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Abstract. The BC— recurrent Finsler space introduced by Alaa et al. [1].
Now in this paper, we introduce and extend BC— birecurrent Finsler space by
using some properties of different spaces. We study the relationship between
Cartan’s second curvature tensor Pj;, and (h)hv torsion tensor C,; in sense of
Berwald. Additionally, the necessary and sufficient condition for some tensors
which satisfy birecurrence property will be discuss in different spaces. Four
theorems have been established and proved.
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1. Introduction

The tensors which satisfy a birecurrence property in Finsler spaces has been
discussed by the Finslerian geometers. The concept of C'—birecurrent space
in sense of Cartan and Berwald were studied by Pandey and Verma [20] and
Sarangi and Goswami [13], respectively. Saleem [6] discussed C"—generalized
birecurrent space and C"—special generalized birecurrent space. Pandey and
Verma [20], Otman [9], Hanballa [8], Alqufail et al. [14] and Dikshit [23] intro-
duced C"— birecurrnt space, B P— birecurrent space, BK —birecurrent space,
K"— birecurrent space and R"— birecurrent space, respectively. Also, Qasem
and Hanballa [10] studied K"—generalized birecurrent space.

In the same vein, Saleem and Abdallah [7] introduced the U"— birecurrent
Finsler space and discussed the necessary and sufficient condition for some
tensors which satisfy the birecurrence property.

Regarding to special spaces of Finsler space, Pandey and Dikshit [21] dis-
cussed P*— and P—reducible Finsler space of recurrent curvature tensor, Ot-
man [9] studied the properties of P2—like space and P*—space in P*—birecurrent
space. In addition, Saleem [6] studied P2 — like—generalized birecurrent space
and P2 — like — C"—special generalized birecurrent. Further, Saxena and Swa-
roop [22] used P—reducibility condition in spacial Finsler spaces. Recently, the
properties of P2—like space, P*—space and generalized P-reducible space in
generalized B P— recurrent space have been studied by [2, 3]. The main idea
of this paper to concentrate on obtaining the necessary and sufficient condi-
tion for P;kh, Pijkn, P > Pjk, Pr and P which satisfy birecurrence property in
various spaces.

2. Preliminaries

In this section, important concept of Finsler geometry will be given in
this paper. An n—dimensional space X,, equipped with a function F(x,y) that
denoted by F,, = (X, F(x,y)) called a Finsler space if the function F(z,y)
satisfying the request conditions [5, 12, 15, 24].

Matsumoto [18] introduced the (h)hv—torsion tensor Cj;j, that is positively
homogeneous of degree —1 in y* and defined by

1. 1. . -
Ciji = 50; gjr = 70:0;0 F°.
2 4
By using Euler’s theorem on homogeneous function, we get
a) Cijk Yt = Crij Y= Ciki y' =0 and b) C;k Yl = C,ij v =0, (2.1)

where C’; i, is called associate tensor of the tensor Cjjj, these tensors are defined
by

a) Cl, = Cijeg™, b) C}; = C; amd o) iy = C, (22)
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The unit vector I* and the associative vector I; with the direction of y* are given
by

aﬂ’z%;md@lﬁ:%. (2.3)

Berwald covariant derivative B kT; of an arbitrary tensor field T; with respect
to x* is given by [12]

BT} = 0pT) — (0,T))Gy + T} Giy, — TiGY.
Berwald covariant derivative of the vector y* vanish identically, i.e.
Bry' = 0. (2.4)

The tensor ijh is called hv—curvature tensor (Cartan’s second curvature ten-
sor) is positively homogeneous of degree -1 in y* and defined by [12]

Pjen = Cinyy = 9" Ciinpr + CiiPrn = PpCry, (2.5)
which satisfies the relation

P;khyj = F;Iichyj = Plih = Clich|ryr7 (2.6)

where P}, is (v)hv—torsion tensor which satisfies
Piy = Prng"”, (2.7)

where Py, is called associative tensor for v(hv)—torsion tensor.
P— Ricci tensor Pjj, , curvature vector Py, and curvature scalar P of Cartan’s
second curvature tensor are given by

a) Py, = P;,ﬂ-, b) P,ﬁi =P.and c) P = Py, (2.8)

respectively.

Definition 2.1. A Finsler space F,, is called a P2—Ilike space if the Cartan’s
secend curvature tensor P;kh is characterized by the condition [18]

Pjen = ¢iChn — #'Cikns (2.9)

where @; and @' are non - zero covariant and contravariant vectors field, re-
spectively.

Definition 2.2. A Finsler space F, is called a P*— Finsler space if the (v)hv—
torsion tensor Pi, is characterized by the condition [11]

Py, = ¢Cin, (2.10)

S

where P]?khyj =P}, = C,imsy .
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Definition 2.3. A Finsler space F,, is called a generalized P-reducible space if
the associate tensor Pjgp of (v)hv—torsion tensor P}, is characterized by the
condition [19, 25]

Pjin = ACjkn + 9(hjxCh + henCj + hpjCk), (2.11)

where A and ¥ are scalar vectors positively homogeneous of degree one in y7
and hji is the angular metric tensor.

Definition 2.4. Let the current coordinates in the tangent space at the point xg
be z¢, then the indicatriz I,,_q is a hypersurface defined by [12] F (a:o,xi) =1
or by the parametric form defined by x* = 2* (u®), a =1,2, ..., n—1.

Definition 2.5. The projection of any tensor T; on indicatriz I,_1 given by
[12, 16]

p.T} = Tyhih, (2.12)
where
ht =6t —1l,. (2.13)

The projection of the vector y¢, the unit vector * and the metric tensor 9ij
on the indicatrix are given by p.y’ = 0, p.I* = 0 and p-gij = hij, where h;; =
9ij — lilj.

3. On BC—-Birecurrent Space

In this section, we find the condition for different tensors which behave
as birecurrent in BC—birecurrent space. Matsumoto [17] introduced a Finsler
space which the (h)hv—torsion tensor Cj) and its associate tensor C}k satisfy
the recurrence property in sense of Cartan. This space is called C" —recurrent
space and characterized by the conditions

@) Cipm = AmChy, and b) Cjxnjm = AmCign- (3.1)
Alaa et al. [1] introduced BC — RF,, which is characterized by the conditions
a) %mO,ih = )\,,LC,ih and b) %mcjkh = /\mcjkh- (3.2)

Sarangi and Goswami [13] introduced a Finsler space which the (h)hv— torsion
tensor Cy;, and its associate tensor C;k satisfy the birecurrence property in
sense of Berwald and called it C'—birecurrent space. Let us denote to this
space briefly by a BC' — BRF;,. This space characterized by the conditions

a) ‘Bl%mC,ih = almC,ih and b) %l%mcjkh = alijkh, (33)
where ajmm = By, + M An. Using eq. (3.1) in (2.5), we get
Piin = XiChp = N'Cjin + Cj Pl = Cry P, (3.4)

where \* = \,.g"".



On Birecurrent for Some Tensors in Various Finsler Spaces

37

In next theorem we get the necessary and sufficient condition for some ten-
sors which behave as birecurrent tensor in BC — BRF,,.

Theorem 3.1. In‘BC'—BRF,, Cartan’s second curvature tensor P;kh7 torsion

tensor Pf,, P—Ricci tensor Pjy, curvature vector Py and curvature scalar P

satisfy the birecurrence property if and only if

and

respectively.

{(BiB ) + (B + (Bidj) A}y
—{(B1B, \) — (B AN — (BN IOk
+{Am(BiPl) + M(BmPl) + (BB, Py O,
_{/\M(%l jrh) + /\l(%m grh) + (%l%m jrh)}cik =0,

{(B1BmA;) + (B A\ + (BiA) A }Chpy?
—{An(BiP)),) + N (B Pjy) + (BB Pjj,)}Cryy’ = 0,

{(BiBmAj) + (B Aj) A + (Bidj) Am }Ch
—{(BB,, ) — (B AN — (BIN) A Ok

O (BIP) + M(B P) + (BB, P) 1,

~{ A (BiPf) + Mi(Bm Pfy) + (BB i)} Cpy = 0,

{(BBmA;) + (B A) A + (BiA) Am }Crtf
7{/\m(§BleTz) + )\l(%mpjrl) + (%l%mpjrz)}crz’kyj = Oa

{(Bi1B, ) + (B )N+ (Bid) A }Cy? =0,

Proof. Taking B8— covariant derivative for eq. (3.4) twice with respect to

l,m

we get

BB Pl = aim(XChy — N'Cin + CJ Py, — Cy Phy)

(BB ) + (Brdj) A+ (Bidj) A }Crp
—{(B1B A — (B AN — (BIAYNL Ik

_{/\m(%l jrh) + /\l(%m grh) + (%l%m jrh)}cf;h

Using eq. (3.4) in above equation, we get

%l%mpjkh = almP;kh + {(%l%mAj) + (sBmAj)/\l + (%lAj)Am}Clih

_{(%l%m)‘i) - (%m/\z)/\l - (sBlAi))‘m}Ojkh
A (BiPY) + N(Bn Ply) + (B1Bn P) ik

—{ A (Bi1P,) + M(BmPjy,) + (BiBy, ]Th)}cri’k'

and z!, respectively, using eqs. (3.2) and (3.3) in the resulting equation,

(3.10)
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This shows that
BB P = aimPln- (3.11)

if and only if eq. (3.5) holds.
Transvecting eq. (3.10) by 37, using (2.1), (2.4) and (2.6), we get

BB, Pl = am Py + {(B1Bn ) + (B )N+ (B A }Chny?
~{An(BiPfy) + M(BmPjp) + (BB Pj) 00y (3.12)
This shows that
BB, P, = aim Py, (3.13)

if and only if eq. (3.6) holds.
Contracting the indices 7 and h in eq. (3.10), using (2.2) and (2.8), we get

B1BnmPir = amPir+{(BiBmA;) + (BN + (Bidj) A }Cx
—{(B1B ) — (B AN — (BN
A (BIP) + N(Brm Pr) + (BB, P ) YOO,
—{ A (BiP}) + N(B ) + (BiBm P))}Chp. (3.14)
This shows that
BB, Pj. = aim P (3.15)

if and only if eq. (3.7) holds.
Contracting the indices 7 and h in eq. (3.12), using (2.2) and (2.8), we get

B1B,. P = apmPi+ {(B1Bn)) + (B )N+ (B A }Cry?
—{ A (BLP)) + (B Pj;) + (%l%mPJZ)}Cf;kyj (3.16)
This shows that
B8, Py = amPr (3.17)

if and only if eq. (3.8) holds.
Transvecting eq. (3.16) by y*, using (2.2), (2.4) and (2.8), we get
BB, P =a, P+ {(%l%m/\j) + (%m/\j))\l -+ (%l/\j)/\m}Cyj (3.18)
This shows that
BB, P =a,,P. (3.19)
if and only if eq. (3.9) holds.
Consequently, from eqgs. (3.11), (3.13), (3.15), (3.17) and (3.19), we deduce
that the behavior of Py, Pf,, Pjk, Py and P in BC — BRF,, as birecurrent

if and only if egs. (3.5), (3.6), (3.7), (3.8) and (3.9), respectively hold. Hence,
we have proved this theorem.
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4. Special Spaces of BC—Birecurrent Space

In this section, we merge the BC— birecurrent space with particular
spaces of Finsler space to get new spaces.

4.1. A P2—Like BC'—Birecurrent Space.

Definition 4.1. The BC—birecurrent space which is P2—like space, i.e. sat-
isfies the condition (2.9), will be called a P2—Ilike BC—birecurrent space and
will be denoted briefly by P2—like—B8C — BRF,.

In next theorem we get the necessary and sufficient condition for some ten-
sors which behave as birecurrent tensor in P2—like—8C — BRF,,.

Theorem 4.2. In P2—Ilike—BC — BRF,, Cartans second curvature tensor
P;kh, torsion tensor P,ih, P—Ricci tensor Py, and curvature vector Py satisfy
the birecurrence property if and only if

{(B1B,,0;) + (BN + (Bi0) A }Cip,

—{(%l%mﬂi) — (%m’ﬂi))\l - (%lﬂi)/\m}Cjkh =0, (4.1)
{(%l%mﬂj) + (%m'ﬂj)/\l + (%gﬂj))\m}clihyj =0, (4.2)
{(%l%mﬂj) + (%m'ﬂj)/\l + (%lﬁj))\m}Ck
—{(B1B,,9") — (BN — (BN }Cji = 0 (4.3)
and
{(B1B,,9;) + (Bvj) N + (%lﬂj))\m}Ckyj =0. (4.4)
respectively.

Proof. Taking 9B— covariant derivative for the condition (2.9) twice with
respect to 2™ and !, respectively, using eqs. (3.2) and (3.3) in the resulting
equation, we get

%l%mP;kh = alm(ﬁjc,ih — ﬁiCjkh)
H(BiB ;) + (BN + (B19)) A }Cip
—{(B1B ) — (BN — (B9 )N} Cen
Using the condition (2.9) in above equation, we get
BB P = @m Py, + {(B1Bm;) + (BN + (B19;) A} Oy
—{(B1B,,9") — (BN — (B19) N0 }Coirn. (4.5)

This shows that %l%ijkh = almP;kh if and only if eq. (4.1) holds.
Transvecting eq. (4.5) by y? using (2.1), (2.4) and (2.6), we get

BB, Py, = aim Prp, + {(B1Bm9;) + (BN + (B19) A }Chpny’ . (4.6)
This shows that %Z‘BmP,ih = almP,ih if and only if eq. (4.2) holds.
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Contracting the indices ¢ and h in eq. (4.5), using (2.2) and (2.8), we get
BiBnmPik = amPir +{(Bi1Bnd;) + (Bndj)\ + (Bi;) A }Cx
—{(B1B,,9") — (BN — (B19) A }Cii- (4.7)
This shows that B;%B,, Pji = aimPji if and only if eq. (4.3) holds.
Contracting the indices 7 and h in eq. (4.6), using (2.2) and (2.8), we get
BBy P = aum Pr + {(B1Bm?;) + (Brj)N + (Brdj)An}Cry’  (4.8)

This shows that B;%B,,, P, = ai, Py if and only if eq. (4.4) holds.

Consequently, from previous equations we proved that the behavior of P;kh,
P}, Pj;, and Pp, in P2—like—BC — BRF,, as birecurrent if and only if egs.
(4.1), (4.2), (4.3) and (4.4), respectively hold. Hence, we have proved this
theorem.

4.2. A P*— %B(C—Birecurrent Space.

Definition 4.3. The BC—birecurrent space which is P*— space, i.e. satisfies
the condition (2.10), will be called a P* — BC—birecurrent space and will be
denoted briefly by P* —BC — BRF,, .

In next theorem we get the necessary and sufficient condition for some ten-
sors which behave as recurrent tensor in P*— B8C — BRF,,.

Theorem 4.4. In P*— BC — BRF,,, the torsion tensor P,ih, curvature vector
P and curvature scalar P satisfy the birecurrence property if and only if

[B1B,,9 + A (B9) + A (B19)] Cry, = 0, (4.9)
[%l%mﬂ + N\ (%mﬁ) + Am (%119)] Cr,=0 (4.10)
and
[B1B,,0 + N (Bnd) + A, (B19)] C =0, (4.11)
respectively.

Proof. Taking B— covariant derivative for the condition (2.10) twice with
respect to z™ and z!, respectively, using egs.(3.2) and (3.3) in the resulting
equation, we get

%l%mplih = ﬂalmclih + [%l%mﬂ + >\l (%mﬂ) =+ /\m (%lﬁ)] Clz:h
Using the condition (2.10) in above equation, we get
BB, Pl = aim Py + [B1Bm0 + A (Bim?) + A (B19)] Chy, (4.12)

This shows that B;B,, P}, = ain P}, if and only if eq. (4.9) holds.
Contracting the indices 7 and h in eq. (4.12), using (2.2) and (2.8), we get

BB, P. = apm Pr + [%l%mﬂ + N (%mﬁ) + A\ (%ﬂ?)] Ch (413)
This shows that B,8,, P, = a;,, Py if and only if eq. (4.10) holds.
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Transvecting eq. (4.13) by y*, using (2.2) and (2.8), we get
BB, P =a;,, P+ [%l%mﬁ + N (%mﬁ) + A (%119)] C (414)
This shows that B;%8,, P = a;,,, P if and only if eq. (4.11) holds.
Consequently, from previous equations we proved that the behavior of P,i s

Py, and P in P*— BC — BRF,, as birecurrent if and only if eqs. (4.9), (4.10)
and (4.11), respectively hold. Hence, we have proved this theorem.

4.3. A P—Reducible —BC—Birecurrent Space.

Definition 4.5. The BC—birecurrent space which is generalized P-reducible
space, i.e. satisfies the condition (2.11), will be called a P—reducible —BC— birecurrent
space and will be denoted briefly by P—reducible —8C — BRF,.

In next theorem we get the necessary and sufficient condition for some ten-
sors which be non-vanishing in P—reducible —8C — BRF,,.

Theorem 4.6. In P—reducible—BC — BRF,,, Berwalds covariant derivative
of the second order for the tensors 9(hiCp + hinC* + hi Cy) and 9(h;,Ch, +
hinCj + hp;Cr) are given by

BB, [9(h,Ch + hinC? + h},Cr)] = am¥(h,Ch + hinC* + hj,Cy)  (4.15)
BB\ + (B A) A+ (BA) A Gy,

and
%l%m[ﬁ(hjkch + hthj + hhjck)] = almﬁ(hjkch + hthj + hhjCk)
_[%l%m)\ + (sBm)\)Al + (%lA))\m]Cjkh (416)
if and only if the torsion tensor P{, and associate torsion tensor Pjp satisfy
the birecurrence property, respectively.
Proof. Transvecting the condition (2.11) by ¢/, using (2.7) and (2.2), we
get
Pl = XCpy, + 9(hi,Ch + hy,C* + Ry, Cy), (4.17)
where hi = g"hj and C* = g C;.
Taking B— covariant derivative for the condition (4.17) twice with respect

to ™ and 2! respectively, using eqs. (3.2) and (3.3) in the resulting equation,
we get

BB Pl = AamCiy + BB + (B ) N + (BN \] Chy
+9B:B., [9(hi,Ch, + hienC* + B}, Cr)] -
Using the condition (4.17) in above equation, we get
BB, Pl = amPly, — apmO(hCh + hpnCF 4 B Cr) + [ BB\ + (B A\
+ (BIN) M) Chy 4 BB, [9(RECh 4 R CF + B C)].
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Then Berwalds covariant derivative of the second order for the tensor ¢ (h}C Ch+
hinC* + hﬁLC'k) satisfies eq. (4.15) if and only if
%l%mplf:h = almplih.

The above equation refer to P}, satisfies the birecurrence property.

Taking B— covariant derivative for the condition (2.11) twice with respect
to 2™ and x!, respectively, using egs. (3.2) and (3.3) in the resulting equation,
we get

BB Pikn = AmCikn + [BiBmA + (B A + (BiA) A ]Clikn
+%l%m[79(hjkch + hthj + hhjCk)].
Using the condition (2.11) in above equation, we get
BiBmPikh = @mPjrn — amP(hjCr + hipnC; + hy;C)
+ [%l%m)\ + (‘Bm/\) A+ (%l)\) /\m] Cjkh
+B,8,, [ﬁ(hjkoh + hthj + hhjCk)] .
Then Berwalds covariant derivative of the second order for the tensor ¢ <hj 1Ch+
hinC; + hhjok) satisfies eq. (4.16) if and only if
BB, Pjrn = aim Pjrn.
The above equation refer to Py, satisfies the birecurrence property. Hence, we
have proved this theorem.
5. An Example

In this section, we give an example to clarify the proved findings.

Example 5.1. The behavior of the torsion tensor P{, as birecurrent if and
only if the projection on indicatriz for it is also birecurrent.

Firstly, since the torsion tensor P,ih behaves as birecurrent, then the condi-
tion (3.13) is satisfied. In view of (2.12), the projection of the torsion tensor
P{, on indicatrix is given by

p.Pl, = PLh YRS, (5.1)
Using B—covariant derivative for eq. (5.1) twice with respect to 2™ and z!, re-

spectively, using the condition (3.13) and the fact that h{ is covariant constant
in above equation, we get

BB, (p-P) = aim (PLALALRS) .
Using eq. (5.1) in above equation, we get

BB, (p-Pip) = aim (p-Ply) - (5.2)
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Equation (5.2) refers to the projection on indicatrix for the torsion tensor P},
behaves as birecurrent.

Secondly, let the projection on indicatrix for the torsion tensor Pﬁh is bire-
current, i.e. satisfy eq. (5.2). Using (2.12) in eq. (5.2), we get

BB, (P hihhhs) = apy, (P2 RLRLAS) .
By using (2.13) in above equation, we get
BB, [Pl — Pilly — Pl + PLILICL,
=P Ul + PLULI, + Pl a1l — Pilil 11160, ]
= @ [P, — PLlCly, — Pilly + PLIPIICT,
— P + P11, + P10 — PRl L1
In view of (2.3) and if
Ppya = Py’ = Pyy® = 0,
then above equation can be written as
BB, Piy = aim P,

The above equation means the torsion tensor P}, behaves as birecurrent.

6. Conclusion

We obtained the necessary and sufficient condition for Cartan’s second
curvature tensor Pj,, associate curvature tensor Pjjkp, torsion tensor Pf,
P—Ricci tensor Pjj, curvature vector P, and scalar curvature P which satisfy
birecurrence property in 8C — BRF,,, P2 — like — *8C — BRF,,, P*— BC —
BRF,, and P—reducible —BC — BRF,,. Furthermore, the relationship between
Cartan’s second curvature tensor P;kh and (h)hvtorsion tensor C;k in sense of
Berwald has been discussed.
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