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Abstract. In this paper, we have defined the concept of the R-complex Finsler
space with an arctangent (a, 8)-metric F = a + ¢ + 8 tan~1(3/a). For this
metric, we have obtained the fundamental metric tensor fields g;; and g;; as
well as their determinants and inverse tensor fields. Further, some properties of
non-Hermitian R-complex Finsler spaces with this metric have been described.
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1. Introduction

The concept of (a, §)-metric has multiple applications in Physics, Ecology,
and Biology [7, 15]. It was investigated first by M. Matsumoto in perspective of
the generalization of Rander’s metric [9]. Afterward, many geometers studied
it in great detail and have derived different kinds of («, 8)-metrics like the
general (a, 8)-metric, Kropina metric, Einstein metric, Matsumoto metric, and
Exponential metric etc. in some different geometrical points of view.

The theories of R-complex Finsler spaces are very new and it was introduced
first by G. D. Rizza [13]. G. Munteanu and M. Purcaru [11] have extended the
idea of the complex Finsler spaces [1, 3, 10] and got another class of such
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spaces. N. Aldea [4] had investigated a class of complex Finsler spaces with
two-dimensions. Recently, many researchers [2, 5, 8] have obtained many fun-
damental results on R-Complex Finsler spaces.

The paper follows ideas from real Finsler space with an arctangent metric
and introduces the similar notion on R-Complex Finsler Spaces with it defined
by

F:a+66+ﬁtan_1(§). (1.1)

For the above mentioned metric, we have obtained the fundamental metric
tensor fields g;; and g;; along with their determinants and the inverse tensor
fields. Further, we have discussed some properties of non-Hermitian R-complex
Finsler spaces with the metric given in equation (1.1).

2. R-Complex Finsler Spaces

Let M be a complex manifold with dim.M = n,(z*) be local complex
coordinates in a chart (U,¢) and 7'M its holomorphic tangent bundle. It
has a natural structure of complex manifold, dim.T"M = 2n and the induced
coordinates in a local chart on u € T'M are denoted by u = (2%, 7). The
changes of local coordinates in u are given by the rules:

o 'k
= ), = ;zj . (2.1)
o 0 ) . . .
The natural frame ¢ —, — » of T (T' M) transforms with the Jacobi matrix
0zF 7 Onk
of equation (2.1) changes,
o 027 0 0%z, 0 o 029 9

9zF 92k 9217 + 92k on'i’ ank T 9zF o’
A complex non-linear connection, briefly c.n.c, is a supplementary distribu-
tion H(T'M) to the vertical distribution V(IT"M) in T'(17"M). The vertical

0
distribution is spanned by {8’“} and an adapted frame in H(T'M) is
Ui

09 O
ozk  0zk komi’
where N, g are the coefficients of the c.n.c. and they have a certain rule of change

4]
at (2.1) so that — transform like vectors on the base manifold M. Next, we
use the abbreviations:

0 o . 7]

8/@':@7 5/6:@7616:87/’7]67

I, 0% O

for their conjugates. The dual adapted basis of {8y, 0k} are {dzF,onF =
dn® + Njdz7} and {dz*,67"} their conjugates.
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Definition 2.1. [11] An R-Complex Finsler metric on M is a continuous func-
tion F : T"M — R, satisfying:
i) L:= F? is smooth on T'M (except the 0 sections),
i) F(z,m) >0, the equality holds if and only if n =0,
i) F(2, M, 2, \) =| A | F(2,%,7), YA € R

Using assertion (i) and (iii) of the definition 2.1, L is (2,0) homogeneous
with respect to the real scalars \, i.e. , L(z, An, 2, A\ij) = A2L(z,n, z,1), A € R.

Definition 2.2. [6] An R-Complex Finsler spaces with («, §)-metric is a pair
(M, F), where the fundamental function F(z,m, z,7) is R-homogeneous by means

F(z,m,z,n) = Fa(z,n, 2,1), B(z,1, 2,17)), (2.2)
where
Sy L i i i
o*(z,m,%,1) = 5 (ain'n’ + 2aim' 7 + azi'n’)

Re{ain'n’ + aijniﬁj},

N i
= Re{bﬂ]i}7
with a;j = a;j(z), a;; = a;(z) and b; = bi(2), bi(2)dz" is a (1,0)-differential

form on complex manifold M.

If a;; = 0 and a5 invertible, then the space is said to be of Hermitian space.
If a;; = 0 and a;; invertible, then the space is called non-Hermitian space.
Indeed, o and 8 are homogeneous with respect to n and 7, i.e. a(z, An, Z, A\ij) =
Aa(z,n, z,7) and B(z, M\, Z, Aij) = A\B(z,n, Z,7)), for any A € R Since L is (2,0)
homogeneous with respect to A, by using the homogeneity property following
equalities hold [6]:
aLe + fLg = 2L,
aLaa + BLaB = Lou
alLag + BLgg = Lg,
Lo +20aBLag + °Lgg = 2L,

Ja ;  Oa N
08 ., B
- v _— - 2
o tamm = (2.3)
where
oL oL &L 82L 2L
La=%a =55 Lea=ga Les=7gm Les=555
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‘We consider

oo’ 1 . - op 1
- = 5 \lqij J 517 :7li7 'Zfbia
ot 2« (@i’ + aiip) 20 ont 2
and
oL 0 oF
Ni=—-—=—F=2F_——
ont  ont an’
= pol; + p1b;,
where
li = ain’ + agip, (2.4)
b = aklbk + a”;b’;, (25)
1L, 1
=_< = —Lg. 2.6
po=5-  m=gls (2.6)
Differentiating po and p; w.r.t. n7, we get
9po
ap p—2lj + p-1bj,
1o}
8,01 = p_1li + pobi,
yi
where
OcLaa - La Laﬁ Lﬁg
= p_1 = —— = L=, 2.
P—2 4063 y P—1 4a,ﬂ0 4 (7)

The quantities p_s, p—1, po, p1, 4o are the invariants of the R-complex Finsler
space with («, 8)-metric [14].
In [11], an R-Complex Finsler space the following conditions hold:

5Li+5L7i_2L. iy ;oL
877277 87’_]277 - ’ gl,]n gjzn - 877]7
0gik j 0k _j 89']} 1 ag'l} _j
— — ) =0; = + =2 =0
op T T o op T T o

2L = giyn'n’ + g’ + 295010,

where
0L 9L 0%L

9 = 5595 9 = a8 and g;; = P
T oo 7Y onion T onon

are the metric tensors of space.
Theorem 2.3. [6] The metric tensor fields of R-complex Finsler space with
(a, B)-metric are given by

9ij = poaij + p—2lilj + pobib; + p—1(bjl; + bslj),

9i5 = poag; + p—alil; + pobib; + p—1(bjl; + bil3), (2.8)
where the quantities p_o, p—1, pPo, P1, o are defined in the symbols of equations
(2.6) and (2.7).
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For obtaining the inverse and determinant of the tensor field g;;, one can
follow the following proposition:

Proposition 2.4. [5] Suppose

e (Qij)is a non-singular n x ncomplex matriz with inverse (Q7°);

o C;and C; := C;,i=1,...,n are complex numbers;

e C' := QV'C; and C; are conjugates to each other; C* = C'C; =
Cng; Hij = Qij + CZCJ

Then

1) det(Hlj) = (]. + Cz)det(Qij),
ii) whenever 1 £ C? # 0, the matriz (H;;) is invertible and its inverse is

g g 1 o
Jji — ()Ji ivj
H Q :FliCQCC'

3. R-Complex Finsler Space with an Arctangent Metric

An R-Complex Finsler spaces (M, F) is known as R-Complex arctangent
Finsler space if F satisfies the equation (2.2).
From the definition 2.1 (), we have

L(a, B) = {a+eB + B tan * (B/a)}>. (3.1)

From above equation, we get

L, -2 tan™!
a—m{a+eﬁ+6 an” " (B/a)},

2a 1 2 2
Lo = 5y gap 2O+ tan™! (/) + afe +26°))

207 2 B8Y){e an~! a)f — P
Laﬂ—m[(@ B)Ne+t (B/a)} = Bal,

Ly— ﬁ{a +eB+ Btan™ (B/a)}[(a® + B2){e + tan~ (B/a)} + Bal,

2 _
o = oy [W + 8% {e + tan”! (8/a)} + Bal?

+ 203 {a+ €8 + Btan_l(ﬁ/a)}] . (3.2)
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Substituting L, Laa, L, Lgg, and L, from above in the system of equations
(2.3), we get
Lo+ BLg =2{a+eB+ Btan (B/a)}? = 2L, (3.3)
20?2
a? + B2
aLap + BLgp = L,
Lo + 20 Lag + *Lps = 2L.

aLao + BLag = {a+eB+ Btan ' (B/a)} = La, (3.4)

In the same way, one can verify the rest equalities of the system of equations
(2.3).

Proposition 3.1. The invariants of an R-Complex Finsler space (M, F), where
F' is an arctangent metric, are given in the system of equations:
Now, using the equations (2.6), (2.7), and (3.2), we get

po= it eB+ ptan(3/0)]}.
py = #{82{& feB+ gtanfl(ﬂ/a)} [(oz2 + B%){e+tan" " (B/a)} + Bal,
. Miﬁ) (02 = 82){e + tan~(8/a)} - Ba],
o= ﬁ (02 — 5% + tan™"(8/a)) — Bal.
1o = M [[(a2 + B2 {e + tan~ 1 (B/a)} + Ba]”
+ 20+ o+ dtan 3/} 5)

Theorem 3.2. The metric tensor fields of an R-Complex Finsler space (M, F),
where F is an arctangent metric, are given in equations:
Now, using the invariants given in equation (3.5) and theorem 2.3, we get

9ij = ﬁﬁg{a +eB+ ﬂtan*l(ﬂ/a)}aij

-8 . B
+ m {(04 — B ) {e+tan " (B/a)} — 504} Ll

; a? e an~! « al?
+2(a2+52)g[[< + B2) e + tan~ (B/a)} + B

+2a*{a+ef + Btan‘l(ﬁ/a)}} b;b;

+m[<“2 = 8){e+tan™!(B/a)} = Ba|(bili +bily),  (3.6)
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and
95 = ﬁﬁz{a +ef+ ﬂtcm_l(ﬁ/a)}aﬁ
B e -1 . 7
2 (a2 1 57) [(oz B*){e+tan'(B/a)} ﬂa}lllj
17 2 2 —1 2
b s [0+ e ton o)} + 5ol
+203{a+€eB + ﬂtanl(ﬂ/a)}] bib;
a —
+ g g (@~ O et @) = sl (bt bis). (31
Or
the equations (3.6) and (3.7) can be written in the following equivalent forms:
9ij = pO(aij - tllilj + tgbibj + tgmnj), (38)
9i5 = pola;; — tilil; + t2b;b; + tamin;), (3.9)
where
" [(a® — B*){e + tan"'(B/a)} — Ba]

~ 20%(a? + B2)[(0? + ) {e+ tan—" (B/a)} + Ba]’
_ {a+eB+ B tan 1 (B/a)}

a bl
_ (@® + B?)[(a® = B*){e + tan" " (B/a)} — Ba]
- 2a{a+ B+ B tan=1(B/a)}3](a + p2){e + tan~1(B/a)} + B a]
Proof. Using the relations (3.5) in theorem 2.3 by direct calculations, we obtain
the results. O

to

t3

. (3.10)

4. Non-Hermitian R-Complex Finsler Space with an Arctangent Met-
ric
In this section, we deal with the non-Hermitian R-Complex Finsler space

with an arctangent metric given in equation (1.1).

For the non-Hermitian R-Complex Finsler space (a;;

;7 = 0), we use the fol-

lowing abbreviations:

li = aiji’,y = ajn’n® = bn®, 0= b, w= b/,
VP = al*by, by = bFag, 0 = ajpnf bt = 1bF, U = adil =0 (4.1)

Theorem 4.1. For a non-Hermitian R-Complex Finsler space (M, F), where
F is an arctangent metric, we have
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i) the contravariant tensor g’* which is given in equation

i 1[&” N {tl B 0%%} i tab'b Btita (b + b1y’

P o Tir? T T
_ A%n'y + AB(V'y V') + B20'Y (4.2)
= : .
ii) The det(g;j) which is given in equation
det(gi;) = (po)" T1T2T3det (ai;), (4.3)

where po,t1 and ty are given in equations (3.5) and (3.10), rest terms

242
t
A:{1+t1 - 9t1t2 }'7_ 01t2

are

T (1)%m (11)37’
B = _@ _ 9751!‘,2’}/7
T2 T1T2
T = 1 — tl’)/7
.02
To = 1+t2(w—|—1>,
T1
73 =1+ (Ay + BO)/13. (4.4)

Proof. Now, apply proposition 2.4 to g;; in equation (3.8) and follow the steps:
Step 1.[Suppose Q;; = a;; and C; = \/t11;]
From our assumption, we get

jS — aJ?
and
C? =C;C" =Vl x Q" x Cj = \V/t1l; x @' x \/t1l; = t1 x L;a'l; = t17.
By applying proposition 2.4, we get
det(H;;) = det(ai; — t1l;lj) = (1 — tyy)det(a;;) = midet(ai;), (4.5)
and, for i =1 —t1y # 0, (H;j) = (ai; — t1l;l;) is invertible and its inverse is

given by:

i, i, ipd
HIt = qft + m (4.6)
T1

Step 2.[ Suppose Qij = Qij — tllilj and Cl = \/Ebz]
Using the equations (4.1), (4.6), and our supposition, we get

tyn'n?
T1 '

Q¥ = ai' +
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Using the previous equation, we get
) . o tinind
C'=Q"C; = (a” + 712117 )\/Ebj

. Oy
= (#+ 220 v,

T1
which implies
162
02 - t2 <w + 1>7
1
and
0 102
1+C =1+t w—i—T— = 1o(say).
1

Now, by applying proposition 2.4, we get
det(Hij) = det(aij - tllilj + tgbibj) = Tngdet(aij), (47)

and, for 7 and 7 # 0, the inverse of (H;;) = (a;; — t1l;l; + t2b;b;) exists and
it is

HI— ol {t1 B 0%t3t, } i tabib
T1 (T1)27'2 T2
Ot1ta(bin + bin'
s 2(b'n n ) (4.8)
T1T2
Step 3. [Suppose Qij = Q35 — tllilj + tzbibj and 07 = \/E;’I%]
Using the equation (4.8) and our supposition, we get
2,2 ipj
T1 (71)27'2 T2
| Ot (b + V)
T172 .
Using the previous equation, we get
C' = An' + BY',
where
t 023t Otqt
A:{1+1— 122}7_ 1327
T1 (’7’1) T2 (’7’1) T2
tof  Otqt
B=_2 _ 1727’ (4.9)
T2 T1T2

which implies
C? = QV'Cj = (Ay + BO)Wt3, 1+ C* =1+ (Ay + BO)V1t3 = 13(say),
and

C'CI = A% + AB(byY 4 V') + B*b'Y .
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Now, by using proposition 2.4, we get
det(Hij) = det(aij — tllilj + tgbibj + tsnmj) = 7'1727'3det(aij)7 (410)

and for non-zero Ti(i =1,2,3, ), the inverse of (HZJ) = (G,ij — t1lilj + tgbibj +
tsm;n;) exists and it is

i {0 Al DY St )
5l T Ty 1Ty
A + AB(Vy + V') + B0 (4.11)
73
But g;; = poH;j, where H;; is given in the previous equation. Thus,
gt = Lt
Po
and
det(gi;) = (po)"det(Hi;).
Using the equations (4.10) and (4.11), we get
g for s {1 Dl B0V OO )
00 T TiT Ty TITo
_ APyind + AB(b'y 4+ b’ + BQbibJ} 7 (412)
T3
and
det(gi;) = (po)"TimeT3det(a;j). (4.13)
Hence the statement holds. (]

Now, in a non-Hermitian R-Complex Finsler space (M, F'), where F is an
arctangent metric, we have the following properties:

VA=t G = agn’n’ + azpnn’ = 202, (4.14)
040 = b +bjm’ =28, 5=90. (4.15)

Proposition 4.2. Let us consider a non-Hermitian R-Complex Finsler space
(M, F), where F is an arctangent metric. This space satisfies the properties
given in equations (4.14) and (4.15).
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