28)(1 —8)(b? — 8?) 2(b? — s?)?
Ap = (1-5)(b? — $H)gpK Ky+ o 27
1= (1= 8)(b" — sT)a2 Kz + 1+ 202 — 352 2T T2 — 352
483(1—8)(b2—82)K B 6s(1 — s)(b% —s%)? B 2(1 — 5)(b? — 52)?
14202382 2 1-24202—5%) > 1+ 2% — 352

6s(1 — s)(b? — 52)[(»2 (1 =2s)(1 - s)(b* — SQ)K/2

Py K,

1+2b2 — 352 1—s2+2(b2—s?)
Ay = s(1 — 8)2qsKser — s(1 — 5)Fror — 125(1 — 5)%(1 — 2s) o 4s(1 — s)(b? — 2)K3a
1+ 262 — 352 1+ 202 — 32
2 2 2 21,2 2
I i T s B
- %K/ga + 6182_(12_:)2((,;2 — 82)) Ksa+2s(1 — s)Ksa
B, = (ro + SO)éb —s )Kla +50(1 — 82 +2(0% — ?))gs K302 + ro(1 — 5)%qs K302
285%12;;)_(; 25) Kya® — 2r0(1 — 8) Ksa® - l’”(flsg j)Q ((bl - 25)) Ksa?
71??1521 :;82) Ksa? + 2s0(1 — S)Kgag - 2b;((bf;;;) (r03:_2)80)K/1a2 + 4{1?5;%217_32)2

K30[

2
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— 2(b2 — 82)80|0K3CY2 +

+ 16s08(1 — s)(ro + so)q},Kga2 +

F. Barati
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1—52—1—2([5 ) Ko — s(rg + so) K1 — (02 — $2) Ky + (1 — 5)(ro + s0) Koo
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1 18s
P(s,0%) =
2(5,0%) 175+1752+2(b2752)
-2 12s
P3(s,0%) =
3(s,5%) 1—S+1—82+2(b2—82>

’

Kl(s,b2) = a2K1(s,b2), KQ = CJ[SI(Q7 Kg = OésKg
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