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Abstract. In this paper a special class of R-quadratic generalized («, f)-
metrics are considered. Some properties of this class of Finsler metrics are
investigated. In special case, the Riemann curvature of these metrics is cal-
culated. Moreover, it is proved that, in this class of metrics, there is not any
(non-Riemannian) R-quadratic metrics of non-zero scalar curvature.
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1. Introduction

Finsler geometry is a suitable extension of Riemannian geometry such that
the squared line element is not restricted to be quadratic in the displacements.
Considering Finsler geometry was already discussed by Riemann, in his lec-
ture in 1854 [8], Much later, the systematic study of these spaces appeared in
the dissertation thesis of Finsler in 1918 [5]. It seems that the class of (a, §)-
metrics is a good candidate for more study and do computations in Finsler
spaces. They are computable and their patterns offer references. There are
some classes of Finsler metrics which are not always (a, 3)-metrics such as
general (o, §)-metrics [14] or spherically symmetric Finsler metrics [16]. Be-
cause of the symmetry and computability of this class of Finsler metrics, many
interesting results have been acquired in the past years [3]. Moreover, (a, ()-
metrics provides several wonderful metrical models for physics and biology [1],
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and the most important one is the so-called Randers metrics [7]. The concept
of (e, B)-metrics was introduced by Matsumoto in 1972 as a generalization of
Randers metrics which introduced by Randers. Introducing new Finsler metrics
which are not always («, 3)-metrics helps us to evaluate the patterns.

In this research we are going to concentrate on an important class of Finsler
metrics called general («, §)-metrics, which are given as

F= a¢(b2v S)v

where a = /a;;(z)y’y/ is a Riemannian metric and 8 = b;(x)y" is a 1-form on
M, respectively. b? = b'b;, s = g and ¢ is a smooth function. On a smooth
manifold, there are several interesting curvatures in Finsler geometry. Riemann
curvature is a central concept in Riemannian geometry and was introduced by
Riemann in 1854. Berwald generalized it to Finsler metrics. A Finsler metric
is said to be R-quadratic if its Riemann curvature is quadratic [4]. R-quadratic
metrics were first introduced by Béscé and Matsumoto [2]. They form a rich
class in Finsler geometry. There are many interesting works related to this
subject [10], [6]. This family of Finsler metrics contains Berwald and R-flat
metrics. For a Finsler space (M, F), the Riemann curvature is a family of
linear transformations

R, :T,M — T, M,

where y € T, M, with homogeneity R,, = A>R,, VA > 0. The the Finsler
metric (M, F) is R-quadratic if R, is quadratic in y € T, M. Here a special
class of general (a, §)-metric of R-quadratic type is considered. In general, it is
difficult to find the Riemann curvature tensor for general («, 5)-metrics. Then
we consider the metrics under the following assumption

Ry = (0?8 —yry’), by = c(x)ai, (1.1)
where R’ denotes the Riemann curvature of the Riemannian metric o and

is the Ricci constant. In other words, we prove

Theorem 1.1. Let (M, F) be a general («, 8)-metric satisfying (1.1). If F is

of R-quadratic type then
;-v = RQG;kq(x)ypyqa (12)

where
0;" k() = (a;ib* — bjb)8" s — (ajrb® — bjbg)d's + (biajr — ajiby)b’,
and Ry = Ra(r) is given by
Ry = —p(2x—5Xs)+¢[2(200p2 = 51p20) = Xss +2X (2X —5X5)+ (07 =87) (2 X055 —X3)-

Theorem 1.2. There is not any (non-Riemannian) R-quadratic general (e, B)-
metric satisfying (1.1) of non-zero scalar curvature.
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2. Preliminaries

A Finsler metric on a manifold M is a non-negative function F' on T'M
having the following properties
(a) Fis C*° on TM \ {0};
(b) F(A\y) = \F(y), VA >0, y € TM,;
(c) For each y € T, M, the following quadratic form g, on T, M is positive
definite,
1
2
At each point x € M, F, := F|r,u is an Euclidean norm if and only if g,
is independent of y € T, M \ {0}. To measure the non-Euclidean feature of F,
define

, u,v € T, M.

s,t=0

[FQ(y + su+ tv)}

gy (u,v) =

Cy:TMxT,MxT,M— R

1d
Cylw,,w) = 5 5 [y (0] |

for u,v,w € T, M. The family C := {C, } ,eran j0} is called the Cartan torsion.

A curve ¢(t) is called a geodesic if it satisfies

d*c’ il
Lo a6 =0,
where G'(y) are local functions on TM given by
; 1 . 0% F? OF?
Gi(y) = = g% k_ T, M.

G's called the coefficients of the associated spray G to (M, F). The projection
of an integral curve of G is called a geodesic in M. In local coordinates, a curve
c(t) is a geodesic if and only if its coordinates (c'(t)) satisfy

& +2G'(¢) =0.

F is called a Berwald metric if G'(y) are quadratic in y € T, M for all x € M.
For y € T, My, define

By : T, MT,MQT, M — T, M

o )
B, (u,v,w) = B yulvFw! oz
where '
i B 83Gz
Jkl — 5yjayk3yz’
and

Ey: TuM @ T,M — T, M

Ey(u,v) = Ejkujvk,
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where )
Ejr = iBjmkmy
u = u 821-, v = v a?g'i and w = w' 621" B and E are called the Berwald

curvature and mean Berwald curvature respectively. F' is called Berwald and
Weakly Berwald (WB) metric if B =0 and E = 0, respectively [9].

By means of E-curvature, we can define E-curvature as follow
E,: T,M®T,M®T,M — R
E,(u,v,w) := Ejp(y)u'viw® = Eij|kuivjwk.

It is remarkable that, E’ijk is not totally symmetric in all three of its indices.

The S-curvature S(z,y) was introduced as follows [11]
d
S(a,y) = 2 [r(v(0), 7 ()] ji=o
where 7(z,y) is the distortion of the metric F and ~(¢) is the geodesic with
7(0) = z and «'(0) = y on M. It is considerable that [11]
1
Eij = 55,

where .i denotes the differential with respect to y*. The non-Riemannian quan-
tity E-curvature is denoted by E = Z;dz’ and is defined as

Ej = Sjimy Sijs

where ”|” and denotes the horizontal covariant derivative with respect to Berwald
connection [11]. The Finsler metric F' is said to have almost vanishing =-
curvature if

0
g, = —(n+1)F2(F)_i, (2.1)
where 60 is a 1-form on M and n = dimM.
For y € T, M, the Landsberg curvature L, : T,M ® T, M @ T,M — R is
defined by
1
Ly(u,v,w) := —=gy(By(u,v,w),y).

2
In local coordinates, L, (u,v,w) := L;jx(y)u'viw*, where
1
Lijk = _lele'jk'

Ly(u,v,w) is symmetric in w,v and w. L is called Landsberg curvature. A
Finsler metric F' is called a Landsberg metric if L, = 0.

In 2012, Yu and Zhu introduced a new class of Finsler metrics called general
(a, B)-metrics, which are given as

F= a¢(b2v 8)7
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for some C°° function ¢(b?,s), where « is a Riemannian metric and 3 is a
1-form.

Also F is called an («, §)-metric, if F' can be expressed as F' = a¢(s) for
some C* function ¢(s), Riemannian metric «, and 1-form 8. For general
(a, B)-metric, F = ap(b?, s), one has [14]

b — 50y >0, ¢—sps+ (b*—5%)pss >0, for n>3,
or

b — sps + (b — s%)¢ss >0, for n=2,
where s and b are arbitrary numbers with |s| < b < byg. Here ¢ denotes the
differentiation of ¢ with respect to s. The fundamental tensor g;; is given by
[14]
9ij = paij + pobibj + p1(bicys + bjay:) — sprayiays,

where pP= ¢(¢ - S¢s)7 pPo = ¢¢ss + ¢s¢sv P11 = (QI) - qus)(bs - 5¢¢l)ss-

Moreover,

det(gij) = 0" — 505)" 72 — 505 + (b* — 5%)¢ss)det(azy).

Further, we have[9]
4 0
. — kO, = )
I =¢"Ciji = oy (lm/det(gjk)).

Then for general («, 3)-metric, F' = ap(b?, s), one has

Iy = g(bk — gyk)v (2.2)
where
_ _38¢ss + <b2 - 52)¢sss d)/ 5¢ss
A= T R, TV T AT

The notion of Riemann curvature for Riemannian metrics can be extended to
Finsler metrics. For y € T, My, the Riemann curvature R, : T, M — T, M is
defined by Ry(u) = R'i(y)u*+Z where The Riemann curvature R} of G are
defined by
. 0G? . 9%G! . 02GE 0G* 0GY
b =2—— —y — +2G7) o —
oxk OxI Oy* Oyioyk Oyl Oy
A Finsler metric F' is said to be quadratic if R, is quadratic in y € T, M. At

each point x € M let
4 1 0 (OR. OR!
Ry = - — kL4 2.4
= 3o |k~ ) (24)
where R;%; is the Riemann curvature of Berwald connection. Then we have
R = R;'u(x,y)y’y'. Therefore R is quadratic in y € T, M if and only if
R;"} are functions of position alone [9].

(2.3)
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Theorem 2.1. [9] Every compact R-quadratic Finsler metric is a Landsberg
metric.

Theorem 2.2. [15] Riemann curvature of general (a, 3)-metric F = ap(b?, s)
satisfying 1.1 is given by

Ry = a? {Ri“h' + aRas yb" + Rasy'} (2.5)
where
Ry = (1 + s9) + A = 25052 — P + 2x(1 + s + uy),
Ry = —p(2x—5Xs)+[2(20052 —51p20) = Xss F2X (2X—5X5) (2 =57) (2 X5 —X3)

Ry = —p(20 — 51 ) +*[2(2452 — stp2) — P15 — s +2X (1 — 595 + (0% — 57
—xs(1+ 59+ (” — 57)9y)),
and 5
b= K (- ),
y = Pee = 2 —spre)
2(p — sps) + (b2 — 5%)0ss”
Yp2 = %, s = %—f, ss = %%’, 2 = k — ub® for some constant k and

by =8y — Ll

Note that here we denote by £ = aj and I, = Fj,.

3. On a Special Class of General (a, 3)-Metrics of R-quadratic type

In this section, we are going to study some new interesting properties of a
special class of general (¢, 8)-metrics of R-quadratic type. First we show the
following lemma.

Lemma 3.1. Let (M, F) be a general («, 8)-metric satisfying (1.1). If F is of
R-quadratic type then
I, R™;, = 0. (3.1)

Proof. First note that we have the following identity [9]

i

R jim = By ik — Bj' s
where ”|” denotes the horizontal derivative with respect to Berwald connection.
Contracting the above equation by —%yi yields

1 .
Lk — Ljmur = _iyilekl.m-

But F' is of R-quadratic type then one has
ijk\l = ijl“f' (32)
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By contracting the above equation by y' and ¢/™, respectively, one gets

Ljmrjo =0, (3.3)
Jep = Jk-

In other words, we have the following identity for a Finsler Metric F' (the
identity (10-13) in [9])

Lijepy' = —CijpRP) — %gijipkl - %gipijkb
By contracting the above equation by g% one has
Jrjo = —Ip Ry — Ry, klyl~
Then based on (3.4) we have
L,R™, = —R" .y (3.5)
But F is of R-quadratic type. Then
(ImR™ )0 = =Ry (). (3.6)

On the other hands, based on (2.2) and Theorem (2.2), for general (a,f)-
metrics satisfying (1.1), one gets

I, R™: = o*ws i,

where
. 2 2 . 6 o bk S
w=A{R; + (b — s*)Ra }, S.k—(a).k PPCLLE
Then
(IR =2ws.pyi + OCZ(WS.k.l + wsS.kS.1), (3.7)
where
a?s g = —bply — bily + 3slply — say,

OéQS,kS,l = —sbpl; — sbily + 5261.3& + biby,

Then by 3.6 one finds
—R,"pi(x) = (w—sws) (b)) — (W sws ) (bily, — slily) — (swag; —wsbiby), (3.8)
which one easily concludes
w—sws =0, and w4+ sws =0,

and then w = 0. It means that I,, R™; = 0.
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3.1. Proof of Theorem 1.1. Now, we could prove the Theorem 1.1. Accord-
ing to the above lemma, we find that

w=A{R, + (V" — s*)Ry} = 0.
But F is non-Riemannian, then A # 0 and we have
Ry + (b — s*)Ry = 0. (3.9)
On the other hands, for every Finsler metric we have

and
Then
0= FmRmk = (¢ - s(bs)ngmk + ¢smemk~
But
L R™) = a®(sRy + R3)s 1,
b R™) = o®(Ry + b*Ry + sR3)s .
Therefore

¢(R3 + sRy) + ¢5(R1 + (b — s°)Ry) = 0,
which by (3.9) we have
Ry = —sRo. (3.10)
Putting (3.9) and (3.10) in Theorem 2.2 one gets

Ry = —a®Ro{(b* — s*)*h', — (b’ — sl')s i }.

And
Ric = (n —2)(b* — s*)a*Ry.
Then
RY = —RQ{(aqu2 — bpbq)éik — (akpr - bpbk)5iq + (bgarp — aquk)bi} (3.11)
= _R29pikq(x)ypyqa
where

Hjikl(x) = (ajlb2 — bjbl)éik — (akij — bjbk)5il + (blakj — ajlbk)bi. (3.12)
It is clear that
0;' 0 = =01, 0,k + 01" + 0" 5 = 0.
Now, we show that (Rs)s = 0. According to (2.4), one could get
) 1 . ) .
Ry = g(RZ).s[QOZkOS.l —00"105.%] + R200" 11

where 0o%10 = 6,%1,yPy?. But noting (3.12)
i I b? 52
0o’ ks = [sbeby + Eb Yy — afBs 8] — [Eblyk + Ebkyl]-
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Then
00" k051 — 00'105.k = 0

and one has
Rjikl(x) = Rgejilk(x).
It means that Ry = Ra(r). O

3.2. Proof of Theorem 1.2. Here we give a proof that, in this special class
of Finsler metrics, every non-Riemannian metric of scalar curvature and R-
quadratic type is of zero flag curvature. In other words, we prove Theorem 1.2.
Now, assume that the R-quadratic general (o, )-metric F' is of scalar flag
curvature, then

Ry = Ma,y)F2h', = A, ) (F?0' — y'yk)-
According to the above equation and lemma 3.1, one finds
I, R™p = Nz, y)F? I, = 0,

But F' is not Riemannian then I # 0 and consequently A = 0.
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