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Abstract. In this paper we discuss some results related to angle between geo-
desic segments in an infinite dimensional and an asymptotic Teichmller space.
Also, we construct a geodesic triangle in Universal Teichmiiller space and cal-
culate all of its interior angles.
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1. Introduction

It is known that on a Riemannian manifold angle between two geodesic
segments is well defined by an inner product on the tangent space. In [14]
author provided a notion of angle cone £, , . defined on triple points z,y, z in
a general metric space. Teichmiiller metric is induced by Finsler structure, pre-
cisely equals to Kobayashi metric [16]. Since defining angle between geodesic
segments in Finsler spaces is not very obvious, hence situation is very ambigu-
ous here. Tamassy [19], introduced Minkowski measure of angle o = Z(a,b)
between two rays a,b € T, M originating from origin p, of T, M. Since
Finsler space makes its tangent space into Minkowski space, measuring angle
into Finsler space can be reduced onto Minkowski space.

Apart from this, a lot of difference has been observed between angle geometry
of finite and infinite dimensional Teichmiiller spaces [6, 8]. For instance, as we
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know that Teichmiiller theorem affirms the existence of unique geodesic segment
between any two points of Teichmiiller space, whereas in infinite dimensional
space there exists infinitely many geodesic segments.

Recently, Yao [21] gave an approach to define angle between geodesic seg-
ments in finite dimensional Teichmiiller space. Later, Li and Qi [7] discovered
some conditions under which existence of angle between geodesic segments in
infinite dimensional space can be confirmed.

An interesting contribution has been made by Fan and Jiang in [4], au-
thors investigate angle geometry on universal Teichmiiller space. Their work
indicates that universal Teichmiiller space shows all the characteristics of Eu-
clidean, hyperbolic and spherical geometry. In this paper, authors showed
existence of three geodesic triangles bounded by geodesic segments in which
sum of interior angles is m, less than 7 and greater than 7 respectively.

Some trivial queries like what can we say about sum of the interior angles of
geodesic triangle in infinite dimensional Teichmiiller space and how the angle
geometry varies when we switch between finite and infinite dimensional Te-
ichmiiller spaces have been discussed in [6, 3, 21]. In applied sense, it has been
observed that due to its promising geometric environment for non-perturbative
version of bosonic string theory, universal Teichmiiller space is an important
object to study string theory in physics [15, 1]. In [13], author has proved that
in hyperbolic surfaces S of finite type the set A(S) of angles between closed
geodesics on S contains finitely many rational multiples of 7. In [5], Hu and
Shen have shown that sum of interiors angles of a geodesic triangle in an infinite
dimensional Teichmiiller space, lies between 7 and 3.

In [9], Liu, Su and Zhong, have shown that in infinite dimensional Te-
ichmiiller space, angle between geodesic rays defined by using law of cosines
does not always exist which implies infinite dimensional Teichmiiller space is
not CAT (k) space for any k. Another interesting fact about Teichmiiller space
is that this space is of non-positive curvature. In [10], author has shown that
two Teichmiiller geodesic rays starting from a common point are not divergent.
Minsky [12], showed that Teichmiiller metric near thin regions of Teichmiiller
spaces reveals characteristics of positive curvature. Masur and Wolf[11] proved
that Teichmiiller space with Teichmiiller metric is not Gromov-hyperbolic.

In this paper we have covered the following objectives:

e We construct a geodesic triangle and calculate sum of interior angles
in Universal Teichmiiller space.

e In asymptotic Teichmiiller space, we find the bounds of angle between
two geodesic segments.

2. Preliminaries

The notion of angle between two joint curves in general metric space with
common end point can be seen as follows:
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Let (X,d) be general metric space. Let @ and 8 be two continuous curves in
X with common point p. For any r > 0, choose two points z(r) and y(r) on
curves « and [ respectively such that length of sub-curves between p and z(r)
is equal to length of sub curves between p and y(r) and equals to . Then angle
0 € [0, 7] between a and S at point p is defined as :

2sin— = lim 7d(m(r),y(r)),
2 r—0 r
if limit exists. Also, angle here reduces to 0, if & = 8 in the neighbourhood of
p, and it reduces to m when o U 3 is a geodesic at p.
Alexandrov proposed a method to define angle between two geodesic seg-

ments. Let 77 and 2 be two geodesic segments such that ;1 (0) = 72(0), then

.8+ = dP((s),72(t))
Z(v1,7v2) = arccos (sgglo oy ) .

Using Alexandrov notion of angle, Su and Zhong [18] defined comparison angle
between three points of T'(.S). A marked Riemann surface (X, ¢) is a conformal
structure X on surface S, endowed with orientation preserving homeomorphism
¢ : S — X. Teichmiiller space T'(S) of surface S is a set of equivalence classes
of marked Riemann surfaces, where (X, ¢) ~ (Y, ), if there exists a conformal
map p: X — Y homotopic to 1) o ¢~1. The space T(A), where A is the unit
disc {2]0 < z < 1} is known as Universal Teichmiiller space, since it contains

d
all the others. A (—1, 1)-measurable form pu = ,u(z)d—z which satisfies

|| 12lloc = ess sup |u(2)] < oo,
zeX

is called Beltrami differential. Suppose the space of Beltrami differentials on
X is denoted by B(X). A Beltrami coeflicient p is extremal if ||u||cc = k(f)-
Let X € T(S), n € B(X) with ||g||co < 1. Consider the Beltrami equation

of of

R M(Z)@~
The solution of above Beltrami equation is quasiconformal deformation of X,
denoted by f#. The maximal dilatation of a quasi-conformal mapping f with
Beltrami differential p is
14 [l

1—{lpllo”

Definition 2.1. Teichmiiller distance between two points in X and Y in T(S)
is defined as

K(f)

1
dr(X,Y):== inf logK(f),
ffaof!

where infimum is taken over all quasiconformal maps f : X — Y that are
homotopic to fa o ffl. Teichmaller metric is induced from Finsler structure.
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Definition 2.2. Let V' be an n-dimensional real vector space endowed with
smooth norm F on V\{0} satisfying the following conditions:

(1) Fluy>0Vu €V,
(2) F(Au) = AF(u) V A >0, i.e., F is positively homogeneous,

2
point of V\{0}. The pair (V,F) is called Minkowski space and F is
called Minkowski norm.

1
(3) The Hessian matriz (g;;) = {FQ] ) , 15 positive definite at every
Yy

Definition 2.3. Let M be a connected (smooth) manifold. A Finsler metric
on M is a function F : TM — [0,00) which satisfies:

(1) F is smooth on slit tangent bundle T M\{0}.

(2) The restriction of F to any T, M,z € M is a Minkowski norm.

The space (M, F) is called Finsler space.

Definition 2.4. Let v :[0,1] — M be a C'-curve. Then Finsler length of v is
defined as

1 ’
L(v) = fo F(y(t), (t))dt.
Further, Finsler distance between two points p,q € M is defined as
dr(p,q) = infyL(7),
where infimum is taken over all piecewise C' curves joining p and q.

Definition 2.5. For any quasi conformal mapping f : R — S,

1 + fZ fz
K.(f) = YEETEL
1- |f2/fz‘
We say that f is asymptotically conformal if for every € > 0 there is a compact
subset E of R such that K.(f) < 14 € for z in R — E. The definition of
this new equivalence is same as Definition 2.1 with conformal being replaced by

asymptotically conformal.

Definition 2.6. Let P = [¢] and Q = [] be two points in universal Te-
ichmiiller space T(S). Let n € [f¥ o (f®)7!] be extremal Beltrami coefficient.
Then geodesic segment ypg connecting P and Q) is defined as

[/ o f2l0 <t <1].

Definition 2.7. Let P = [¢],Q = [¢] and R = [n] be three points in T'(S) and
YrPQ, YPr and Yor be the segments connecting P to (), P to R and Q) to R,
respectively. Then vpg, vpr and yor form a geodesic triangle APQR, if ypq
or YoP, YPR OT YRP and YQr Or Yrqg are of the form given in definition 2.6.
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Definition 2.8. Consider a geodesic triangle APQR as defined in definition
2.7. Then £LP is defined as

/P = 2arcsin {1 lim dT('YPQ (T)a VPR(T)) }
2 r—0 dT(’YPQ(T), P)

— 9aresin {; i 9 (PQ(r), 7PR(r)) } |

r—0 r

if the limit exists. Similarly ZQ and ZR can be defined.

3. Universal Teichmiiller Space

Let T(S) be the universal Teichmiiller space. In [4],Fan-Jiang have con-
structed geodesic triangles to prove that in universal Teichmiiller space there
exists geodesic triangles with interior angle sum equal to 7, less than 7 and
greater than 7.

In order to prove our result, let us recall these Lemma from [17].

Lemma 3.1. [17] Let E be a subset in 8S. Let Fi(x,y) = Kz + iy, where K
s a positive scalar. Consider

Q(Fk,E) ={f|fis a quasi conformal mapping of S onto Fx(x,y), flxk = Fk|g}-
Then, Fi is extremal in Q(Fk, E).

Using Lemma 3.1, in [4] authors have proved the following Lemma, which
we use further.

Lemma 3.2. Define

ﬂ%w={

where Ky and Ky are two positive constants. Then piy is extremal in [f].

le+iya ($7y)€S5 IEO
Kox + 1y, (z,y) €85, <0

In this section, we construct an example of a geodesic triangle and determine
all of its interior angles. For 0 < k < 1, consider

—k, (z,y) €S, >0

¢(x’y):{k, YES, <0
yes, <0
yeS, <0

M%w={

Clearly, both ¢ and 1 are extremal.
Let P =[0],Q = [¢] and R = [¢)] be three points of T'(S). Then,

apq={[t¢] |0 <t <1}, app={ftw] [0<t <1}

are geodesic segments connecting P to () and P to R, respectively.
Now, in order to calculate third geodesic segment connecting R to @, we
determine extremal Beltrami coefficient 7(¢) in [f? o (f¥)71], defined as
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Qj)(t) — w<t) azfl/}(t)> ° f'd))—l
1 —(t)o(t) 0, f+®

0, (x,y)es, >0

k, (x,y) €S, <0’

n(t) = figeo(e)-—1 :<

Since k > 0, it is obvious that 7 is extremal. Hence

arg = {[f" o 110t <1},

is the geodesic segment connecting R to Q.

Now we are interested in calculating all three interior angles of APQR with
geodesics segments apg,apr and agg as the edges of triangle.
It is trivial to see that

apq(s) = {Fﬁ} ,  apr(r)= [%74 .

Recall that

s—0 S

/P = 2sin™! {; lim dr(apq(s), apr(s)) } .
We define
S S s
B

s s sy
1——o— >
SO S

07 (x’y)e‘S? xzo
s, (z,y) €S, <0’

(3.1)

Ns = © (f%’w)il = {

s

as 1) is extremal in [ fE®o (fF w)_l] . Now we are ready to calculate Teichmiiller
distance and ZP.

1 1+s
d = -]
T(7PR(8),7PQ(s)) 9 091 — g
1 1+s
1 =lo
/P = 2arcsin { lim 291_9} )
2 s—=0 S

Using basic calculus, we get that /P = g Next, we calculate ZR.

Let us denote
,  k—s
1—ks
It is easy to check that dr(agrp(s), P) = dr(apgr(s’), P) and

arq(s) = [f*"o f] =],

S

where

(3.2)

7]/: k, (%y)GS,wZO'
r, (z,y)€S, <0
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Similarly, we can define

Sop—n fr -1
el I e REA
1— iy I
k
—s'+k
N R (x,y)ES,xZO,'
—s, (z,y) €S, £ <0
Now, since
—s' + k“ B
1_skl >
we get
1 1+s
dr(arq(s), arp(S)) = Slog—_.

7
Hence, it is trivial to see that ZR = 3

Now, in order to calculate Z@Q), consider the following geodesic segments

aqr(s) = arg(s’) = [F¥"°] = ]
and

" {_ka (xvy) S Sa x Z 0 (33)

s, (x,y)ES,x<O7

i’¢ — 'I’]” f;]” 1y —1
77;/ = K %4) '’y —1 = <ks’// n'’ Of(n )
JHEPo(sn) 1= Lon'
—s'+k
Y R (x,y)ES,xEO.
0, (z,y) €S, <0

1Y is extremal in [fSTc/‘i’ o (f7")~1]. This implies

1 1+s
dr(aqr(s), aqr(s)) = jlogT—
Hence,
™
/Q="_.
@ 3

Then, for the constructed triangle sum of interior angles is equal to .
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4. Infinite dimensional asymptotic Teichmiiller space

In order to prove Theorem 4.2 and Corollary 4.3, let us recall Theorem
4.1, which gives a necessary and sufficient condition for the existence of angle
between two extremal Beltrami differentials ¢ and .

Theorem 4.1. [9] Let X € T(S). ¢ and ¢ be two extremal Beltrami differ-
entials. Let K be the maximal dilatation of the extremal map in the class of

K+1
fi1Xsp = Xy and k = Kii_l Then Z($,1) exists if and only if
8212 k2
lim ——
s,t—0 2st

exists. Moreover,

) 242 — k2
cosZ(¢,9) = Hm ——o—

Theorem 4.2. Suppose angle between two geodesics v, and o, exists as defined
in Theorem 4.1 exists in asymptotic Teichmaller space. Then

RO 0) ey < D) | s
s - p vl = s 2t

Proof. In [20], strong angle between two geodesics is defined as

s? + % — [h(n(s,1))]?
2st

cos Z(ay, o) =

which can be written as

t —h(n(s,t)) n 5% — (h(n(s,t)) — 1)
s 2st ’

cos L(ay, o) =

As triangle inequality gives
[h(n(s,t)) —t| <,

which further implies

2 _ _ 52
0< & (s, ) —1)° _ s
- 2st 2t
which directly implies
t—h(n(s,t)) t—h(n(s,t)) s
—_— < / <|{———————4+=).
. < cost(ay, ) < " + %
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Corollary 4.3. Let K be mazimal dilatation of the extremal map in the class
of f: Xy = Xpy, and k = % Then Z(p, 1) exists if and only if

2% — k2
hm R e—
t—0 212

exists. Moreover,

(il + O(lnl|2.))?

cos Z(¢, 1) -1 l sup <¢¢,9>2] =1-lim
2 1peqr(x)

Proof. The first part of corollary can be seen as direct consequence of Theorem
4.1. Further,

cosZ(p, ) :}LH(I) cosZ(f*(X), f(X))
1 k>
- t1—>0 [2 B tQ:|

l — sup (¢ —1,0)° +0(t?)
t 2 e (X)

= 1—1[ sup <¢—w,0>21.

e (X)
As we know

Inllr = sup (n,0),
Q! (X)

O(llnll3%) = O(s +1)*,
and
k(t) = |lnllz + O(lnl|3)-
Using these results in equation 4.1, we get the last part of equality. O

Acknowledgment: First author is very much thankful to UGC for provid-
ing financial assistance in terms of JRF fellowship vide letter with UGC-Ref
10.:1010/(CSIR-UGC NET DEC 2018).

REFERENCES

1. K. Bugajska, Teichmiller spaces of string theory, Int. J. Theoretical. Physics. 32(8)
(1993), 1329-1362.

2. M. Bridson and A. Haefliger, Metric Spaces of Non-Positive Curvature, Springer-Verlag,
Berlin, 1999.

3. C. J. Earle and Z. Li, Isometrically embedded polydisks in infinite dimensional Te-
ichmiiller spaces, J. Geom. Anal. 9(1999), 51-71.

4. J. Fan and Y. Jiang, Angle geometry in universal Teichmdiiller space, Proc. American.
Math. Soc. 143(2014), 1651-1659.

5. Y. Hu and Y. Shen, On angles in Teichmiiller spaces, Mathematische Zeitschrift. 277
(1-2) (2014), 181-193.



32 S. Jangir and G. Shanker

6. Z. Li, Non-uniqueness of geodesics in infinite dimensional Teichmailler spaces. Complex
Var. Theory Appl. 16 (1991), 261-272.

7. Z.Liand Y. Qi, Fundamental inequalities of Reich-Strebel and triangles in a Teichmiller
space, Contemp. Math. 575 (2012), 283-297.

8. Z. Li, A note on geodesics in infinite dimensional Teichmiller spaces, Ann. Acad. Sci.
Fenn. Math. 20 (1995), 301-313.

9. L. Liu, W. Su and Y. Zhong, Distance and angles between Teichmdiller geodesics, Adv.
in Math. 360 (2020), 106892.

10. H. Masur, On a class of geodesics in Teichmiiller space, Ann. of Math. 102(1975), 205-
221.

11. H. Masur and M. Wolf, Teichmiller space is not Gromov hyperbolic, Ann. Acad. Sci.
Fenn. Math. 20(1995), 259-267.

12. Y. Minsky, Eztremal length estimates and product regions in Teichmiller space, Duke
Math. J. 83(1996), 249-286.

13. S. Mondal, An arithmetic property of the set of angles between closed geodesics on hy-
perbolic surfaces of finite type, Geom. Dedicata. 195 (1) (2018), 241-247.

14. A. Mondino, A new notion of angle between three points in a metric space, Crelle’s
Journal 2015. 706(2013), 103-121.

15. O. Pekonen, Universal Teichmiiller space in geometry and physics, Journal of Geometry
and Physics. 15(1995), 227-251.

16. H. L. Royden, Automorphisms and isometrics of Teichmiiller space, Advances in the
Theory of Riemann Surfaces. 66(1971), 369-384.

17. K. Strebel, On the extremality and unique extremality of quasiconformal mappings of a
parallel strip, Rev. Roumaine Math. Pures Appl. 32(1987), 923-928.

18. W. Su and Y. Zhong, The Finsler geometry of the Teichmiiller metric, European Journal
of Mathematics, 3(4) (2017), 1045-1057.

19. L. Tamassay, Angle in Minkowski and Finsler spaces, Bull. de la Société des Sciences et
des Lettres de 6dZ Série Recherches sur les Déformations. 49(2006), 7-14.

20. W. Yeng, Angles in Teichmiiller spaces, J. Math. Anal. Appl. 486 (1), (2020), 123879.

21. G. Yao, A binary infinitesimal form of Teichmiller metric, Journal D’analyse
Mathématique, 131 (1) (2017), 323-335.

Received: 02.02.2023
Accepted: 22.05.2023



