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Abstract. It is well-known that M. Matsumoto and R. Miron constructed an
orthonormal frame for an n-dimensional Finsler space and the frame was called
'Miron frame’. Then, T. N. Pandey and D.K. Diwedi and P. N. Pandey and
Manish Gupta studied four dimensional Finsler spaces in terms of scalars. P. N.
Pandey and Manish Gupta also studied four dimensional Berwald space with
vanishing h-connection vector. Gauree Shankar, G C. Chaubey and Vinay
Pandey studied the main scalar of a five-dimensional Finsler space. In the
present paper, we study a five dimensional Berwald space with vanishing h-
connection vector h;, J;, k;.
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1. Orthonormal Frame and Connection Vectors

Let L = L(z,y) be the fundamental function and g;;(x,y) be the funda-
mental metric tensor of a five - dimensional Finsler space F5. Let §%*™ pe

pqrst
12345

generalized Kronecker delta and v;jrim = 5ijklm, then the component of e-

tensor are defined by

€ijim = V/|91Vijkimande ™ = (y/|g]) Tty
where g = |g;;| is also called the Levi-Civita permutation symbol.
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The Miron frame for a five- dimensional Finsler space is constructed by the

unit vectors (I*,m?,n’,p*, ¢*), where 621) =" = yf is called the normalized
supporting element, ‘€Z(l2) =m! = % is called the normalized torsion vector,

623) =n’, 624) =p', 625) = ¢* are constructed by

9is€(a)€(s) = dap-
Here C is the length of torsion vector C; = Cijkgjk. The Greek letters o, 3,7, 6
vary from 1 to 5 throughout the paper. Summation convention is applied for

both the Greek and Latin indices.

In the orthonormal frame, an arbitrary tensorT = (T}) is expressed in terms

of scalar components as follows:

T; = Tagezy)eg)ﬁ (1.1)
The scalar components of the fundamental tensor g;; and e-tensor €;jrim, are
given by d.g and Yap~sy respectively.

Let Hq)g, and %Va) s~ be scalar components of the h- and v- covariant deriva-
tives efl)‘i and efl) |; respectively of the vectors ey , i.e.

(@) eqyy = Hayprepyeryys  (0) Leg)lj = Vaysyelyeq; (1.2)
Huypy and Vy)s, are called h- and v- connection scalars respectively and are
(0)p- homogenous. From the orthogonality of the frame, we have

Hoygy = =Hpyay: Vaysy = =Va)ars (1.3)
Also, we have
Hyypy = 0,Vi)gy = 0y — 6}35’17’ (1.4)
We now define vector fields

hi = Hayzyeqyi, Ji = Hayayeq)i, ki = Hypsyeqyis

hi = H3)4'ye’y)i7 Ji = H3)5’ye'y)ia P H4)5'ye’y)ia
and

U; = ‘/2)3767)2'7’01' = V2)4»y€7)mwz' = ‘/2)5'}/67)2'7

’ ’ ’
u; = V3)4’ye'y)i7v7,' = ‘/3)5’}167)1'7 w; = ‘/21)5767)1"

From (1.2), we get

(&) ey =t =0

(b) eé)‘j = mfj =n'h; +p'J; + ¢'k;,
(c) e3y; =nj; = —m'h; +p'h; +q'J},
(

e) eé”j = qlij = —m'k; — niJj —pikj.
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and
(a)Leyylj = LU|; = m'm; +n'nj + p'pj + d'q;,
(b)L€2)|j =Lm' |j = m; +n' u;j +p vj +4 wj,

(c)Le3)|j = Ln'|; = —l'nj — m'u; + p'u; + ¢'v;, (1.5)
(d)Ledyl; = Lp'l; = —l'p; — m'v; — n'u; + ¢'w,
(e)Le5) |; = Lq'|; = —l'q; — m'w; — niv» —piw-.

The Finsler vector fields h; J k h J., k. are called h- connection vectors and

(2l RRAL)
the vector fields wu;, v;, w;, uz, ’UZ, w are called v- connection vectors.
The scalars Hayz., Hoyay, H3)arys Hayzyy Hs)zy, Hs)ay and V2)3~,7V2)4m‘/2)5m
V3yay, V3)s5ys V4)57 are considered as the scalars components h., J, ky hy, J,Y, kv
and U, Uy, Wy, u, v, w', of the h-and v- connection vectors respectively. Be-

v Yy
cause of (o)p-homogeneity of €’ ,, (1.5) gives

)’
Lmi|jlj =Ln' |jlj = Lpi|jlj = Lqi‘jlj =0.
Consequently, we have the following.

Proposition 1.1. In a five- dzmenszonal Fmsler space, the first scalar compo-
nents of v- connection vector uz,vl,wl,u v, w vanish identically.

i) Y

2. Main Scalars

Let %C'OélgnY be the scalar components of Cj;; with respect to the Miron
frame, i.e.,
LCijk = Capy€a)i€s) i€k (2.1)
M. Matsumoto[1] showed that

(i) Capy are completely symmetric,
(1 ) Cljk) = 0
(ili) Copp = LC,Capp = Cappy = o = Cppup = 0 for n > 3, where C is the
length of C* and LC is called the unified main scalars.
Therefore in a five- dimensional Finsler space, we have

Clﬂ'y =0,
Ca2a + Cagz + Cogg + Cos5 = LC,
Cs22 + C333 + C344 + C355 = 0, (2.2)

Cuoo 4 Cyzz + Cyaq + Cus5 = 0,
Cs22 + Cs33 + Cs44 + Cs55 = 0,
0234 7é 0, 0235 7& 0, 0245 7é 0, 0345 7’5 0 in general.
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Thus putting
Cogy = H,Cosg = I,Cosy = K, Csg3 = J,Caag = J

"

Cuas = H ,Ca3 = I ,Cysq = K, Coss = M, Cag5 = J

Cuss = M ,Csss = H ,Cazs =1 ,Cags = K, Cazs = N,

"

Coss = N',Caus = M,
we have

H4+I1+K+M=LC

0223 _ _(J+ J/ + J//)’0224 _ _(H/ + I/ + M/)70225 _ _(H// + I// + M//)
The seventeen scalars H, I, J, K, H ,1',J K . H ., 1", J K" ,M,M ,M",N,N’

are called the main scalars of a five dimensional Finsler space.

3. Scalar Derivatives

Taking h- covariant differentiation of (1.1) , we get
Tjip = (OkTap)ebyen); + Tapeiynes); + Tasehy€s)jis (3.1)
if T3,y are scalar components of T;‘k, ie.,
T}k = Tap€h)€8)jCx)ks (3.2)
then we obtain
Tapry = (5’“Taﬁ)e§) +TupHpyory + TapHppy, (3.3)
Similarly, the scalar components T3, and LT}| k are given by
Tupy = L(OkTag)ely + TupViyary + TanViysys (3.4)

The scalar components Ty, g, and T,,g., are respectively called h- and v- scalar
derivatives of scalar components T, g of T'.
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4. Berwald Space

In term of Cartan CT' a Berwald space [1] is characterized by Cj;jx = 0.
We are concerned with the tensor C,;jj, = 0. From (2.1) and (3.2), it follows
that

Chijlk = Capry,6€a)h€B)i€y)j€)k- (4.1)

In view of equation(4.1) , Berwald space is characterized by Cag,,s = 0, in
terms of scalars. According to the formula (3.3) ,Cup,5 are given by

Capys = (5’60&57)6{;) + CupyHpyas + CapyHyyps + Caﬁ,uHu)'yé
The explicit forms of C, 4,5 is obtained as follows :

a)Casos =Hs+3(J+J +J Vhs+3H +1 +M)Js+3(H +1"+K" ks,

b)Caszs = L5 — (3] +2J +2J Yhs — I Js — [ 'ks — 2N J5 — 2K hy,

¢)Couss = Ks5—J hs —(3H +2I +2M')Js 4+ 2K hs — K ks — 2N k;,

d)Cspa5 = —(J+J +J" )5+ (H —2I)hs — 2K Js — 2Nks + (H +1 + M )h;
+(H +1 +K")Jj,

()Csss.5 = J5+3(Ths — I hy — I Jy),

(f)Cazos = —(H —I —M') 5 —2K hs+ (H —2K)Js —2N ks — (J + J + J )hj
+(H +I + K )k,

(9)Cuss.s = Is + 2K hs + 1Js + (J — 20 Yhs —2M " J5 — I ky,

(h)Cass =K s —(I' — K Yhs — (J — K')Js — M ks — (K — I)hs — N J; (4.2)
— Nk,

(0)Caas = J 5 + Khs + 2K Js — (H — 21 Yhg + K J5 — 2M "k,

(4)Caans = H g+ 3(K + J hy — K ky),

(k)Cazss = —(H +1 +K')5—2Nhs —2N Js+ (H —2M)ks — (J+J +J )J; — (H
+1 + M)k,

()Cass5 =Ns— 21 +H +K')hg—M Js—(J+J +J ks — N b — (M — 1) J;
+ K'k;,

(m)Cosss = Ns— M hsg— (H +1 +2K")Js+ Nhy — (H +1 +2M ks + K J

— Mk;,
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n)Casss = Ms —J hs — M Js + Nhs — (3H + 21" + 2K ks + 2N J;5 + 2N ky,

0)C335,5 = I's + 2Nhs — 2M " hg + (J — 2J ) J5 + Tks + I ky,
P)Caas.s = My + 2N hs +2NJs + (I — K Vhs + K ks + (I — M) J5+ (J — J ks,

(
(
(
()Cass,5 = Js + Mhs +2Nks — 2M hy — (H '—21’)J;+2J\{”k/;, 43)
(r)C’4455— 5+2N J5+2M h5+Kk5+JJ5 (H —2M)I<:5,

(s)Cuss,s = M s+ MJs + J hs +2N'ks +2M" J5 — (H" — 2K )k;,

(

(u

t)Css5,6 = H 5+3(Mk5+J J5+Mk5)

)Clﬁvﬁ =0.
Adding (4.2d),(4.2e), (4.21),(4.2q) and using (2.2), we get

C322,5 + C333,5 + C44,5 + Cs35,5 = LChs, (4.4)
Adding (4.2f), (4.2g), (4.2j).(4.2s) and using (2.2), we get

Ca22,6 + Ca33,5 + Casa,s + Cass,6 = LC s, (4.5)
Adding (4.2k), (4.20), (4.2r), (4.2s) and using (2.2), we get

Cs22,5 + Cs33,6 + Csaa,6 + Cs55,5 = LCks, (4.6)

Adding (4.2a), (4.2b), (4.2¢), (4.2n) and using (2.2), we get
Ca92.5 + Cazz6+ Cosas+ Coss s =(H+I1+K+M)s=LCps, (4.7)
Thus, from(4.3), (4.4), (4.5), (4.6) and (4.7), we have.

Theorem 4.1. In a five - dimensional Berwald space, the h- connection vectors
hi, Ji and k; vanish identically. Also main scalar H and unified main scalar

. . . . ’ 7
LC is h-covariant constants. Furthermore, if h-connection vectors h;, J; and
/ . . .
k; vanishes then all the main scalars are h-covariant constants.

5. Ricci Identities

Now, we are concerned with the tensor e’ | and €’ )| jlk- From (1.2),

Wik Cols
we have
€aljike = Hayp.5€5)€7)€6)k: (5.1)
Legy il = Haygyiselpyeqyicsn, (5.2)
Lef))|j|k = Va)ﬁ'y,ée;})ew)jeé)kv (5.3)

According to the formulae (3.3) and (3.4), Hy)gy,5, Ha)gy:s, Va)sy,e are given
by
Hoypys = (0kHaysy)€5) + Hoyuy Hiyps + HoypuHpuyyss
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Haypyis = L(ékHa)Bv)elg) + Hayuy Vigs + HayppViss
Vaysy.s = (5kVa)57)e§) + Vayuy Huygs + Vaysutl s
The explicit form of these are obtained as follows :
Hy)sy6 = <5kH2)37)€§) + Hoyuy Hyyss + HoyzuH s
= (5kh7)€§) + Hayyy Hyyss + HaysyHs)zs + HayzH s
= (5khw>e§) + Jv(_hg) + kw(_J:s) + o H s
= b5 — Jyhs — kyJy

where
hys = (5kh7)e§) + hyH s

Hyyor 5 = —Jy 5 + hoyhys — ko ks,
Hsyoy 5 = —ky s + J;h(s + kr;th,
H3)yy 5 = h/ — Jyhs — Jlk;,
Haysy 5 = J., 5 — hoyks + L kS,
Haysy6 = k'y,é = Jyks — h’yJ(S’
Hy)zyis = Nyss — Jv“is - k«/v:s;
Hyyoys = —Jys + hiyuts - k;w(g,
Hyyo5 = —koss + Jous + kvs,
H3yyys = h hyvs — J;w;,
H3ys6 = JW; — hyws + h;w;,
Huysy 5 = ks — Jyws — hyvg,
V2)3y.6 = Uy,6 — th; - ww]:ﬁ
Viyzys = —Usy5 + uyhs — w) ks,
Vs)2y,6 = —Wq5 + U;h5 + w;J(;,
Vayay,s = U:Y7§ —uyJ5 — v kg,
Va)sy,6 = UI —u ks + u;k:;,
Viysy,s = w7 s — Uyks — u;J[;,
In terms of scalar components , the Ricci identity
eoilk = ealils = €l Prik — €6)nCir — €y lrClijos
is expressed as
Hoygyss = Vayssy = Payprs = HaypuCuve = Vaysubins,
For Berwald space [1] Pp;jr, = 0 , therefore (5.5) becomes

HO‘),B’Y?(S - Va)ﬁé,’y = _H(x)ﬁp,C,u'y&

75
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which is explicity written as
(hyss — Jv“; - kvvnli) — (usy — U5hlv - w(;J;) =~ Cs,
(—Jyis + h;u(s — k;wé) — (—vsy + u:;hv - w;Sk’v) = JuCurs,
(—kos + Jous + kL vs) — (—ws,y + Vshy +wsds) = kuCruns,

(I

’ ’ ! ! ’ 7’
v;d h’Y’U5 - J’yw5) - (U‘&,'y - u5J’Y - Uék'y) = _h,uC#’Y(S’

(J;;é — hyws + h:ywz;) - (”:5,7 — usky + u:;k;) = *J;Ou’yév

(ks = Jyws — hoyvs) = (ws o — voky + us ) = =k, Cuys,

From theorem 4.1, we see that in a Berwald space h; = J; = k; = 0. If we take
h; = JZ-/ = k; = 0, then above equation become

’ ’ ’
Usy = V5y = W5y = U5y = Vs, = W5, = 0.
Thus, we have

Theorem 5.1. In a five - dimensional Berwald space with vanishing h- con-

R ’ ’ ’ 3 ’
nection vectors h;, J;, k;, the v- connection vectors w;, v;, w;, u,;, v;andw, are h-

RN v

1) 7

covariant constants.

From the Ricci identity
T;\k\h - T;\h\k = TJTRikh - Tf ;kh - Tf|rR2h7 (5.6)
we have
Caplilk ~ Carli = oy Brjk — €olr Ri (5.7)
which is expressed as
Hoygy,s — Haygs,y = Rapys — Vayge Rinys- (5.8)

Now, we propose.

Proposition 5.1. Let T;; be a skew - symmetric tensor of a five- dimensional
Finsler space. If we put *T7% = LeldkImTy . then, we obtain
Tyq = €pqijh * Tk,
Proof. «Tk = LetiktmTy implies
Tiik o 1 ijkim T — 15ijklmT —T
* Pqijk — 56 pqijk+im = 5 pqijk Ilm = 4pq-

This completes the proof. O
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Since Ry is skew- symmetric in h and i as well as in j and k, in view of
proposition(5.1), Ry, i may be written as
Rpijk = €hirst€ikpgr * Rrstrar’ (5.9)
where,
*Rrstpqr’ _ %Ersthiepqr/ijhijk7 (5.10)

The scalar components R,gys of Rp;ji are written as

Ropys = YapurnTysere * Ruxnore, (5.11)

in terms of scalar components xR, x,9-¢, of Rrstrar,
The scalar components Rg+s of %Rijk are given by

Rpgys = v1punnVyoore * Ruxnore, (5.12)

Therefore,(5.8), may be written as

Ho)py,s = Haypsy = (Yapusn = VaygrYimuan) Vysore * Rurnore.

For different values of «, 3, this gives
(hos — Johy — kyJ5) — (hsy — Jshy, — ksJ.)

= (6,50 — u2l,y

Y — U35

u/\’r] uAn u45u)\n u56/i2/\37)7’y597'§ * Ru,\nefg,
(=6 + Byl — k) — (Js. + hshl, — ksk)

_ 135 345 425 235 324
- (_(;,u)\n - UQ(S#)\U - U3§#>\n - ’U4§#)\n - U55,L>\n)’7w6975 * Rp,)\ne'r&

(—kys + Johs + kL J5) — (ks + Jshy + kg J.)

— (_5134 _ ’LU25

324
WA Ay w35u,\n w45u/\n — W50, ) Vr507¢ * Ruanore,

(h'y,5 - J’Yh5 - k’y'](?) - (hs,y - J5h’Y - k&‘]'y)
= (8,30 — 2k, — usSiR, — wadk, — usGan)sore * Runyore,
(—J,y)(; - h/’yk[; + h,yké‘) - (Jé),\/ - hgk,y + h(sk’y)

_ 124 ! $345 ! <425 ! ¢235 ! ¢324
- (_(;p)\n - 25#)\77 - 36#)\77 - 46;1)\77 - 'U55;¢)\77)’Y'y59‘r§ * R;L)m@‘rfv

(_k"{ 5 + Jayk'é - h,yjé) - (k'&,Y - Jﬁk—y - hé(],y)
= (5/}3\37] 2(5 w;;,&:lf\?? — w46/23\5n - w56i§§7)%5975 * RM)\ng-,—g,
For Berwald space with h; = J; = k; = 0, above equation becomes

145 345 425 235
(0,50 — uadi 0 — usd,5r — Uadingy — “5510\77) * Ryxnore =0,

HAn

1A HAT KA 1A
(653\‘?7 - vﬁi‘i‘% - U3§ﬁ§\‘r;] — 11455?)’\‘;] — v5§#>\n) * Ryxnore =0,
(83 — w2jiny = wﬁffﬁ; - w453§5n = wsd) * Ruxnore =0, 13
(5125, — wh35, — widtE, — uidZE, — ud3R) * Rungore =0,
(=003 — vadhhy — vabidy — 03023, — v5 yan) * Ryuxnore = 0,
(.33 — wyds — wadh3 — wy023 — wsd230) * Ruxnsre = 0.
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Now, applying the Ricci identity (5.6) to v- connection vectors UEP ), we have

vl = vy = v Rl — o | Ry, (5.14)
where

(0D 0@ @ @ O )y

;U 750, (UZ,U“U)“U 'U ’U})

i) Yo

In terms of scalars, (5.14) may be written as

(») e
Uy, — Bpév ~(vlP)

YarpAn + Ué’i?{hmm)%a%g * Rynore = 0.

We have shown in Theorem(5.1) that in a Berwald space with h; = .J; =k, = 0,

the v- connection vectors are h- covariant constants, therefore above equation
becomes

( (p)’YﬁmMn + Ug;){}/lﬂu)\n) * R;u\r]@rg =0. (5.15)
Because of v(p ) — vT(rp ), the above is trivial for 8 = 1 and thus from the above

obtain only
(08" 3 0l 030 s 83 oy s 00,30 U 0+ U R s ) X Ryungre = 0,

(=0 0} o 0130~ 8130, sl 0%, — S0 )+ e 03— S ) xx Ryagore = 0,

(0 5150 8134 513 5,102 o L0 o8 X By =0

(0" 8350 0" 8,30 —oi 8,30, 0l 0,5, o0 ) Hushd 0% — ol 80 ) X * Ryagore = 0.

In view of (5.13), these equation takes the forms :

(v (p)+u2v(p)+02v(p)+w2v(p))5345 (v§p§+u3v(”)+vgv( +w3vép))5425

Mn 1A
+ (vépi + u4v(p) + 1)41)1(l 2 w4v(p))5i§37 (vég + U5’U§ P) 1151)4(1 2 w5v5 )6/0\71] * Ryxnore = 0,
(04— v+ iy a5, + 0l — wsal? - iel? — e,
+ (05f] - uwé”’ + uwi”’ 0308, + (058 — usv” + usv” —vgo )R] * Ryanore =0, 5.16)
[(v(p) _w vép) (p) + ww(p))(;ii% (vflpg) _ vdvép) u ( + wgv(p))éﬁ%\g;] .
+ (048] — vavg” uwé P+ w4v(”))63§?7 (vif3 — vsvg” + u5v§ P wgog )5 * Ryaore = 0,
[(v(p) _ wwép) . v;v?()p) (p))(;l?ﬁi] (vépg w:ﬂ}ép) _ v;v?()p) —w v(p))(;ﬁ%
+ (o) — waod” — vl + wwé”’)éiii (0583 — wsv” — vgoi?” — wiv)5R0] * Runore = 0,.
o Vi =V L VPV s
Then equations (5.16) become
[V(”) 5}?1%\?7 V(p) 5&5?7 + ‘/-2(5) 5z§§7 (p) 5u>\n] % Ryuxnore = 0,
[V3,2 52%37 + ‘/%(5)5;‘:%\?7 + V3(f)5i§§7 + V3(5p)5u/\n] * Ryxnore = 0, (5.17)
Vi3 6k, + Vi 5,30, + Vil 0350, + VAT 830 * Runore = 0, |
[Vad 8285, + Vi 0,35, + Vit 07, + Val 6334 % Ryanare = .
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Again, applying the Ricci identity (5.6) to the main scalars A9, we have

Ay, — Ay = — AU R, (5.18)

where

(AD AP AB) 4D A6 A©) AT A®) AO) 4010 AL 4(2) 413) - 4(14)
AR QO ACT) = (M. LK, J.J 1 1K M. M B I K" NN M),

In terms of scalars (5.18) assumes the form:

A?WS o A?&W - A(\In’ylmtkn'Yvéerf * Ryxnore =0

‘We have seen in Theorem4.1 that all the main scalars are h- covariant constant
in a Berwald space with h; = 0, J, =0 and k, = 0. Therefore above
equation becomes

(A 0345 + AW512 1+ A28 + AL 653 )  Rynnore = 0. (5.19)

We now discuss Berwald space with vanishing h- connection vectors, considering
the rank p of the matrix (xR,apor¢), where (uAn) and (67€) show the number
of rows and columns respectively. From (5.13) , it is clear that the rank p is
less than 5.

(i) If p =0, then xR, ,0-¢ = 0. This means «Rj;jr = 0 and therefore the
space is locally Minkowskian.

(ii) If p = 1, then from (5.17) and (5.19) , we have
Agﬂ c AW AEE) : AéQ) = Uég) : vgg) : vé{;) : Uég)
o)l o)
g olf o off

— ol o) o)

(5.20)

(p=1,2,3,4,5,6¢ =1,2,3, ....., 17)
(iii) If p = 2, then from (5.17)

such that condition (5.20) do not hold.

(iv) If p = 4 , then from (5.17) and (5.19) , v{") = 0;a, 8 = 2,3,4,5 and
Ag) = Afg) = Afff) = Afg) = 0, so that all the main scalars are v- covariant
constants and therefore they are constants.

Summarizing the above, we conclude :



80 Anamika Rai and S.K.Tiwari

Theorem 5.2. In a five - dimensional Berwald space with vanishing h- con-
nection vectors h;,J;, k; the rank of the (Rpiji), where(hi) and(jk) shows the
number of rows and columns respectively, is less than five.

Further,

(i) If p = 0, the space is locally Minkowskian.
(ii) If p = 1, we have the condition (5.20).
(iil) If p=2,

such that condition (5.20) do not hold.
(iv) If p = 4, all the main scalars are constants and vipﬁ) = 0 and A;(g) =

AP =AY =AY =0, (p=1,2,....,6;¢ = 1,2,3...., 17,30, f = 2,3,4,5).
6. Conclusion

This paper is devoted to the study of a five dimensional Berwald space
in terms of scalars. Some properties of five dimensional Berwald space with
vanishing certain connection vectors are investigated which is useful for further
research workers.
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