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Abstract. In this paper we characterize a minimal surface with Matsumoto
metric and prove a Bernstein-type theorem for surfaces which are graphs of
smooth functions. We also obtain the partial differential equation that charac-
terizes the minimal translation surfaces and show that plane is the only such
surface.
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1. Introduction

The study of minimal surfaces in Riemannian manifolds has been extensively
developed [10]. Many of the developed techniques have played key roles in
geometry and partial differential equations. The regularity theory for minimal
surfaces, Bernstein’s work maximum principle, and Lebesgue’s definition of
the integral that he developed in his thesis on the Plateau problem for minimal
surfaces are few examples [11]. However, minimal surfaces in Finsler spaces
have not been studied and developed at the same pace. The fundamental
contribution to the minimal surfaces of Finsler geometry was given by Shen
[15]. He introduced the notion of mean curvature for immersions into Finsler
manifolds and he established some of its properties. As in the Riemannian
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case, if the mean curvature is identically zero, then the immersion is said to be
minimal.

The Randers metric is the simplest class of non-Riemannian Finsler metric
which is defined as F' = a+ 3, where « is a Riemannian metric and § is a one-
form. M. Souza and K. Tenenblat studied the rotational surfaces to become a
minimal surfaces in Minkowski space with Randers metric [16] and Souza et.
al obtained a Bernstein type theorem on a Randers space [17]. After that few
other authors studied the minimal surfaces on Randers spaces [4, 5, 6, 12]. N.
Cui and Y.B. Shen studied a special class of («, 3)- metric which satisfies the
following system of differential equations [3]

(6 —s¢")" " =1+p(s) + s°q(s) (1.1)

(6 —s¢")" 20" = q(s) (1.2)

where, p(s) and ¢(s) are arbitrary odd smooth functions. But again Randers
metric is the only metric they have found that satifies the above differential
equations.
Matsumoto slope metric is another class of interesting («, 3)-metric investi-
gated by M. Matsumoto on the motivation of a letter written by P. Finsler
himself in 1969 to Matsumoto. He considered the following problem: A person
is walking on a horizontal plane with some velocity, and the gravity is acting
perpendicularly on this plane. Now suppose the person walks with same ve-
locity on an inclined plane to the horizontal sea level. Now the question is
under the presence of gravitational forces, what should be the trajectory the
person should walk to reach a given destination in the shortest time? Based
on this, he has formulated the Slope principle [7, 9]. Matsumoto showed that
for a hiker walking the slope of a mountain under the presence of gravity, the
most efficient time minimizing paths are not the Riemannian geodesics, but
the geodesics of the slope metric F' = %

The Bernstein’s theorem states that if a graph of a real valued smooth
function from R? is minimal surface in R®, then it is a plane. In Section 4,
we study the minimal surface of graph of a smooth function and in Theorem
4.6, obtain a Bernstein-type Theorem under the Matsumoto slope metric. In
Section 5, we study translation surface in Minkowski Matsumoto slope metric
and in Theorem 5.1, prove that plane is the only such surface.

2. Preliminaries

Let M be an n-dimensional smooth manifold. 7, M denotes the tangent
space of M at x. The tangent bundle of M is the disjoint union of tangent
spaces TM = UzepmT, M. We denote the elements of TM by (z,y) where
y € T,M and TMy :=TM \ {0}.
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Definition 2.1. [2] A Finsler metric on M is a function F' : TM — [0, 00)
satisfying the following conditions:

(i) F is smooth on T My,

(ii) F is a positively 1-homogeneous on the fibers of tangent bundle TM,

(iii) The Hessian of %2 with element g;; = %% is positive definite on
T M.

The pair (M, F) is called a Finsler space and g;; is called the fundamental
tensor.

The explicit calculations of geometric objects in Finsler geometry are very
tedious and complicated. Therefore, Matsumoto introduced a special class of
Finsler metrics, namely, («, §)-metric which has taken much attention in recent
years [8]. The (a, §)-metric is defined as, F = aqb(g) where « is a Riemannian
metric, [ is a one form and ¢ is a smooth function which satisfies in a differential
equation. This class of Finsler metrics contains many interesting subclass of
Finsler metrics such as Randers metrics, Matsumoto metrics, Kropina metrics
and etc. A Matsumoto metric on M is a Finsler metric F on T'M is given
by F' = aa—jﬂ, where o = y/a;;y'y’ is a Riemannian metric and § = by’ is a
one-form with 0 < b < 1/2, where b := |82/

For an m-dimensional Finsler manifold (M™, F), the Busemann-Hausdorff
volume form is defined as dVpy = opy(x)dx, where

vol(B"(1))
vol {(y") € T,M : F(z,y) <1}’

B™(1) is the Euclidean unit ball in R™ and vol is the Euclidean volume.

UBH( ) (21)

Proposition 2.2. [1] Let F = a¢(s), s = B/a, be an («,B)-metric on an
n-dimensional manifold M and b := ||By|la- Then the Busemann-Hausdorff
volume form dVpg of the («, B)-metric F is given by

fsm
dVey = 7(1‘/04
f _sin™—2(t)
¢(b006(t))"

where, dV,, = y/det(a;;)dx denotes the volume form of Riemannian metric .

Let (M™, F) be a Finsler manifold, with local coordinates (z',...,#™) and
@ : M™ — (M™, F) be an immersion. Then F' induces a Finsler metric on M,
defined by

F(z,y) = (¢°F) (0,9) = F (p(a)u (), ¥(@y) eTM.  (22)
In the sequel we assume the following convention: the greek letters €, 7, v, 7,
are the indices ranging from 1 to n and the latin letters 4, j, k,[,... are the
indices ranging from 1 to n + 1.
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A Minkowski space is the vector space R™ equipped with a Minkowski norm
F whose indicatrix is strongly convex. Equivalently, we can say that F(z,y) de-
pends only on y € T,,(R™). The hypersurface M™ in the Minkowski Matsumoto

space R"*! given by the immersion ¢ : M"™ — (R"*1 F), where F' = aa—jﬁ, a
is the Euclidean metric, and § is a one-form with Euclidean norm 0 < b < 1/2.
Without loss of generality, we consider 8 = bdxz"t!. Let M™ has local coordi-
nates z = (z%),e = 1,...,n, and ¢(z) = (¢'(z€)) e R"™, i=1,....n+1, we
define

vol(B™)

]:(.'E,Z) = m, (23)
where
n 1,2 n n € 1 i 6<P2
Da::{(yvyaay)eR F(I7y)<1}a y:<yze)a Z(ZE)<6$€>

The mean curvature H,, for the immersion ¢, along the vector v introduced
by Z. Shen [15] and is given by

1| 0*°F 9% PF 0¢p?  OF |
/HSD(U):* — + — — — 0"

F | 0210z 0x0x"  0210%7 Ozt O
Here v = (v?) is a vector field over R"*1. H,,(v) depends linearly on v and the

mean curvature vanishes on o, (T'M). Since, (R"*!, F) is a Minkowski space,
F = F(y). Hence, the expression of the mean curvature reduces to

1 O*F 0% i
Helv) = 7 {azgazg Dz O } v (24)

The immersion ¢ is said to be minimal when H, = 0.

In this paper, we consider an immersed surface in three dimensional Minkowski
space. Using the definition of pullback metric given in (2.2), we show that if
F is a Matsumoto metric, then the induced pullback metric on the surface is
again a Matsumoto metric.

2

Proposition 2.3. Let o : M? — (R} F = -5, where & is the Buclidean

a—

metric and § = bdz®, (0 < b < 1/2) be an immersion in a Matsumoto space
with local coordinates (¢*(x¢)). Then the pull back metric defined in (2.2) is a
Matsumoto metric.

Proof. Let ¢ (z',2?) = (¢'(z!,2?), %(2?,2?),¢3(2!, 2%)) be an immersion.
Then, for any tangent vector v € T M

et dp? 5
0ij goe 5z VU A0

b
[ 8ot 9pi dpi A/ epd — bz3yn
5ij agﬁ aié vevd bafn o7 A5v€v bznv

(" (F)(v) = F(pv) =
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where ,
A= (A,,) = (Z 44) : (2.5)

Hence, F' = @*(13‘) is again a Matsumoto metric where, a? = Av° and
8= bzf’]v”. O

3. The Partial Differential Equation of Minimal Surfaces in Mat-
sumoto Spaces

In this section we obtain the volume form of Matsumoto metric and with the
help of that for any immersion ¢ : M? — (R3, F}) we obtain the characteristic
differential equation for which ¢ is minimal.

Theorem 3.1. Let o : M? — (R3, F,) be an immersion in a Matsumoto space
with local coordinates (¢’ (x)). Then ¢ is minimal if and only if

0%l o 2C* +3E 9*C* 207 0’E
dx<dxn | (202 + E)? 9210z (202 + E)? 92102))
2(4C* +12C°E - 12C° - 3E°) 9C 9C 4C*  OE JE

3 _
e, 6CE<acaE 8E80> 0 3.)

TecrrEy 0k 0. 0704

where
3

C =/det(A), FE =10 Z(—1)7+Tz§z’;z3z§.
k=1
Here the notation bar for any Greek letters ranging from 1 to 2 is defined by
T =202+ 2001

1
1—s

Proof. For Matsumoto surface we have ¢(s) = and n = 2. Therefore, we

have

s

[ dt
2
AV = — Vdet(A)dz = m\/det(A)dx. (3.2)
J(1 =¥ cost)?dt
0
Here, V2 = b2A55z?z§ is the norm of 8 with respect to the pullback Matsumoto
metric F. Therefore, using (2.3) and Proposition 2.3 in (3.2) we have

203
It should be noted that
212 2
0°C” :a(QCaC)ZQaqurzc orC (3.4)
0210z 0z 0z 0zt 9z, 021027
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Now differentiating (3.3) twice first with respect to z! and then with respect
to zJ and using (3.4) we get

O°F 202 43E 0°C? 202 PE
921020 (2C2+ E)2 9210z (202 + E)? 9210z
2(4C* + 1202E — 12C% — 3E%) 9C 9C 40?2 OE OF
N (202 + E)? 020 | (C°+ EPoziga  (3D)

+4C’3 —6CE [0C OE  OE OC
The Matsumoto metric has vanishing mean curvature if and only if
?F 0% -
- vt =
02i0z), Ox<Oxn

(3.6)
Now using (3.5) in (3.6) we obtain the proof of the theorem. O

4. The Characterization of Minimal Surfaces which are the Graph of
a Function

In this section we study the graph of a function M? in Matsumoto space
~2
(R?, F), where Fy, = "_B is a Matsumoto metric on R?, with @ is the Euclidean

[e3

metric and 3 = bdz® is a one-form. Here we consider the immersion p:UC
R? — (R, Fy) given by p(a',2?) = (21,22, f(a!,a2)).

Theorem 4.1. An immersion ¢ : U C R? — (R3, F}) given by
50($171'2) = ( l,xZ,f(l.l’xQ))

is manimal, if and only if, [ satisfies

> [Tb(Tb —2b?) (6@7 - fﬂ%fj) + 4b%(Ty, + 4b2)f§;}’2" faean =0, (4.1)

e,n=1,2
where
W2 =1+ f4 + f%, T, = 2W?2 + b* (W2 —1).

Proof. The mean curvature vanishes on tangent vectors of the immersion ¢.
Therefore, we need to consider a vector field v such that the set {v, 1,02}
is linearly independent. Therefore, we consider v = @1 X @ 2. Then v =
(vl, v2,v3) = (—fz1,—fz2,1). Using (2.5), we have the followings:

_ 1+f$21 .faclfmz _ _ _
A_<fm1fzz 1+f§2>’ C=VdetA=W, E=b (W*-1). (4.2)

By some calculations we can have
oC 0 oF

' =0, .

0zt 0zt

€

vt = 2b2((551f11 + (562f12), (43)
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oC 8250j i f:clfxfscl + fachxfxz

@&T@m"v N W ’ (4.4)
OE 8%p7 9
— =2 1 frep1 2 frep2 4.
023 DO D (for facar + fo2 faea?), (4.5)
PE 9] i 2 2 2
3482’% 6:65656770 =2b [(1 + fan)fCDlIl - 2f:61f932f:51:52 + (1 + fg;l)fm2:r2] y
(4.6)
1 92C2 92y

= : C= (14 fR) formr — 2fur fur furwz + (14 f20) fazez | . (4.
2 92107 Do’ (L4 f2) forar = 2fa far farar + (L4 f0) frza2] - (47)

Using (4.3) in (3.1) we have

0?pl | 9%2C? 0’FE
v' | ——(2C* + 3E)(2C* + E) - ———2C*(2C* + E
Oxdxn [82’2825] ( ) ) 0210z ( )
E E OF
0 ,8—C(4C3—60E)+4028 OF = 0. (4.8)
Let T, = 202% + E. Then we have the followings:
T, =20 +b*(W? —1), 2C% +3E =2W?2 +3b*(W? - 1), 49)
9
(4C° — 6CE) = 2W {T, — 46>(W? — 1)} .
Putting all these values in (4.8) we get
Tb(Tb - 2b2) [(1 + f122)fa:19:1 - 2f:z1f12fa:1:1:2 + (1 + le)faﬂzQ] (4 10)

+4b*(Ty, + 46°) [f21 farar + 201 fuz foraz + [22 faza2] = 0.

The above equation is equivalent to (4.1). Hence, we complete the proof. [

Theorem 4.2. An immersion ¢ : U C R? — (R3, F}) given by
p(at,a?) = (a!, 2%, f(a',2?))
is manimal, if and only if, [ satisfies

> [Sb(Sb — 20%w?) (6@7 - f%@)

e,n=1,2

+4b% (S, + 4b%w?) (ke + IJ/[IJ;2> <k7, + I{;;ﬂ Saean =0 (4.11)

3
where k; are real numbers such that Y k? =1 and
i=1

W2 =1+f2+f%, Sy=0+2+0 W2, w=—kifo —kofe +ks. (4.12)
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Proof. The proof of this theorem is similar to the previous theorem. Let us
consider the immersion ¢ is a graph of a function over an open subset of a
plane of V3. Then ¢ can be written in the form

(P(xlvxz) = (1,1,12’ f(xlaxz)) (mij)v (413)

where (m;;) is a 3 x 3 orthogonal matrix, (z!,2?) € U C R? and the surface is
a graph over the plane mgzix + m3oy + ms3z = 0.
We now consider the vector field v = (v!,v2,v®) which is linearly indepen-

dent with ¢ 1 and ¢,2. Hence we consider v = ¢, 1 X @ 2. Therefore,

v’ = = farma; — forma; + mai,
Now note that
i a(pi 82<pi
ZTI = oz = Mny; + fw"m3i7 92O = fa:‘z"m3i~ (414)
Further, for all i =1,2,3 and n,v,e = 1,2, we have,
3. 3 3 3 92
1,0 K3 L 2 J— 2 _
lenv =0, Zlv mg; = 1, lenmgl = fan, 2 S eom S foean.
(4.15)
Here the values of A and C are as given in (4.2). And E = b?(W? — w?),

w = v3. Let mg; = k;. Therefore, as obtained in Theorem 4.1 similarly we

obtain the followings:

oc ., OB
dzi 7 0z

(2
€

v' = 20% (22 Aee — 22 Ace) w, Ve (4.16)

oC 82<pj . flfe 1—|—f2f<2
dl i JalJzw z2 )z 4.1
0z Dz 0z - W , Ve (4.17)

9F 9y
6,2% OxcOxn

= 2b2 [(fxl + klw) fxeacl + (fx2 + ka) fxfzﬁ} ) Ve (418)

PE  0%¢)
Dzi0z]) Oxcdxn
- {(1 + k?%) fxlfa:2 + k1k2W2 + klkaw2 + k2k3fa:1 + kle} fa:la:2
+{1+fx21 — ko (k2W2+f:c2w)}fac23c2] ’ (419)

v =207 [{1+ f2 — by (W2 + forw)} forpn

10°C2 b
2 azéazg] 5‘x55‘x77v

= [(1 + fa%l)fm2:r2 - melszf:clzcz + (1 + f122)fa:1x1] .
(4.20)
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Using (4.16) in (3.1) we have

P*o? | 02C? 0*F
vt | ——(2C% + 3E)(2C? + E) — ———2C*(2C* + E
Qrcdxn [azzazfl( ) ) 0210z ( )
E E OE
OF oC (4C° — 6CE) 14?20 = 0.(4.21)
Let Sy = 2C? + E. Then,
Sy =20 + b*(W? —w?), 202 +3E =2W? + 3b*(W? — w?),
AT (4.22)
(4C° — 6CE) =2W {8, — 4b*(W? — w?)} .
Putting all these values in (4.21) we get (4.11). O

Remark 4.3. One can see that when ki = ko = 0 and k3 = 1, then equation
(4.8) reduces to (4.1).

Definition 4.4. [13] A differential equation is said to be an elliptic equation
of mean curvature type on a domain Q C R? if

Z aﬁn(xa fv vf)fafExW =0 (423)
e,n=1,2
where ac,,€,m = 1,2 are given real-valued functions on @ x R x R?, z € Q,
f:9Q— R with

2 (p-&)?
€ = T pE <

Z aen(xvuap)gegn < (1 +C)

e,n=1,2

[|§|2 (p-8)?

T |p|2} (4.24)

for allu € R, p € R? and ¢ € R?\ {0}.

Theorem 4.5. Let o : U C R? — (V3 F}) be an immersion which is the
graph of a function f(x',x?) over a plane. Then ¢ is minimal, if and only if,
f satisfies the elliptic differential equation, of mean curvature type, given by

Z aen(xa fa vf)fTET" = O (425)

e,n=1,2

Jae fan 2 Jae Jan 4b2(Sb + 4b2w2)
aenzéw— W2 +RbW + k€+ﬁ k77+ﬁ ’Rb:—sb(sb—2b2’w2).

(4.26)

Proof. In Theorem 4.2, we already prove that ¢ is minimal if and only if it
satisfies (4.11). Since for a Matsumoto metric 0 < b < 1/2, therefore, we have
from the definition, S, > 0. And also

(Sp—2b%w?) = b2+ (24+02) W2 —2b%w? = b2+ (2—b*) W2 +26* (W2 —w?) (4.27)
Now,

W2 —w? = (kofor — ki fo2)? + (k1 + kafor)? + (ko + kafe2)? > 0. (4.28)
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Since, 0 < b < 1/2, using (4.28) in (4.27), we have
(Sy — 2b*w?) > 0.
Now dividing both sides of (4.11) by Sy(S, — 2b%w?), we get (4.25).

Let us consider £ € R?\ {0}, z,t € R? and u € R and we define

tet,
) = i
Hence, we have,
Z ey (t)E:€j = |5‘ S(1 4 [t[*sin 6), (4.29)

e,n=1
where, 6 is the angle function between ¢ and £. We also have from

2

2
Sty = 3 o016 R (k1 ko) €+ g5t €] (430)

e,n=1 en=1

where - represents the Euclidean inner product.
Since R, > 0, for all ¢ € R?\ {0}, from (4.29) we have,

2

5 2

D ez, u,t)Ely > Z ey (t)Ec&y > | | (4.31)
e,n=1 e,n=1

Hence, (4.25) is an elliptic equation. Now we prove that it is a differential

equation of mean curvature type for which we need to show that there exists a

constant C such that, for all

2 2 2
> hep(r )6y < D aey(@u, )by < (14C) Y heyl@,u, )€y
e,n=1 e,n=1 e,n=1

(4.32)
The first inequality is immediate from (4.31). To prove the second inequality
we need to show that

2
RyW? [(kl, ky).€ + %t.g]z <C Y heylw,u )k, (4.33)

e,n=1
Where, w = 7k1t1 — thQ + kg.
From (4.29) we have,
k1, k2)| cosy + wlt| cos 0
1+ [t|2sin® 0

w2
W (k6 + ] = L S s

en=1

where 7 is the angle between (ki, k2) and &. Hence, we need to show that

[W2|(ky, k2)| cosy + wlt| cos 9]2
1+ |t|2sin? 6

<c. (4.34)
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It can be seen that W2 > 1. When W?2 = 1, then, ¢ = 0. In that case, we have
0 < Ry [|(1, k2)| cos]* < Ry(0)(k7 + k3).

Therefore, taking C = R,(0)(k} + k3) we prove the inequality.
Now suppose W2 > 1 and sinf = 0. in that case t # 0 and the vectors t
and £ are parallel to each other. Hence,

[W2|(k1, k2)| cosy + wlt| cos ] 2= [|(k1, k2)| cos + ks|t|cosd]? . (4.35)
. . . W2|(k1,k os y+wlt| cos 6 2
Equation (4.35) implies that Rb[ o 122;:\2 S?HQ 9‘ o
of |t| whose numerator is of degree less than or equal to 4, and denominator is

is a rational function

of degree 4 and hence it is a bounded function as |t| (or, equivalently W) tends
to infinity.

Now, suppose W2 > 1 and sinf # 0, then ¢ # 0 and the vectors ¢ and ¢
[W2|(k1,k2)|cos’y+w\t|cos€]2
1+[t|2 sinZ 0
of |¢| whose numerator is of degree less than or equal to 6, and denominator is
of degree 6. Therefore, it is a bounded function when [t| (or equivalently W)
tends to infinity. Hence, we prove the inequality (4.34). And this proves the
theorem. ]

are not parallel. Therefore, Ry is a rational function

Now from the theorem proved by L. Simon (Theorem 4.1 of [14]) and The-
orem 4.5 we conclude that

Theorem 4.6. A minimal surface in a Matsumoto space (R3, ), which is a
graph of a function defined on R2, is a plane.
5. The Characterization of Minimal Surfaces of Translation Surfaces

In this section, we study the minimal translation surface M2 in Matsumoto

space (R3, F}), where F} = Ofé is a Matsumoto metric, where & is the Eu-

clidean metric and B = bdz® is a one-form. Here we consider the immersion
¢:UCR? — (R, [}) given by p(a!,2%) = (21,22, f(a') + g(2?)).
Let us consider the following immersion:

o(x',2%) = (9", 0%, %) = (a!,22, f(z") + g(2?))

Therefore, from (2.5) we get

1—|—f,21 f1g2
A= et ST =/1+ f% +g? d E=b(f4+gk).
<fxlgxz 1+g%)" ¢ Tt g an (o +922)

(5.1)
Here we choose v = @1 X @ 2. Then v = (v, v2,03) = (= fu1, —gs2, 1). Hence,
vl = —8i1 fu1 — Jiage2 + 83, 1 < i< 3. By some calculations we can have
oC oF
C=0, ——v"=20*(6c1for + 0e2ga2), (5.2)

)
0zt

0zt

€
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oC azsaj 6elfx1fac1:c1 + 5529x299c2x2

87%830683077 - C ’ (5-3)
OE 9%yl 9
872’7%(91’663:77 =20 (661f:c1 fa:la:l + 6629m2gw2w2)a (54)
PE Py, 2 2 2
o et =2 [ ot (5 gl . (659)
02C?  9%pl 9 o
: =21 2.2 ) Jaxla?! 1 2lpl)9z222 | - .
0210z 8x58xnv (U G ot (14 forgn )02 (56)
Using (5.2) in (3.1) we have
2.7 212 2
09 i) 907 he2 13m0 + B) — L E ac2202 4 B)
Dxedan | 9210z}, 02107
OF 0C OF OF
4C3 E) +4C* =0. .
{azzaa(c - 6CE) + Ca az,,} =0. (5.7

Therefore, using (5.2) to (5.6) in (5.7) we obtain
oot (L4 g32) [24 2+ 0) (7 + 922)] [2(1 = °)(2+ 6%)(£21 + g72)]
9202 (L4 o) [24 2+ 02)(for + g22)] [2(1 = 0*) (24 ) ([ + g22)] =0,

(5.8)
which can be written as Af,1,1 + pg,2,2 = 0, where,
A= (1+g5) 24 @+ )2 +g2e)] 200 = 6)2 +6°)(f2 + g22)] 59)
F602f2 {2+ (2 - V) (fA +g%))
and
= 2 [ @ 2] PO - B DR ]
+60°g% {2+ (2= ) (7 + i)}
Now we want to solve the differential equation (5.8). Let
r= fil, s = g§2.
Then
fow =T g 51
Then (5.9) and (5.10) become
A=(1+s)[24+ 24 (r+s)] 21 =b*)(2+b*)(r +5)] (512)
+6b2r{2+ 2—b2 r—l—s} .
and
= (147) 242+ +5)] 200 =02+ ) (7 +5)] (51

+6b%s {2+ (2—b*)(r+s)}.

And (5.8) becomes
A+ sgp = 0. (5.14)
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Therefore, we have two cases:

Case 1: If ry = 0 or, s; = 0, then r and s are constant functions. And
hence f and g are linear functions. Therefore, M? is a piece of plane in (R3, F}).

Case 2: Let ry # 0 and s, # 0. Then we have, A # 0 and p # 0. Let

Tf_ 5

pooA

It implies that
(rf)g = pgk + prg =0 and  (sg)r = Apk+ Ay = 0.
Hence, we have,
A Kg Hg

kf
log/if:?:—j and logﬁg:;:—;. (5.15)

Since, (logks)g = (log kg) ¢, we have

(%), - (%),

We can easily observe that, ry = (rf)y = 0 and sy = (s4)f = 0. Therefore, we

have,
1),-(3) ()~ (%)
L) =) rrs,, and — | === r¢sg- 5.16
<)\ .\, w)e \n), (519

Therefore, we get

that is,

<log >\> =0.
l’l’ s

Let p=r+ s and ¢ =7 — s. Then we have,

A=K(p)—L(p)g, n=K(p)+Lpg
where,
9 3

K(p) = 4(1—b2)+§(20++8b2—4b4)+%(16+20b2—6b4)+%(2+b2)2 (5.17)

and
P p?
L(p) = 2(1 — 4b*) + 5(8 — 1207 4 4b%) + 5(2 + b%)2. (5.18)
Then it follows that

<log>\> :<log>\> —(log/\> =0. (5.19)
K/ s H7 pp K7 aq
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Now substitute the values of A and g in (5.19) we get
¢* (KppL? — KL?Ly, — 2K, L,L* + 2K LL?)

5.20
+q (—KppK*L + K°Ly, — 2K, KLy, + 2K} KL — 2KL?) = 0. (5.20)
Since, ¢ is an arbitrary function we get
KppL? — KL? Ly, — 2K, L,L* + 2KLL, =0 (5.21)
and
~KppK°L + K*Ly, — 2K, KLy, + 2K KL — 2KL* = 0. (5.22)
From (5.21) and (5.22) we can obtain easily that
K
l() 1 (5.23)
L p

Again from (5.17) and (5.18) we have
K 8+ 3202 — 10b*  4b* (132 — 60b% + 9b* 2(66 — 21b%)
T T e+p P aree ) 6

7= p+ W + T
where
T = (4 —16b%) + p(8 — 120% + 4b*) + p?(2 + b*)2.
Now differentiating (5.24) with respect to p we get
K 46" (9b* — 102b7 + 264
(L) ST ( (0% +2)?

+ (94b* — 12b% + 8+ 2(b* + 2)2p)> 7

(5.25)
where, 7" = (=16b% + 4 + (94b* — 127 + 8)p + (b* + 2)°p?)*.
Now, (5.23) will true if and only if b = 0. Hence, we obtain the following
result.

Theorem 5.1. A minimal surface in a Matsumoto space (R3, Fy), which is the
translation surface defined on R2, is a plane.
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