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Abstract. Let (M,,g) be a Riemannian manifold and T'M,, its tangent bun-
dle. In this paper, we determine the infinitesimal fiber-preserving paraholo-
morphically projective(IFPHP) transformations on T'M,, with respect to the
Levi-Civita connection the deformed complete lift metric G ;= ¢ + (f9)V,
where f is a nonzero differentiable function on M, and ¢ and g" are the
complete lift and the vertical lift of g on T'M,,, respectively. Also, the infinites-
imal complete lift, horizontal and vertical lift paraholomorphically projective
transformations on (T'M,,, G¢) are studied.
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1. Introduction

Let M, be a connected n-dimensional manifold and 7'M, its tangent bundle.
It should be noted that, the all geometric objects, which will be considered in
this paper, are assumed to be differentiable of the class C*°. Also, the set of
all tensor fields of type (r,s) on M,, and TM,, are denoted by 3% (M,,) and
ST (T'M,,), respectively.

Let V be an affine connection on M,,. If a transformation on M,, preserves
the geodesics as point sets, then it is called a projective tansformation. Also,
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a transformation on M,, which preserves the connection is called affine trans-
formation. Therefore, an affine transformation is a projective transformation
which preserves the geodesics with the affine parameter.

A vector field V on M,, with the local one-parameter group {¢;} is called an
infinitesimal projective (resp. affine) transformation, if every ¢, is a projective
(respe. affine) transformation on M,,.

It is well known that, a vector field V' is an infinitesimal projective transfor-
mation if and and only if, for every X,Y € 3}(M,,), we have

(LyV)(X,Y) = Q(X)Y + Q(Y)X,

where Q is a 1-form on M,, and Ly is the Lie derivation with respect to V.
The 1-form €2 is called the associated 1-form of V. One can see that, V is an
infinitesimal affine transformation if and only if 2 = 0. For more details see
[15].

Almost paracomplex structures on a manifold were introduced by Rasevskii
n [11]. An almost paracomplex structure on a manifold M,, is a tensor field
© € S1(M,), where ¢? = Id, ¢ # Id and the two eigenbundles T+ M,, and
T~ M,, corresponding to the eigenvalues +1 of ¢, have the same rank. In this
case, (M,, ) is called an almost paracomplex manifold. It would be noted
that, in this case, n (the dimension of M,,) is necassarily even. If the both
distributions T+ M,, and T~ M,, are integrable, we say that almost paracomplex
structure @ is integrable and then (M, ¢) is called a paracomplex manifold.
For more details, see [3, 4, 12].

Let V be an affine connection on an almost paracomplex manifold (M, ¢).
An infinitesimal paraholomorphically projective(TPHP) transformation on M,
is a vector field V on M,, such that for any X,Y € 3}(M,,), we have

(LyV)(X,Y) =QX)Y + Q)X 4+ QpX)eY + Q(eY)eX,

where Q is a 1-form on M,,, which is called the associated 1-form of V5, 9]. If
Q =0, it is obvious that V is an affine transformation.

Now let ¢ be a transformation on T'M,,. If ¢ preserves the fibers, then it is
called the fiber-preserving transformation. Let V be a vector field on TM and
{J)t} the local one-parameter group generated by V. If for every t, ¢~)t be a fiber-
preserving transformation, then V is called an infinitesimal fiber-preserving
transformation. Infinitesimal fiber-preserving transformations form a rich class
of infinitesimal transformations on T'M,, which include infinitesimal complete
lift, horizontal lift and vertical lift transformations as special subclasses. For
more details, see [14].

From a Riemannian metric g on M, several metric can be defined on T'M,,
such as follows:

(1) the Sasaki metric g°,
(2) the complete lift metric ¢¢,
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(3) the vertical lift metric g",

and etc, see [10, 13, 16]. It would be mentioned that ¢° is a Riemannian metric,
g% is a pseudo-Riemannian metric and ¢ is a degenerate form on T'M,,.

In [8], a class of pseudo-Riemannian metrics on TM,,, is considered which
is of the form C;’f = g% + (fg)V, where f is a nonzero differentiable function
on M,. This is called the deformed complete lift metric. This new class of
metrics is very interesting because for f = 0, the metric G is the complete lift
metric ¢, thus this is a generalization of the complete lift metric g¢. Also the
deformed complete lift metric is not a subclass of g-natural metrics, in fact G ¥
is a g-natural metric if and only if f is constant. For g-natural metrics, one
can see [1, 2] . On the other hand G r is a subclass of the synectic lift metric

of g, which is defined in [7] and is of the form
é = gC' + aV’

where a € I9(M,,) is a symmetric tensor field.

Infinitesimal paraholomorphically projective transformations on the tangent
bundle of a Riemannian manifold (M, g) with respect to the Levi-Civita con-
nection of Sasaki metric g° are determined in [6]. Moreover, it is proved that if
(T'M,, g°) admits a non-affine paraholomorphically projective transformation,
then M,, and T'M,, are locally flat.

The aim of this paper is to study of the infinitesimal fiber-preserving para-
holomorphically projective(IFPHP) transformations on T'M,, with respect to
the Levi-Civita connection of the pseudo-Riemannian metric

Gyp=9"+(f9)",
where f is a nonzero differentiable function on M,,. Firstly, we obtained the
necessary and sufficient conditions that under which an infinitesimal fiber-
preserving transformation on (T'M,,, G) to be paraholomorphically projective.

Then, as special cases, the infinitesimal complete lift, horizontal lift and vertical
lift paraholomorphically projective transformations on (T'M,,, G ) are studied.

2. Preliminaries

Here, we give some of the basic and necessary definitions and theorems on
M,, and T'M,,, which are needed later. For more details see [16, 17]. Through-
out this paper, indices a, b, ¢, 1, j, k, ... have range in {1,...,n}.

Let M,, be a manifold and covered by coordinate systems (U, z*), where 2
are the coordinate functions on the coordinate neighborhood U. The tangent
bundle of M, is defined by T'M,, := J ¢ s Tw(My), where T, (M,) is the tan-
gent space of M,, at a point x. The elements of T'M,, are denoted by (z,y)
where y € T,(M,) and the natural projection = : TM,, — M,, is given by

m(x,y) = .
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Let V be the Levi-Civita connection of a Riemannian manifold (M, g) and
its coefficients with respect to frame field {9; := %} are denoted by F?i ie.,
Vo,0i = T'0p.

Using the Levi-Civita Connection V, we can define the local frame field
{E;, E;} on each induced coordinate neighborhood 7= (U) of TM,,, as follow

E; =0, — beZZ-(?;L, FE; .= 0;

i i

where 0; := a?/'i' This frame field is called the adapted frame on TM,,. By
define 6y" := dy" + y’T", dz?, one can see that {dz",dy"}, is the dual frame
of {E;, E5}. The following lemma can be proved by the straightforwald calcu-

lations.
Lemma 2.1. The Lie brackets of the adapted frame {E;, E;} satisfy the fol-
lowing identities:

L. [Ej, Ei] = 4" R, Ea,

ijb

2. [Ej, B = I'j; Ea,

3. [E5,E;] =0,
where R, are the coefficients of the Riemannian curvature tensor of
V.

Let X be a vector field on M,, and expressed by X = X*9; on local coordinate
(U,z"). We can define vector fields horizontal lift X, vertical lift XV and
complete lift X of X on T'M,, as follows

X" .= X'E;,

XV = X'E;,

XY = X'E; +y"V.X'E;,
where V, 1= Vjy,.

A rich class of infinitesimal transformations on T'M,, is the infinitesimal fiber-
preserving transformations, where include horizontal lift, vertical lift, complete
lift and vertical vector fields. The following lemma determine the infinitesimal
fiber-preserving transformations which is proven in [14].

Lemma 2.2. Let V = ViEi + \N/%E; be a vector field on TM,,. Then V is an
infinitesimal fiber-preserving transformation if and only if V' are functions on
M,.

Using Lemma 2.2, one can assume that V? := Vi(x). Therefore, every fiber-
preserving vector field V' on T'M,, induces a vector field

V=V

on M,. By a simple calculation the following lemma can be proved.
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Lemma 2.3. LetV = VhEh—HﬁLE;L be a fiber-preserving vector field on T My, .
Then

1. [V,Ej] = —(8;V*)Ey + (Vy’RY, — VITY, — B,V Eg,

2. [V,E;] = (Vbrgi — E;VY)E;.

Using the adapted frame { Ej,, Ej, }, we can define a tensor field ¢ € 3}(TM,,),
as follow

¢(En) = En, ¢(Ey) = —Ej,.

We see that ¢ # Id and ¢$?> = Id. Thus @ is a paracomplex structure on
T M, which is called adapted paracomplex structure. It is well known that ¢
is integrable if and only if M, is locally flat.

For a Riemannian metric ¢ on a manifold M,,, the Sasaki metric ¢g°, the
complete lift g¢ and the vertical lift g of g are defined as follows, respectively:

g*(XH YTy = g(X,Y),

F (X YY) =o, (2.1)
9° (XY, YY) = g(X,Y),

g“(x™ v =o,

g“ (X" YY) = g(X,Y), (2.2)
g“(xV, YY) =0,

¥ (X, yV) =0, (2.3)
0

for every X,Y € S4(M,,). Tt would be noted that g° is a Riemannian metric,
g% is a pseudo-Riemannian metric and ¢g" is a degenerate quadratic form. For
more details, see [16].

In [8], a new class of metrics on T'M,, was introduced which is a generalization
of the complete lift metric g and is of the form CNT'f = g% + (fg)V, where f
is a nonzero differentiable function on M,,. It is called the deformed complete
lift metric. It is easy to see that the deformed complete lift metric is a pseudo-

Riemannian metric and it is defined by
G(XT Y = fg(X,Y),
Gr(x™ YY) =g(X,Y), (2.4)

Gr(xV,YV)=o,

for any X,Y € S§(M,).
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The coefficients of the Levi-Civita connection V, of the pseudo Riemannian
metric Gy, with respect to the adapted frame field {E;, F5} are computed in
[8]. In fact, the following lemma is proved.

Lemma 2.4. Let V be the Levi-Civita connection of the deformed complete lift
metric éf = g% + (fg)V, where f is a nonzero differentiable function on M,
then we have

Vg, E; = By + yF{ R + S(fid] + f;00 — g f™) } En,

?Ej E; =ThE,

Vg E; =0,

Vg E; =0.
where F?i and Rzﬂ are the coefficients of the Levi-Civita connection V and the
Riemannian curvature of g := (g;i), respectively and fi == 0;f, " = g"'f;

3. Main Results

Now, we study the infinitesimal fiber-preserving paraholomorphically projec-
tive(IFPHP) transformations on (T'M,, G¢) with the adapted almost complex
structure ¢.

Theorem 3.1. Let (M,,g) be an n-dimensional Riemannian manifold and
TM,, its tangent bundle with the pseudo-Riemannian metric Gy = ¢ +(fg)V,
where 0 # f € SY(M,,), and the adapted paracomplex structure ¢. Then V is an
IFPHP transformation with the associated one form Q2 on TM, if and only if
there exist 1 € SY(M,), V = (V"),D = (D") € SY(M,), @ = (®;) € SV (M,,)
and C = (CI) € SH(M,,), satisfying

1) (VP VR = (VP DP +y2Ch 4 2y2@,y"),

(1)
(2) (92i,4%) = (5%, %),
(3) Vi®; =0, 01 =,
(4) Mﬁ-@dég + M]hi@b = V‘IV,IR?M + Rf;bivjva + R?baviva + R?aicg —
;‘lbiC(’zlv
h _ Y7a ph
(6) joiq’a =0,
(7) Lvr;'-’i = VjVth + VaRZji = Wi(S? + Q’jézh,
(8) LDF?Z- = VjviDh + DaRZjZ- = —V‘IV&MJ@ — ViVanha — VjVaMZZ +
ChMg,

V= (VI VR = VB, + VB,

Q= (Qz’ Q{) = ida’ + Qiéyi7
1

MZ; = 5(]015;1 + fj(ih — gjif.h)

fi = azf and f'h = ghifi.
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Proof. Firstly, we prove the necessary conditions. Let
V=V"E,+V"E;

be an IFPHP transformation on T'M,, with respect to the Levi-Civita connec-
tion of the pseudo-Riemannian metric Gy and

0= thmh + Q;L(Syh

its the associated one form. Thus for any X,Y € S}(T'M,,), we have

(LeV)(X,Y) = 2X)Y + 2(Y)X + 2(@X)pY + 2(¢Y)pX. (3.1)

From

(L V) (E;, E;) = 20;E; + 20;E;,
we have
-0V = Q6" + (267 (3.2)
Form (3.2) we obtain that, there exist & = (®;) € SY(M), D = (D") € S4(M)
and C' = (CI') € 31 (M) which are satisfied

0 = ;, (3.3)

and
Vh=Dh yeCh 4 2"y D, (3.4)
From
(Ly V) (B, i) =0,

and (3.4) we have
0= {(vicj’% +VORE,) + (Vi 00 + Vi) }E,; (3.5)
Comparing the both sides of the equation (3.5), we obtain

h __ a ph
V.Cl = V"R (3.6)

aj)

8;,C* =0, Vb, =0,.

Lastly from
(LyV)(Ej, Ei) = 20E; + 20,E,
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and (3.6) and (3.7) we obtain that

ajt

20,E; + 20, E; = {V;V;V" + V°R!, 1 E), + {vjviDh + D*R"

1
+3 (Vava(fj(szh + fi0l = giif) + ViV fi0k + fa0" — giafT)
£ VVELi0h - fadl = giaf") = CLU0S + 308 = 93i))

+ 3 (VOVa Ry + Bl V5V + Ry ViV + Rl Ch — R Ch

jba jbi

- %((fj@d + fi6 = gji fHPady + (f;08 + fi0] — gjif.h)¢b))

- 2yath§ji¢d}Eh- (3.8)
From which we have
LyTh =V;V,Vh + VORE, = 206! + 20,60, (3.9)
Lpll =V;V;D" + D*Rl;; = - V*V, M} — v,V M,
— V;VeM], + Cl MY, (3.10)
M®40) + M)\ by, =VV Rl + R,V Ve + R, V.V
+ R;'Laicg - ?bicg7 (311)
where )
M}y = 3 (fi(S;L + fi0) — gjif.h)
and
R, ®q =0. (3.12)
From (3.9), one can see that
1 1
Ql' = *Wi = Z0;9, ].
5% = 500 (3.13)
where )
= Vv,V
¥ n+1
Thus we have
LyTh = w;6] + ;87 (3.14)

that is, V = V"), is an infinitesimal projective transformation on M,. This
completes the necessary conditions. The proof of the sufficient conditions are
easy. (Il

Now let V = V"Ej, + V" E; be a vector field on TM,,. V is a vertical vector
field if V" = 0. Thus, the vertical vector fields are a subclass of fiber preserving
vector fields.
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Theorem 3.2. Let (M,,g) be an n-dimensional Riemannian manifold and
TM, its tangent bundle with the pseudo-Riemannian metric Gy = g¢ +(fg)V,
where 0 # f € SY(M,,), and the adapted paracomplex structure ¢. A wvertical
vector field V on T M, is an IPHP transformation with the associated one form
Q on TM,, if and only if there exist D = (D") € S}(M,,), & = (¥;) € IV(M,,)
and C = (CF) € SH(M,,), satisfying

1) (Vh,Vh) = (0, D" + y°Ch + 2y°®,y"),

(1)

(2) (£2i,425) = (0,9;),

(3) V;®; =0,

(4) R?aicg - R?bicg = Mjhidslﬂ

h

(5) ViC} =0,

(6) Ry;®a =0,

(7) LDI‘Z- = VjVZ-Dh + D“Rf{ji = CSM%,
where

V= (Vh, ‘7}1) = f/hEh + VEEB,

Q= (2, %) = Qudz’ + 0y,
1
Mi};' =3 (fifsjh + 60 — gjif.h>7
fi=0if, and f":= g"'f;.
Proof. The proof is easy and obtained immidiately from Theorem 3.1. O

Corollary 3.3. Let (M,,g) be an n-dimensional Riemannian manifold and
T M, its tangent bundle with the pseudo-Riemannian metric éf =g+ (fg9)V,
where 0 # f € SY(M,), and the adapted paracomplex structure ¢. If the
vertical vector field V be a non-affine IPHP transformation on T M, then f is
a constant function.

Proof. From (4) in Theorem 3.2 one can see that M ]‘-ii@d =0 and thus

[i®; + f3®i = gjif Py (3.15)
By multiplying #'®7 in (3.15) we have
2£,0°|1@|” = ||®|* fPa. (3.16)

On the other hand from (3) in Theorem 3.2 and that V is a non-affine vector
field, one can see that |@|| # 0 is a constant function on M,,. Thus

9" =0. (3.17)
Substitute (3.17) in (3.15) we have f; =0, i.e. f is a constant function. O

Let V = V"9, be a vector field on M,,, here we obtain the necessary and
sufficient conditions that complete lift, horizontal lift and vertical lift of vector
field V' be aparaholomorphically projective vector field on (T'M,,, Gy).
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Theorem 3.4. Let (M,,g) be an n-dimensional Riemannian manifold and
TM, its tangent bundle with the pseudo-Riemannian metric Gy = g¢ +(fg)V,
where 0 # f € S9(M,,), and the adapted paracomplex structure ¢. Let V =
V"o, be a vector field on M, then VC is a paraholomorphically projective
vector field on T M, if and only if V be an affine vector field and the following
relations hold

(1) V“VQR;?M + RMN ViV + R;LbaViVa + R?M-VbV“ — R‘]?biVth =0,
(2) V“VQMJ’; + ViV“MJha +V,;VeMp — VthMj’?i =0,
where M}: := %(fi(s;‘l + fi0F — g5if"), fi:=0if, and f = g"f;.
Proof. Let V.= V"9, be a vector field on M, such that
VC =VeE, + 4"V, VE,

is a paraholomorphically projective vector field on T'M,. Then from 5, in
Theorem 3.1 and that C = V;V* one can see that Lvl";»‘i =0,1ie. Visan
affine vector field. O

Theorem 3.5. Let (M,,g) be an n-dimensional Riemannian manifold and
TM,, its tangent bundle with the pseudo-Riemannian metric Gy = ¢ +(fg)V,
where 0 # f € IY(M,), and the adapted paracomplex structure ¢. Let V =
V"o, be a vector field on M, then VH is an paraholomorphically projective
vector field on (T M, éf) if and only if V be a projective vector field and the
following relations hold

(1) V“R?aj =0,

(2) V“VGR;‘M = R;-‘biVth — RMN .V, VO — R?baViV“ — R;‘aiVbV“,

(3) V“VQMJ’.’Z. = fMJhaviva — MIV;Ve,
where

1
My = 5 (fi(s;l + 1500 - gjifih)a

Ji=0:f, and f.h = ghifzv
Proof. The proof is similar to Theorem 3.4. (|

One can easily see that if V' be a vector field on (M,, g), then the vertical
lift of V' is a paraholomorphically projective vector field on (7'M, G ¢) if and
only if V' be an affine vector field and in this case the vertical lift of V is an
affine vector field. Thus, we have the following corollary.

Corollary 3.6. Let (M,,g) be an n-dimensional Riemannian manifold and
T M, its tangent bundle with the pseudo-Riemannian metric éf =9+ (fg)V,
where 0 # f € SY(M,,), and the adapted paracomplex structure @. Then, there
exist a one-to-one correspondence between vertical lift paraholomorphically pro-
jective vector fields on (T My, G’) and affine vector fields on (M,,g).
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