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Abstract. It is well-known that M. Matsumoto and R. Miron constructed an

orthonormal frame for an n-dimensional Finsler space and the frame was called

’Miron frame’. Then, T. N. Pandey and D.K. Diwedi and P. N. Pandey and

Manish Gupta studied four dimensional Finsler spaces in terms of scalars. P. N.

Pandey and Manish Gupta also studied four dimensional Berwald space with

vanishing h-connection vector. Gauree Shankar, G C. Chaubey and Vinay

Pandey studied the main scalar of a five-dimensional Finsler space. In the

present paper, we study a five dimensional Berwald space with vanishing h-

connection vector hi, Ji, ki.

Keywords: Finsler space, main scalar, Berwald space, h- and v- connection

vectors.

1. Orthonormal Frame and Connection Vectors

Let L = L(x, y) be the fundamental function and gij(x, y) be the funda-

mental metric tensor of a five - dimensional Finsler space F 5. Let δijklmpqrst be

generalized Kronecker delta and γijklm = δ12345
ijklm, then the component of ε-

tensor are defined by

εijklm =
√
|g|γijklmandεijklm = (

√
|g|)−1γijklm

where g = |gij | is also called the Levi-Civita permutation symbol.
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The Miron frame for a five- dimensional Finsler space is constructed by the

unit vectors (li,mi, ni, pi, qi), where ei(1) = li = yi

L is called the normalized

supporting element, ei(2) = mi = Ci

C is called the normalized torsion vector,

ei(3) = ni, ei(4) = pi, ei(5) = qi are constructed by

gije
i
(α)e

i
(β) = δαβ .

Here C is the length of torsion vector Ci = Cijkg
jk. The Greek letters α, β, γ, δ

vary from 1 to 5 throughout the paper. Summation convention is applied for

both the Greek and Latin indices.

In the orthonormal frame, an arbitrary tensorT = (T ij ) is expressed in terms

of scalar components as follows:

T ij = Tαβe
i
α)eβ)j , (1.1)

The scalar components of the fundamental tensor gij and ε-tensor εijklm are

given by δαβ and γαβγδη respectively.

LetHα)βγ and 1
LVα)βγbe scalar components of the h- and v- covariant deriva-

tives eiα)|i and eiα)|j respectively of the vectors eα) , i.e.

(a) eiα)|j = Hα)βγe
i
β)eγ)j , (b) Leiα)|j = Vα)βγe

i
β)eγ)j , (1.2)

Hα)βγ and Vα)βγ are called h- and v- connection scalars respectively and are

(o)p- homogenous. From the orthogonality of the frame, we have

Hα)βγ = −Hβ)αγ , Vα)βγ = −Vβ)αγ , (1.3)

Also, we have

H1)βγ = 0, V1)βγ = δβγ − δ1
βδ

1
γ , (1.4)

We now define vector fields

hi = H2)3γeγ)i, Ji = H2)4γeγ)i, ki = H2)5γeγ)i,

h
′

i = H3)4γeγ)i, J
′

i = H3)5γeγ)i, k
′

i = H4)5γeγ)i,

and

ui = V2)3γeγ)i, vi = V2)4γeγ)i, wi = V2)5γeγ)i,

u
′

i = V3)4γeγ)i, v
′

i = V3)5γeγ)i, w
′

i = V4)5γeγ)i,

From (1.2), we get

(a) ei1)|i = li|j = 0,

(b) ei2)|j = mi
|j = nihj + piJj + qikj ,

(c) ei3)|j = ni|j = −mihj + pih
′

j + qiJ
′

j ,

(d) ei4)|j = pi|j = −miJj − nih
′

j + qik
′

j ,

(e) ei5)|j = qi|j = −mikj − niJ
′

j − pik
′

j .
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and

(a)Lei1)|j = Lli|j = mimj + ninj + pipj + qiqj ,

(b)Lei2)|j = Lmi|j = −limj + niuj + pivj + qiwj ,

(c)Lei3)|j = Lni|j = −linj −miuj + piu
′

j + qiv
′

j ,

(d)Lei4)|j = Lpi|j = −lipj −mivj − niu
′

j + qiw
′

j ,

(e)Lei5)|j = Lqi|j = −liqj −miwj − niv
′

j − piw
′

j .

(1.5)

The Finsler vector fields hi, Ji, ki, h
′

i, J
′

i , k
′

i are called h- connection vectors and

the vector fields ui, vi, wi, u
′

i, v
′

i, w
′

i are called v- connection vectors.

The scalars H2)3γ , H2)4γ , H3)4γ , H4)3γ , H5)3γ , H5)4γ and V2)3γ , V2)4γ , V2)5γ ,

V3)4γ , V3)5γ , V4)5γ are considered as the scalars components hγ , Jγ , kγ , h
′

γ , J
′

γ , k
′

γ

and uγ , vγ , wγ , u
′

γ , v
′

γ , w
′
γ of the h-and v- connection vectors respectively. Be-

cause of (o)p-homogeneity of eiα), (1.5) gives

Lmi|j lj = Lni|j lj = Lpi|j lj = Lqi|j lj = 0.

Consequently, we have the following.

Proposition 1.1. In a five-dimensional Finsler space, the first scalar compo-

nents of v- connection vector ui, vi, wi, u
′

i, v
′

i, w
′

i vanish identically.

2. Main Scalars

Let 1
LCαβγ be the scalar components of Cijk with respect to the Miron

frame, i.e.,

LCijk = Cαβγeα)ieβ)jeγ)k, (2.1)

M. Matsumoto[1] showed that

(i) Cαβγ are completely symmetric,

(ii) C1jk = 0,

(iii) C2µµ = LC,C3µµ = C4µµ = ......... = Cnµµ = 0 for n ≥ 3, where C is the

length of Ci and LC is called the unified main scalars.

Therefore in a five- dimensional Finsler space, we have

C1βγ = 0,

C222 + C233 + C244 + C255 = LC,

C322 + C333 + C344 + C355 = 0,

C422 + C433 + C444 + C455 = 0,

C522 + C533 + C544 + C555 = 0,

(2.2)

C234 6= 0, C235 6= 0, C245 6= 0, C345 6= 0 in general.
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Thus putting

C222 = H,C233 = I, C244 = K,C333 = J,C344 = J
′

C444 = H
′
, C334 = I

′
, C234 = K

′
, C255 = M,C355 = J

′′

C455 = M
′
, C555 = H

′′
, C335 = I

′′
, C445 = K

′′
, C235 = N,

C255 = N
′
, C345 = M

′′
,

we have

H + I +K +M = LC

C223 = −(J + J
′
+ J

′′
), C224 = −(H

′
+ I

′
+M

′
), C225 = −(H

′′
+ I

′′
+M

′′
)

The seventeen scalarsH, I, J,K,H
′
, I

′
, J

′
,K

′
, H”, I”, J”,K”,M,M

′
,M”, N,N

′

are called the main scalars of a five dimensional Finsler space.

3. Scalar Derivatives

Taking h- covariant differentiation of (1.1) , we get

T ij|k = (δkTαβ)eiα)eβ)j + Tαβe
i
α)|keβ)j + Tαβe

i
α)eβ)j|k, (3.1)

if Tαβ,γ are scalar components of T ij|k, i.e.,

T ij|k = Tαβ,γe
i
α)eβ)jeγ)k, (3.2)

then we obtain

Tαβ,γ = (δkTαβ)ekγ) + TµβHµ)αγ + TαµHµ)βγ , (3.3)

Similarly, the scalar components Tαβ;γ and LT ij |k are given by

Tαβ;γ = L(∂̇kTαβ)ekγ) + TµβVµ)αγ + TαµVµ)βγ , (3.4)

The scalar components Tαβ,γ and Tαβ;γ are respectively called h- and v- scalar

derivatives of scalar components Tαβ of T .
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4. Berwald Space

In term of Cartan CΓ a Berwald space [1] is characterized by Chij|k = 0.

We are concerned with the tensor Chij|k = 0. From (2.1) and (3.2), it follows

that

Chij|k = Cαβγ,δeα)heβ)ieγ)jeδ)k. (4.1)

In view of equation(4.1) , Berwald space is characterized by Cαβγ,δ = 0, in

terms of scalars. According to the formula (3.3) ,Cαβγ,δ are given by

Cαβγ,δ = (δkCαβγ)ekδ) + CµβγHµ)αδ + CαµγHµ)βδ + CαβµHµ)γδ

The explicit forms of Cαβγ,δ is obtained as follows :

(a)C222,δ = H,δ + 3(J + J
′
+ J

′′
)hδ + 3(H

′
+ I

′
+M

′
)Jδ + 3(H

′′
+ I

′′
+K

′′
)kδ,

(b)C233,δ = I,δ − (3J + 2J
′
+ 2J

′′
)hδ − I

′
Jδ − I”kδ − 2NJ

′

δ − 2K
′
h

′

δ,

(c)C244,δ = K,δ − J
′
hδ − (3H

′
+ 2I

′
+ 2M

′
)Jδ + 2K

′
h

′

δ −K”kδ − 2N
′
k

′

δ,

(d)C322,δ = −(J + J
′
+ J

′′
),δ + (H − 2I)hδ − 2K

′
Jδ − 2Nkδ + (H

′
+ I

′
+M

′
)h

′

δ

+ (H” + I” +K”)J
′

δ,

(e)C333,δ = J,δ + 3(Ihδ − I
′
h

′

δ − I”J
′

δ),

(f)C422,δ = −(H
′
− I

′
−M

′
),δ − 2K

′
hδ + (H − 2K)Jδ − 2N

′
kδ − (J + J

′
+ J

′
)h

′

δ

+ (H” + I” +K”)k
′

δ,

(g)C433,δ = I
′

δ + 2K
′
hδ + IJδ + (J − 2J

′
)h

′

δ − 2M
′′
J

′

δ − I”k
′

δ,

(h)C234,δ = K
′

,δ − (I
′
−K

′
)hδ − (J

′
−K

′
)Jδ −M

′′
kδ − (K − I)h

′

δ −N
′
J

′

δ

−Nk
′

δ,

(i)C344,δ = J
′

,δ +Khδ + 2K
′
Jδ − (H

′
− 2I

′
)h

′

δ +K
′′
J

′

δ − 2M”k
′

δ,

(j)C444,δ = H
′

,δ + 3(K + J
′
h

′

δ −K
′′
k

′

δ),

(k)C225,δ = −(H” + I” +K”),δ − 2Nhδ − 2N
′
Jδ + (H − 2M)kδ − (J + J

′
+ J”)J

′

δ − (H
′

+ I
′
+M

′
)k

′

δ,

(l)C235,δ = N,δ − (2I
′′

+H” +K”)h,δ −M”Jδ − (J + J
′
+ J”)kδ −N

′
h

′

δ − (M − I)J
′

δ

+K
′
k

′

δ,

(m)C245,δ = N
′

,δ −M
′′
hδ − (H” + I” + 2K”)Jδ +Nh

′

δ − (H
′
+ I

′
+ 2M

′
)kδ +K

′
J

′

δ

−Mk
′

δ,

(4.2)
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(n)C255,δ = M
′

,δ − J
′′
hδ −M

′
Jδ +Nh

′

δ − (3H
′′

+ 2I
′′

+ 2K”)kδ + 2NJ
′

δ + 2N
′
k

′

δ,

(o)C335,δ = I”
,δ + 2Nhδ − 2M”h

′

δ + (J − 2J
′′
)J

′

δ + Ikδ + I
′
k

′

δ,

(p)C345,δ = M”
,δ + 2N

′
hδ + 2NJδ + (I

′′
−K”)h

′

δ +K
′
kδ + (I

′
−M

′
)J

′

δ + (J
′
− J”)k

′

δ,

(q)C355,δ = J”
,δ +Mhδ + 2Nkδ − 2M

′
h

′

δ − (H
′′
− 2I

′
)J

′

δ + 2M”k
′

δ,

(r)C445,δ = K”
,δ + 2N

′
Jδ + 2M”h

′

δ +Kkδ + J
′
J

′

δ + (H
′
− 2M

′
)k

′

δ,

(s)C455,δ = M
′

,δ +MJδ + J”h
′

δ + 2N
′
kδ + 2M

′′
J

′

δ − (H
′′
− 2K

′′
)k

′

δ,

(t)C555,δ = H”
,δ + 3(Mkδ + J”J

′

δ +M
′
k

′

δ),

(u)C1βγ,δ = 0.

(4.3)

Adding (4.2d),(4.2e), (4.2i),(4.2q) and using (2.2), we get

C322,δ + C333,δ + C344,δ + C335,δ = LChδ, (4.4)

Adding (4.2f), (4.2g), (4.2j).(4.2s) and using (2.2), we get

C422,δ + C433,δ + C444,δ + C455,δ = LCJδ, (4.5)

Adding (4.2k), (4.2o), (4.2r), (4.2s) and using (2.2), we get

C522,δ + C533,δ + C544,δ + C555,δ = LCkδ, (4.6)

Adding (4.2a), (4.2b), (4.2c), (4.2n) and using (2.2), we get

C222,δ + C233,δ + C244,δ + C255,δ = (H + I +K +M),δ = LC,δ, (4.7)

Thus, from(4.3), (4.4), (4.5), (4.6) and (4.7), we have.

Theorem 4.1. In a five - dimensional Berwald space, the h- connection vectors

hi, Ji and ki vanish identically. Also main scalar H and unified main scalar

LC is h-covariant constants. Furthermore, if h-connection vectors h
′

i, J
′

i and

k
′

i vanishes then all the main scalars are h-covariant constants.

5. Ricci Identities

Now, we are concerned with the tensor eiα)|j|k, e
i
α)|j |k and eiα)|j|k. From (1.2),

we have

eiα)|j|k = Hα)βγ,δe
i
β)eγ)jeδ)k, (5.1)

Leiα)|j |k = Hα)βγ;δe
i
β)eγ)jeδ)k, (5.2)

Leiα)|j |k = Vα)βγ,δe
i
β)eγ)jeδ)k, (5.3)

According to the formulae (3.3) and (3.4), Hα)βγ,δ, Hα)βγ;δ, Vα)βγ,δ are given

by

Hα)βγ,δ = (δkHα)βγ)ekδ) +Hα)µγHµ)βδ +Hα)βµHµ)γδ,
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Hα)βγ;δ = L(∂̇kHα)βγ)ekδ) +Hα)µγVµ)βδ +Hα)βµVµ)γδ,

Vα)βγ,δ = (δkVα)βγ)ekδ) + Vα)µγHµ)βδ + Vα)βµHµ)γδ.

The explicit form of these are obtained as follows :

H2)3γ,δ = (δkH2)3γ)ekδ) +H2)µγHµ)3δ +H2)3µHµ)γδ

= (δkhγ)ekδ) +H2)4γH4)3δ +H2)5γH5)3δ +H2)3µHµ)γδ

= (δkhγ)ekδ) + Jγ(−h
′

δ) + kγ(−J
′

δ) + hµHµ)γδ

= hγ,δ − Jγh
′

δ − kγJ
′

δ

where

hγ,δ = (δkhγ)ekδ) + hµHµ)γδ

H4)2γ,δ = −Jγ,δ + hγh
′

δ − kγk
′

δ,

H5)2γ,δ = −kγ,δ + J
′

γhδ + k
′

γJδ,

H3)4γ,δ = h
′

γ,δ − Jγhδ − J
′

γk
′

δ,

H3)5γ,δ = J
′

γ,δ − hγkδ + h
′

γk
′

δ,

H4)5γ,δ = k
′

γ,δ − Jγkδ − h
′

γJ
′

δ,

H2)3γ;δ = hγ;δ − Jγu
′

δ − kγv
′

δ,

H4)2γ;δ = −Jγ;δ + h
′

γuδ − k
′

γwδ,

H5)2γ;δ = −kγ;δ + J
′

γuδ + k
′

γvδ,

H3)4γ,δ = h
′

γ;δ − hγvδ − J
′

γw
′

δ,

H3)5γ;δ = J
′

γ;δ − hγwδ + h
′

γw
′

δ,

H4)5γ,δ = k
′

γ;δ − Jγwδ − h
′

γv
′

δ,

V2)3γ,δ = uγ,δ − vγh
′

δ − wγJ
′

δ,

V4)2γ,δ = −vγ,δ + u
′

γhδ − w
′

γkδ,

V5)2γ,δ = −wγ,δ + v
′

γhδ + w
′

γJδ,

V3)4γ,δ = u
′

γ,δ − uγJδ − v
′

γk
′

δ,

V3)5γ,δ = v
′

γ,δ − uγkδ + u
′

γk
′

δ,

V4)5γ,δ = w
′

γ,δ − vγkδ − u
′

γJ
′

δ,

In terms of scalar components , the Ricci identity

eiα)|j |k − e
i
α|k|j = eγα)P

i
rjk − eiα)|rC

r
jk − eiα)|rC

r
jk|o, (5.4)

is expressed as

Hα)βγ;δ − Vα)βδ,γ = Pα)βγδ −Hα)βµCµγδ − Vα)βµPµγδ, (5.5)

For Berwald space [1] Phijk = 0 , therefore (5.5) becomes

Hα)βγ;δ − Vα)βδ,γ = −Hα)βµCµγδ,
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which is explicity written as

(hγ;δ − Jγu
′

δ − kγv
′

δ)− (uδ,γ − vδh
′

γ − wδJ
′

γ) = −hµCµγδ,

(−Jγ;δ + h
′

γuδ − k
′

γwδ)− (−vδ,γ + u
′

δhγ − w
′

δkγ) = JµCµγδ,

(−kγ;δ + J
′

γuδ + k
′

γvδ)− (−wδ,γ + v
′

δhγ + w
′

δJγ) = kµCµγδ,

(h
′

γ;δ − hγvδ − J
′

γw
′

δ)− (u
′

δ,γ − uδJγ − v
′

δk
′

γ) = −h
′

µCµγδ,

(J
′

γ;δ − hγwδ + h
′

γw
′

δ)− (v
′

δ,γ − uδkγ + u
′

δk
′

γ) = −J
′

µCµγδ,

(k
′

γ;δ − Jγwδ − h
′

γv
′

δ)− (w
′

δ,γ − vδkγ + u
′

δJ
′

γ) = −k
′

µCµγδ,

From theorem 4.1, we see that in a Berwald space hi = Ji = ki = 0. If we take

h
′

i = J
′

i = k
′

i = 0, then above equation become

uδ,γ = vδ,γ = wδ,γ = u
′

δ,γ = v
′

δ,γ = w
′

δ,γ = 0.

Thus, we have

Theorem 5.1. In a five - dimensional Berwald space with vanishing h- con-

nection vectors h
′

i, J
′

i , k
′

i, the v- connection vectors ui, vi, wi, u
′

i, v
′

iandw
′

i are h-

covariant constants.

From the Ricci identity

T ij|k|h − T
i
j|h|k = T rj R

i
rkh − T irRrjkh − T ij |rRrkh, (5.6)

we have

eiα)|j|k − e
i
α)|k|j = erα)R

i
rjk − eiα)|rR

r
jk (5.7)

which is expressed as

Hα)βγ,δ −Hα)βδ,γ = Rαβγδ − Vα)βπR1πγδ. (5.8)

Now, we propose.

Proposition 5.1. Let Tij be a skew - symmetric tensor of a five- dimensional

Finsler space. If we put ∗T ijk = 1
5ε
ijklmTlm then, we obtain

Tpq = εpqijk ∗ T ijk.

Proof. ∗T ijk = 1
5ε
ijklmTlm implies

∗T ijkCpqijk =
1

5
εijklmCpqijkTlm =

1

5
δijklmpqijk Tlm = Tpq.

This completes the proof. �
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Since Rhijk is skew- symmetric in h and i as well as in j and k, in view of

proposition(5.1), Rhijk may be written as

Rhijk = εhirstεjkpqr′ ∗Rrstpqr
′

(5.9)

where,

∗Rrstpqr
′

=
1

25
εrsthiεpqr

′jkRhijk, (5.10)

The scalar components Rαβγδ of Rhijk are written as

Rαβγδ = γαβµληγγδθτξ ∗Rµληθτξ, (5.11)

in terms of scalar components ∗Rµληθτξ, of Rrstpqr.

The scalar components Rβγδ of 1
LRijk are given by

Rβγδ = γ1βµληγγδθτξ ∗Rµληθτξ, (5.12)

Therefore,(5.8), may be written as

Hα)βγ,δ −Hα)βδ,γ = (γαβµλη − Vα)βπγ1πµλη)γγδθτξ ∗Rµληθτξ.

For different values of α, β, this gives

(hγ,δ − Jγh
′

δ − kγJ
′

δ)− (hδ,γ − Jδh
′

γ − kδJ
′

γ)

= (δ145
µλη − u2δ

345
µλη − u3δ

425
µλη − u4δ

235
µλη − u5δ

324
µλη)γγδθτξ ∗Rµληθτξ,

(−Jγ,δ + hγh
′

δ − kγk
′

δ)− (Jδ,γ + hδh
′

γ − kδk
′

γ)

= (−δ135
µλη − v2δ

345
µλη − v3δ

425
µλη − v4δ

235
µλη − v5δ

324
µλη)γγδθτξ ∗Rµληθτξ,

(−kγ,δ + J
′

γhδ + k
′

γJδ)− (−kδ,γ + J
′

δhγ + k
′

δJγ)

= (−δ134
µλη − w2δ

345
µλη − w3δ

425
µλη − w4δ

235
µλη − w5δ

324
µλη)γγδθτξ ∗Rµληθτξ,

(h
′

γ,δ − Jγh
′

δ − k
′

γJ
′

δ)− (h
′

δ,γ − Jδhγ − k
′

δJ
′

γ)

= (δ125
µλη − u

′

2δ
345
µλη − u

′

3δ
425
µλη − u

′

4δ
235
µλη − u

′

5δ
324
µλη)γγδθτξ ∗Rµληθτξ,

(−J
′

γ,δ − hγk
′

δ + h
′

γk
′

δ)− (J
′

δ,γ − hδk
′

γ + h
′

δk
′

γ)

= (−δ124
µλη − v

′

2δ
345
µλη − v

′

3δ
425
µλη − v

′

4δ
235
µλη − v

′

5δ
324
µλη)γγδθτξ ∗Rµληθτξ,

(−k
′

γ,δ + Jγkδ − h
′

γJ
′

δ)− (k
′

δ,γ − Jδkγ − h
′

δJ
′

γ)

= (δ123
µλη − w

′

2δ
345
µλη − w

′

3δ
425
µλη − w

′

4δ
235
µλη − w

′

5δ
324
µλη)γγδθτξ ∗Rµληθτξ,

For Berwald space with hi = Ji = ki = 0, above equation becomes

(δ145
µλη − u2δ

345
µλη − u3δ

425
µλη − u4δ

235
µλη − u5δ

324
µλη) ∗Rµληθτξ = 0,

(δ135
µλη − v2δ

345
µλη − v3δ

425
µλη − v4δ

235
µλη − v5δ

324
µλη) ∗Rµληθτξ = 0,

(δ134
µλη − w2δ

345
µλη − w3δ

425
µλη − w4δ

235
µλη − w5δ

324
µλη) ∗Rµληθτξ = 0,

(δ125
µλη − u

′

2δ
345
µλη − u

′

3δ
425
µλη − u

′

4δ
235
µλη − u

′

5δ
324
µλη) ∗Rµληθτξ = 0,

(−δ124
µλη − v

′

2δ
345
µλη − v

′

3δ
425
µλη − v

′

4δ
235
µλη − v

′

5δ
324
µλη) ∗Rµληθτξ = 0,

(δ123
µλη − w

′

2δ
345
µλη − w

′

3δ
425
µλη − w

′

4δ
235
µλη − w

′

5δ
324
µλη) ∗Rµληθτξ = 0.

(5.13)
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Now, applying the Ricci identity (5.6) to v- connection vectors v
(p)
i , we have

v
(p)
i|j|k − v

(p)
i|k|j = −v(p)

r Rrijk − v
(p)
i |rR

r
jk, (5.14)

where

(v
(1)
i , v

(2)
i , v

(3)
i , v

(4)
i , v

(5)
i , v

(6)
i ) = (ui, vi, wi, u

′

i, v
′

i, w
′

i).

In terms of scalars, (5.14) may be written as

v
(p)
β,γ,δ − v

(p)
β,δ,γ = −(v(p)

π γβπµλη + v
(p)
β;πγ1πµλη)γγδθτξ ∗Rµληθτξ = 0.

We have shown in Theorem(5.1) that in a Berwald space with h
′

i = J
′

i = k
′

i = 0,

the v- connection vectors are h- covariant constants, therefore above equation

becomes

(v(p)
π γβπµλη + v

(p)
β;πγ1πµλη) ∗Rµληθτξ = 0. (5.15)

Because of v
(p)
1;π = v

(p)
π , the above is trivial for β = 1 and thus from the above

obtain only

(v
(p)
3 δ145

µλη+v
(p)
4 δ315

µλη+v
(p)
5 δ134

µλη+v
(p)
2;2δ

345
µλη+v

(p)
2;3δ

425
µλη)+v

(p)
2;4δ

235
µλη)+v

(p)
2;5δ

324
µλη)×∗Rµληθτξ = 0,

(−v(p)
2 δ145

µλη+v
(p)
4 δ125

µλη−v
(p)
5 δ124

µλη+v
(p)
3;2δ

345
µλη−v

(p)
3;3δ

245
µλη)+v

(p)
3;4δ

235
µλη)−v(p)

3;5δ
234
µλη)×∗Rµληθτξ = 0,

(v
(p)
2 δ135

µλη−v
(p)
3 δ125

µλη+v
(p)
5 δ123

µλη+v
(p)
4;2δ

345
µλη−v

(p)
4;3δ

245
µλη)+v

(p)
4;4δ

235
µλη)−v(p)

4;5δ
234
µλη)×∗Rµληθτξ = 0,

(v
(p)
2 δ143

µλη+v
(p)
3 δ124

µλη−v
(p)
4 δ123

µλη+v
(p)
5;2δ

345
µλη−v

(p)
5;3δ

245
µλη)+v

(p)
5;4δ

235
µλη)−v(p)

5;5δ
234
µλη)×∗Rµληθτξ = 0.

In view of (5.13), these equation takes the forms :

[(v
(p)
2;2 + u2v

(p)
3 + v2v

(p)
4 + w2v

(p)
5 )δ345

µλη + (v
(p)
2;3 + u3v

(p)
3 + v3v

(p)
4 + w3v

(p)
5 )δ425

µλη

+ (v
(p)
2;4 + u4v

(p)
3 + v4v

(p)
4 + w4v

(p)
5 )δ235

µλη + (v
(p)
2;5 + u5v

(p)
3 + v5v

(p)
4 + w5v

(p)
5 )δ234

µλη] ∗Rµληθτξ = 0,

[(v
(p)
3;2 − u2v

(p)
2 + u

′

2v
(p)
4 − v

′

2v
(p)
5 )δ345

µλη + (v
(p)
3;3 − u3v

(p)
2 + u

′

3v
(p)
4 − v

′

3v
(p)
5 )δ425

µλη

+ (v
(p)
3;4 − u4v

(p)
2 + u

′

4v
(p)
4 − v

′

4v
(p)
5 )δ235

µλη + (v
(p)
3;5 − u5v

(p)
2 + u

′

5v
(p)
4 − v

′

5v
(p)
5 )δ234

µλη] ∗Rµληθτξ = 0,

[(v
(p)
4;2 − v2v

(p)
2 − u

′

2v
(p)
3 + w

′

2v
(p)
5 )δ345

µλη + (v
(p)
4;3 − v3v

(p)
2 − u

′

3v
(p)
3 + w

′

3v
(p)
5 )δ425

µλη

+ (v
(p)
4;4 − v4v

(p)
2 − u

′

4v
(p)
3 + w

′

4v
(p)
5 )δ235

µλη + (v
(p)
4;5 − v5v

(p)
2 + u

′

5v
(p)
3 + w

′

5v
(p)
5 )δ234

µλη] ∗Rµληθτξ = 0,

[(v
(p)
5;2 − w2v

(p)
2 − v

′

2v
(p)
3 − w

′

2v
(p)
5 )δ345

µλη + (v
(p)
5;3 − w3v

(p)
2 − v

′

3v
(p)
3 − w

′

3v
(p)
4 )δ425

µλη

+ (v
(p)
5;4 − w4v

(p)
2 − v

′

4v
(p)
3 + w

′

4v
(p)
5 )δ235

µλη + (v
(p)
5;5 − w5v

(p)
2 − v

′

5v
(p)
3 − w

′

5v
(p)
4 )δ234

µλη] ∗Rµληθτξ = 0, .

(5.16)

Put

V
(p)
αβ = V

(p)
α;β + V (p)

µ Vα)µβ .

Then equations (5.16) become

[V
(p)
22 δ345

µλη + V
(p)
23 δ425

µλη + V
(p)
24 δ235

µληV
(p)
22 δ324

µλη] ∗Rµληθτξ = 0,

[V
(p)
32 δ345

µλη + V
(p)
33 δ425

µλη + V
(p)
34 δ235

µλη + V
(p)
35 δ324

µλη] ∗Rµληθτξ = 0,

[V
(p)
42 δ345

µλη + V
(p)
43 δ425

µλη + V
(p)
44 δ235

µλη + V
(p)
45 δ324

µλη] ∗Rµληθτξ = 0,

[V
(p)
52 δ345

µλη + V
(p)
53 δ425

µλη + V
(p)
54 δ235

µλη + V
(p)
55 δ324

µλη] ∗Rµληθτξ = 0.

(5.17)
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Again, applying the Ricci identity (5.6) to the main scalars A(q), we have

Aq|j|k −A
q
|k|j = −Aq|rRrjk, (5.18)

where

(A(1), A(2), A(3), A(4), A(5), A(6), A(7), A(8), A(9), A(10), A(11), A(12), A(13), A(14),

A(15), A(16), A(17)) = (H, I,K, J, J
′
, H

′
, I

′
,K

′
,M, J

′′
,M

′
, H

′′
, I

′′
,K

′′
, N,N

′
,M

′′
).

In terms of scalars (5.18) assumes the form:

Aq,γ,δ −A
q
,δ,γ = Aq|πγ1πµληγγδθτξ ∗Rµληθτξ = 0

We have seen in Theorem4.1 that all the main scalars are h- covariant constant

in a Berwald space with h
′

i = 0, J
′

i = 0 and k
′

i = 0. Therefore above

equation becomes

(A
(q)
;2 δ

345
µλη +A

(q)
;3 δ

425
µλη +A

(q)
;4 δ

235
µλη +A

(q)
;5 δ

324
µλη) ∗Rµληθτξ = 0. (5.19)

We now discuss Berwald space with vanishing h- connection vectors, considering

the rank ρ of the matrix (∗Rµληθτξ), where (µλη) and (θτξ) show the number

of rows and columns respectively. From (5.13) , it is clear that the rank ρ is

less than 5.

(i) If ρ = 0 , then ∗Rµληθτξ = 0. This means ∗Rhijk = 0 and therefore the

space is locally Minkowskian.

(ii) If ρ = 1, then from (5.17) and (5.19) , we have

A
(q)
2 : A

(q)
3 : A

(q)
4 : A

(q)
5 = v

(p)
22 : v

(p)
23 : v

(p)
24 : v

(p)
25

= v
(p)
32 : v

(p)
33 : v

(p)
34 : v

(p)
35

= v
(p)
42 : v

(p)
43 : v

(p)
44 : v

(p)
45

= v
(p)
52 : v

(p)
53 : v

(p)
54 : v

(p)
55

(5.20)

(p = 1, 2, 3, 4, 5, 6q = 1, 2, 3, ......, 17)

(iii) If ρ = 2 , then from (5.17)∣∣∣∣∣∣∣∣∣
v

(p)
22 v

(p)
23 v

(p)
24 v

(p)
25

v
(p)
32 v

(p)
33 v

(p)
34 v

(p)
35

v
(p)
42 v

(p)
43 v

(p)
44 v

(p)
45

v
(p)
52 v

(p)
53 v

(p)
54 v

(p)
55

∣∣∣∣∣∣∣∣∣ = 0

such that condition (5.20) do not hold.

(iv) If ρ = 4 , then from (5.17) and (5.19) , v
(p)
αβ = 0;α, β = 2, 3, 4, 5 and

A
(q)
;2 = A

(q)
;3 = A

(q)
;4 = A

(q)
;5 = 0, so that all the main scalars are v- covariant

constants and therefore they are constants.

Summarizing the above, we conclude :
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Theorem 5.2. In a five - dimensional Berwald space with vanishing h- con-

nection vectors hi,Ji, ki the rank of the (Rhijk), where(hi) and(jk) shows the

number of rows and columns respectively, is less than five.

Further,

(i) If ρ = 0 , the space is locally Minkowskian.

(ii) If ρ = 1, we have the condition (5.20).

(iii) If ρ = 2 ,

∣∣∣∣∣∣∣∣∣
v

(p)
22 v

(p)
23 v

(p)
24 v

(p)
25

v
(p)
32 v

(p)
33 v

(p)
34 v

(p)
35

v
(p)
42 v

(p)
43 v

(p)
44 v

(p)
45

v
(p)
52 v

(p)
53 v

(p)
54 v

(p)
55

∣∣∣∣∣∣∣∣∣ = 0

such that condition (5.20) do not hold.

(iv) If ρ = 4 , all the main scalars are constants and v
(p)
αβ = 0 and A

(q)
;2 =

A
(q)
;3 = A

(q)
;4 = A

(q)
;5 = 0, (p = 1, 2, ...., 6; q = 1, 2, 3......, 17; ;α, β = 2, 3, 4, 5).

6. Conclusion

This paper is devoted to the study of a five dimensional Berwald space

in terms of scalars. Some properties of five dimensional Berwald space with

vanishing certain connection vectors are investigated which is useful for further

research workers.
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