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Abstract. Let (Mn, g) be a Riemannian manifold and TMn its tangent bun-

dle. In this paper, we determine the infinitesimal fiber-preserving paraholo-

morphically projective(IFPHP) transformations on TMn with respect to the

Levi-Civita connection the deformed complete lift metric G̃f = gC + (fg)V ,

where f is a nonzero differentiable function on Mn and gC and gV are the

complete lift and the vertical lift of g on TMn, respectively. Also, the infinites-

imal complete lift, horizontal and vertical lift paraholomorphically projective

transformations on (TMn, G̃f ) are studied.
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1. Introduction

LetMn be a connected n-dimensional manifold and TMn its tangent bundle.

It should be noted that, the all geometric objects, which will be considered in

this paper, are assumed to be differentiable of the class C∞. Also, the set of

all tensor fields of type (r, s) on Mn and TMn are denoted by ℑr
s(Mn) and

ℑr
s(TMn), respectively.

Let ∇ be an affine connection on Mn. If a transformation on Mn preserves

the geodesics as point sets, then it is called a projective tansformation. Also,

∗Corresponding Author

AMS 2020 Mathematics Subject Classification: 53B20, 53B21, 53C15

103



104 Mosayeb Zohrehvand

a transformation on Mn which preserves the connection is called affine trans-

formation. Therefore, an affine transformation is a projective transformation

which preserves the geodesics with the affine parameter.

A vector field V onMn with the local one-parameter group {ϕt} is called an

infinitesimal projective (resp. affine) transformation, if every ϕt is a projective

(respe. affine) transformation on Mn.

It is well known that, a vector field V is an infinitesimal projective transfor-

mation if and and only if, for every X,Y ∈ ℑ1
0(Mn), we have

(LV ∇)(X,Y ) = Ω(X)Y +Ω(Y )X,

where Ω is a 1-form on Mn and LV is the Lie derivation with respect to V .

The 1-form Ω is called the associated 1-form of V . One can see that, V is an

infinitesimal affine transformation if and only if Ω = 0. For more details see

[15].

Almost paracomplex structures on a manifold were introduced by Rasevskii

in [11]. An almost paracomplex structure on a manifold Mn is a tensor field

φ ∈ ℑ1
1(Mn), where φ

2 = Id, φ ̸= Id and the two eigenbundles T+Mn and

T−Mn corresponding to the eigenvalues ±1 of φ, have the same rank. In this

case, (Mn, φ) is called an almost paracomplex manifold. It would be noted

that, in this case, n (the dimension of Mn) is necassarily even. If the both

distributions T+Mn and T−Mn are integrable, we say that almost paracomplex

structure φ is integrable and then (Mn, φ) is called a paracomplex manifold.

For more details, see [3, 4, 12].

Let ∇ be an affine connection on an almost paracomplex manifold (Mn, φ).

An infinitesimal paraholomorphically projective(IPHP) transformation on Mn

is a vector field V on Mn such that for any X,Y ∈ ℑ1
0(Mn), we have

(LV ∇)(X,Y ) = Ω(X)Y +Ω(Y )X +Ω(φX)φY +Ω(φY )φX,

where Ω is a 1-form on Mn, which is called the associated 1-form of V [5, 9]. If

Ω = 0, it is obvious that V is an affine transformation.

Now let ϕ̃ be a transformation on TMn. If ϕ̃ preserves the fibers, then it is

called the fiber-preserving transformation. Let Ṽ be a vector field on TM and

{ϕ̃t} the local one-parameter group generated by Ṽ . If for every t, ϕ̃t be a fiber-

preserving transformation, then Ṽ is called an infinitesimal fiber-preserving

transformation. Infinitesimal fiber-preserving transformations form a rich class

of infinitesimal transformations on TMn which include infinitesimal complete

lift, horizontal lift and vertical lift transformations as special subclasses. For

more details, see [14].

From a Riemannian metric g on Mn, several metric can be defined on TMn

such as follows:

(1) the Sasaki metric gS ,

(2) the complete lift metric gC ,
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(3) the vertical lift metric gV ,

and etc, see [10, 13, 16]. It would be mentioned that gS is a Riemannian metric,

gC is a pseudo-Riemannian metric and gV is a degenerate form on TMn.

In [8], a class of pseudo-Riemannian metrics on TMn, is considered which

is of the form G̃f = gC + (fg)V , where f is a nonzero differentiable function

on Mn. This is called the deformed complete lift metric. This new class of

metrics is very interesting because for f = 0, the metric G̃ is the complete lift

metric gC , thus this is a generalization of the complete lift metric gC . Also the

deformed complete lift metric is not a subclass of g-natural metrics, in fact G̃f

is a g-natural metric if and only if f is constant. For g-natural metrics, one

can see [1, 2] . On the other hand G̃f is a subclass of the synectic lift metric

of g, which is defined in [7] and is of the form

G̃ = gC + aV ,

where a ∈ ℑ0
2(Mn) is a symmetric tensor field.

Infinitesimal paraholomorphically projective transformations on the tangent

bundle of a Riemannian manifold (Mn, g) with respect to the Levi-Civita con-

nection of Sasaki metric gS are determined in [6]. Moreover, it is proved that if

(TMn, g
S) admits a non-affine paraholomorphically projective transformation,

then Mn and TMn are locally flat.

The aim of this paper is to study of the infinitesimal fiber-preserving para-

holomorphically projective(IFPHP) transformations on TMn with respect to

the Levi-Civita connection of the pseudo-Riemannian metric

G̃f = gC + (fg)V ,

where f is a nonzero differentiable function on Mn. Firstly, we obtained the

necessary and sufficient conditions that under which an infinitesimal fiber-

preserving transformation on (TMn, G̃f ) to be paraholomorphically projective.

Then, as special cases, the infinitesimal complete lift, horizontal lift and vertical

lift paraholomorphically projective transformations on (TMn, G̃f ) are studied.

2. Preliminaries

Here, we give some of the basic and necessary definitions and theorems on

Mn and TMn, which are needed later. For more details see [16, 17]. Through-

out this paper, indices a, b, c, i, j, k, . . . have range in {1, . . . , n}.
Let Mn be a manifold and covered by coordinate systems (U, xi), where xi

are the coordinate functions on the coordinate neighborhood U . The tangent

bundle of Mn is defined by TMn :=
∪

x∈M Tx(Mn), where Tx(Mn) is the tan-

gent space of Mn at a point x. The elements of TMn are denoted by (x, y)

where y ∈ Tx(Mn) and the natural projection π : TMn → Mn, is given by

π(x, y) := x.
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Let ∇ be the Levi-Civita connection of a Riemannian manifold (Mn, g) and

its coefficients with respect to frame field {∂i := ∂
∂xi } are denoted by Γh

ji i.e.,

∇∂j
∂i = Γh

ji∂h.

Using the Levi-Civita Connection ∇, we can define the local frame field

{Ei, Eī} on each induced coordinate neighborhood π−1(U) of TMn, as follow

Ei := ∂i − ybΓh
bi∂h̄, Eī := ∂ī,

where ∂ī := ∂
∂yi . This frame field is called the adapted frame on TMn. By

define δyh := dyh + ybΓh
abdx

a, one can see that {dxh, δyh}, is the dual frame

of {Ei, Eī}. The following lemma can be proved by the straightforwald calcu-

lations.

Lemma 2.1. The Lie brackets of the adapted frame {Ei, Eī} satisfy the fol-

lowing identities:

1. [Ej , Ei] = ybRa
ijbEā,

2. [Ej , Eī] = Γa
jiEā,

3. [Ej̄ , Ej̄ ] = 0,

where Ra
ijb are the coefficients of the Riemannian curvature tensor of

∇.

LetX be a vector field onMn and expressed byX = Xi∂i on local coordinate

(U, xi). We can define vector fields horizontal lift XH , vertical lift XV and

complete lift XC of X on TMn as follows

XH := XiEi,

XV := XiEī,

XC = XiEi + ya∇aX
iEī,

where ∇a := ∇∂a .

A rich class of infinitesimal transformations on TMn is the infinitesimal fiber-

preserving transformations, where include horizontal lift, vertical lift, complete

lift and vertical vector fields. The following lemma determine the infinitesimal

fiber-preserving transformations which is proven in [14].

Lemma 2.2. Let Ṽ = Ṽ iEi + Ṽ īEī be a vector field on TMn. Then Ṽ is an

infinitesimal fiber-preserving transformation if and only if Ṽ i are functions on

Mn.

Using Lemma 2.2, one can assume that Ṽ i := V i(x). Therefore, every fiber-

preserving vector field Ṽ on TMn induces a vector field

V = V i∂i

on Mn. By a simple calculation the following lemma can be proved.
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Lemma 2.3. Let Ṽ = V hEh+Ṽ
h̄Eh̄ be a fiber-preserving vector field on TMm.

Then

1. [Ṽ , Ei] = −(∂iV
a)Ea + (V cybRa

icb − Ṽ b̄Γa
bi − EiṼ

ā)Eā,

2. [Ṽ , Eī] = (V bΓa
bi − EīṼ

ā)Eā.

Using the adapted frame {Eh, Eh̄}, we can define a tensor field φ̃ ∈ ℑ1
1(TMn),

as follow

φ̃(Eh) = Eh, φ̃(Eh̄) = −Eh̄.

We see that φ̃ ̸= Id and φ̃2 = Id. Thus φ̃ is a paracomplex structure on

TMn which is called adapted paracomplex structure. It is well known that φ̃

is integrable if and only if Mn is locally flat.

For a Riemannian metric g on a manifold Mn, the Sasaki metric gS , the

complete lift gC and the vertical lift gV of g are defined as follows, respectively:

gS(XH , Y H) = g(X,Y ),

gS(XH , Y V ) = 0, (2.1)

gS(XV , Y V ) = g(X,Y ),

gC(XH , Y H) = 0,

gC(XH , Y V ) = g(X,Y ), (2.2)

gC(XV , Y V ) = 0,

gV (XH , Y H) = g(X,Y ),

gV (XH , Y V ) = 0, (2.3)

gV (XV , Y V ) = 0,

for every X,Y ∈ ℑ1
0(Mn). It would be noted that gS is a Riemannian metric,

gC is a pseudo-Riemannian metric and gV is a degenerate quadratic form. For

more details, see [16].

In [8], a new class of metrics on TMn was introduced which is a generalization

of the complete lift metric gC and is of the form G̃f = gC + (fg)V , where f

is a nonzero differentiable function on Mn. It is called the deformed complete

lift metric. It is easy to see that the deformed complete lift metric is a pseudo-

Riemannian metric and it is defined by

G̃f (X
H , Y H) = fg(X,Y ),

G̃f (X
H , Y V ) = g(X,Y ), (2.4)

G̃f (X
V , Y V ) = 0,

for any X,Y ∈ ℑ1
0(Mn).
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The coefficients of the Levi-Civita connection ∇̃, of the pseudo Riemannian

metric G̃f , with respect to the adapted frame field {Ei, Eī} are computed in

[8]. In fact, the following lemma is proved.

Lemma 2.4. Let ∇̃ be the Levi-Civita connection of the deformed complete lift

metric G̃f = gC + (fg)V , where f is a nonzero differentiable function on Mn,

then we have

∇̃EjEi = Γh
jiEh + yk

{
Rh

kji +
1
2 (fiδ

h
j + fjδ

h
i − gjif

h
. )

}
Eh̄,

∇̃EjEī = Γh
jiEh̄,

∇̃Ej̄
Ei = 0,

∇̃Ej̄
Eī = 0.

where Γh
ji and R

h
kji are the coefficients of the Levi-Civita connection ∇ and the

Riemannian curvature of g := (gji), respectively and fi := ∂if , f
h
. := ghifi

3. Main Results

Now, we study the infinitesimal fiber-preserving paraholomorphically projec-

tive(IFPHP) transformations on (TMn, G̃f ) with the adapted almost complex

structure φ̃.

Theorem 3.1. Let (Mn, g) be an n-dimensional Riemannian manifold and

TMn its tangent bundle with the pseudo-Riemannian metric G̃f = gC +(fg)V ,

where 0 ̸= f ∈ ℑ0
0(Mn), and the adapted paracomplex structure φ̃. Then Ṽ is an

IFPHP transformation with the associated one form Ω̃ on TMn if and only if

there exist ψ ∈ ℑ0
0(Mn), V = (V h), D = (Dh) ∈ ℑ1

0(Mn), Φ = (Φi) ∈ ℑ0
1(Mn)

and C = (Ch
i ) ∈ ℑ1

1(Mn), satisfying

(1) (Ṽ h, Ṽ h̄) = (V h, Dh + yaCh
a + 2yaΦay

h),

(2) (Ω̃i, Ω̃ī) = ( 12Ψi, Φi),

(3) ∇iΦj = 0, ∂iψ = Ψi,

(4) Md
jiΦdδ

h
b +Mh

jiΦb = V a∇aR
h
jbi + Rh

abi∇jV
a + Rh

jba∇iV
a + Rh

jaiC
a
b −

Ra
jbiC

h
a ,

(5) ∇iC
h
j = V aRh

iaj ,

(6) Ra
bjiΦa = 0,

(7) LV Γ
h
ji = ∇j∇iV

h + V aRh
aji = Ψiδ

h
j + Ψjδ

h
i ,

(8) LDΓh
ji = ∇j∇iD

h +DaRh
aji = −V a∇aM

h
ji −∇iV

aMh
ja −∇jV

aMh
ia +

Ch
aM

a
ji,

where

Ṽ := (Ṽ h, Ṽ h̄) = Ṽ hEh + Ṽ h̄Eh̄,

Ω̃ := (Ω̃i, Ω̃ī) = Ω̃idx
i + Ω̃īδy

i,

Mh
ij :=

1

2
(fiδ

h
j + fjδ

h
i − gjif

h
. )

fi := ∂if and fh. := ghifi.
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Proof. Firstly, we prove the necessary conditions. Let

Ṽ = V hEh + Ṽ h̄Eh̄

be an IFPHP transformation on TMn with respect to the Levi-Civita connec-

tion of the pseudo-Riemannian metric G̃f and

Ω̃ = Ω̃hdx
h + Ω̃h̄δy

h

its the associated one form. Thus for any X̃, Ỹ ∈ ℑ1
0(TMn), we have

(LṼ ∇̃)(X̃, Ỹ ) = Ω̃(X̃)Ỹ + Ω̃(Ỹ )X̃ + Ω̃(φ̃X̃)φ̃Ỹ + Ω̃(φ̃Ỹ )φ̃X̃. (3.1)

From

(LṼ ∇̃)(Ej̄ , Eī) = 2Ω̃j̄Eī + 2Ω̃īEj̄ ,

we have

∂j̄∂īṼ
h̄ = Ω̃j̄δ

h
i + Ω̃īδ

h
j . (3.2)

Form (3.2) we obtain that, there exist Φ = (Φi) ∈ ℑ0
1(M), D = (Dh) ∈ ℑ1

0(M)

and C = (Ch
i ) ∈ ℑ1

1(M) which are satisfied

Ω̃ī = Φi, (3.3)

and

Ṽ h̄ = Dh + yaCh
a + 2yhyaΦa. (3.4)

From

(LṼ ∇̃)(Ej̄ , Ei) = 0,

and (3.4) we have

0 =
{
(∇iC

h
j + V aRh

aij) + yb
(
∇iΦjδ

h
b +∇iΦbδ

h
j

)}
Eh̄ (3.5)

Comparing the both sides of the equation (3.5), we obtain

∇iC
h
j = V aRh

iaj , (3.6)

∂iC
a
a = 0, ∇iΦj = 0, . (3.7)

Lastly from

(LṼ ∇̃)(Ej , Ei) = 2Ω̃jEi + 2Ω̃iEj ,
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and (3.6) and (3.7) we obtain that

2Ω̃jEi + 2Ω̃iEj =
{
∇j∇iV

h + V aRh
aji

}
Eh +

{
∇j∇iD

h +DaRh
aji

+
1

2

(
V a∇a(fjδ

h
i + fiδ

h
j − gjif

h
. ) +∇iV

a(fjδ
h
a + faδ

h
j − gjaf

h
. )

+∇jV
a(fiδ

h
a + faδ

h
i − giaf

h
. )− Ch

a (fiδ
a
j + fjδ

a
i − gjif

a
. )
)

+ yb
(
V a∇aR

h
jbi +Rh

abi∇jV
a +Rh

jba∇iV
a +Rh

jaiC
a
b −Ra

jbiC
h
a

− 1

2

(
(fjδ

d
i + fiδ

d
j − gjif

d
. )Φdδ

h
b + (fjδ

h
i + fiδ

h
j − gjif

h
. )Φb

))
− 2yayhRd

ajiΦd

}
Eh̄. (3.8)

From which we have

LV Γ
h
ji = ∇j∇iV

h + V aRh
aji = 2Ω̃jδ

h
i + 2Ω̃iδ

h
j , (3.9)

LDΓh
ji = ∇j∇iD

h +DaRh
aji =− V a∇aM

h
ji −∇iV

aMh
ja

−∇jV
aMh

ia + Ch
aM

a
ji, (3.10)

Md
jiΦdδ

h
b +Mh

jiΦb =V
a∇aR

h
jbi +Rh

abi∇jV
a +Rh

jba∇iV
a

+Rh
jaiC

a
b −Ra

jbiC
h
a , (3.11)

where

Mh
ij :=

1

2

(
fiδ

h
j + fjδ

h
i − gjif

h
.

)
and

Rd
ajiΦd = 0. (3.12)

From (3.9), one can see that

Ω̃i =
1

2
Ψi =

1

2
∂iψ, (3.13)

where

ψ :=
1

n+ 1
∇aV

a.

Thus we have

LV Γ
h
ji = Ψjδ

h
i + Ψiδ

h
j , (3.14)

that is, V = V h∂h is an infinitesimal projective transformation on Mn. This

completes the necessary conditions. The proof of the sufficient conditions are

easy. □

Now let Ṽ = Ṽ hEh+ Ṽ
h̄Eh̄ be a vector field on TMn. Ṽ is a vertical vector

field if Ṽ h = 0. Thus, the vertical vector fields are a subclass of fiber preserving

vector fields.
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Theorem 3.2. Let (Mn, g) be an n-dimensional Riemannian manifold and

TMn its tangent bundle with the pseudo-Riemannian metric G̃f = gC +(fg)V ,

where 0 ̸= f ∈ ℑ0
0(Mn), and the adapted paracomplex structure φ̃. A vertical

vector field Ṽ on TMn is an IPHP transformation with the associated one form

Ω̃ on TMn if and only if there exist D = (Dh) ∈ ℑ1
0(Mn), Φ = (Φi) ∈ ℑ0

1(Mn)

and C = (Ch
i ) ∈ ℑ1

1(Mn), satisfying

(1) (Ṽ h, Ṽ h̄) = (0, Dh + yaCh
a + 2yaΦay

h),

(2) (Ω̃i, Ω̃ī) = (0, Φi),

(3) ∇iΦj = 0,

(4) Rh
jaiC

a
b −Ra

jbiC
h
a =Mh

jiΦb,

(5) ∇iC
h
j = 0,

(6) Ra
bjiΦa = 0,

(7) LDΓh
ji = ∇j∇iD

h +DaRh
aji = Ch

aM
a
ji,

where

Ṽ = (Ṽ h, Ṽ h̄) = Ṽ hEh + Ṽ h̄Eh̄,

Ω̃ = (Ω̃i, Ω̃ī) = Ω̃idx
i + Ω̃īδy

i,

Mh
ij :=

1

2

(
fiδ

h
j + fjδ

h
i − gjif

h
.

)
,

fi := ∂if , and f
h
. := ghifi.

Proof. The proof is easy and obtained immidiately from Theorem 3.1. □

Corollary 3.3. Let (Mn, g) be an n-dimensional Riemannian manifold and

TMn its tangent bundle with the pseudo-Riemannian metric G̃f = gC +(fg)V ,

where 0 ̸= f ∈ ℑ0
0(Mn), and the adapted paracomplex structure φ̃. If the

vertical vector field Ṽ be a non-affine IPHP transformation on TMn, then f is

a constant function.

Proof. From (4) in Theorem 3.2 one can see that Md
jiΦd = 0 and thus

fiΦj + fjΦi = gjif
d
. Φd. (3.15)

By multiplying ΦiΦj in (3.15) we have

2fiΦ
i∥Φ∥2 = ∥Φ∥2fd. Φd. (3.16)

On the other hand from (3) in Theorem 3.2 and that Ṽ is a non-affine vector

field, one can see that ∥Φ∥ ̸= 0 is a constant function on Mn. Thus

fiΦ
i = 0. (3.17)

Substitute (3.17) in (3.15) we have fi = 0, i.e. f is a constant function. □

Let V = V h∂h be a vector field on Mn, here we obtain the necessary and

sufficient conditions that complete lift, horizontal lift and vertical lift of vector

field V be aparaholomorphically projective vector field on (TMn, G̃f ).
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Theorem 3.4. Let (Mn, g) be an n-dimensional Riemannian manifold and

TMn its tangent bundle with the pseudo-Riemannian metric G̃f = gC +(fg)V ,

where 0 ̸= f ∈ ℑ0
0(Mn), and the adapted paracomplex structure φ̃. Let V =

V h∂h be a vector field on Mn, then V C is a paraholomorphically projective

vector field on TMn if and only if V be an affine vector field and the following

relations hold

(1) V a∇aR
h
jbi +Rh

abi∇jV
a +Rh

jba∇iV
a +Rh

jai∇bV
a −Ra

jbi∇aV
h = 0,

(2) V a∇aM
h
ji +∇iV

aMh
ja +∇jV

aMh
ia −∇aV

hMa
ji = 0,

where Mh
ij :=

1
2 (fiδ

h
j + fjδ

h
i − gjif

h
. ), fi := ∂if , and f

h
. := ghifi.

Proof. Let V = V h∂h be a vector field on Mn such that

V C = V aEa + yb∇bV
aEā

is a paraholomorphically projective vector field on TMn. Then from 5, in

Theorem 3.1 and that Ca
i = ∇iV

a one can see that LV Γ
h
ji = 0, i.e. V is an

affine vector field. □

Theorem 3.5. Let (Mn, g) be an n-dimensional Riemannian manifold and

TMn its tangent bundle with the pseudo-Riemannian metric G̃f = gC +(fg)V ,

where 0 ̸= f ∈ ℑ0
0(Mn), and the adapted paracomplex structure φ̃. Let V =

V h∂h be a vector field on Mn, then V H is an paraholomorphically projective

vector field on (TMn, G̃f ) if and only if V be a projective vector field and the

following relations hold

(1) V aRh
iaj = 0,

(2) V a∇aR
h
jbi = Ra

jbi∇aV
h −Rh

abi∇jV
a −Rh

jba∇iV
a −Rh

jai∇bV
a,

(3) V a∇aM
h
ji = −Mh

ja∇iV
a −Mh

ia∇jV
a,

where

Mh
ij :=

1

2

(
fiδ

h
j + fjδ

h
i − gjif

h
.

)
,

fi := ∂if , and f
h
. := ghifi.

Proof. The proof is similar to Theorem 3.4. □

One can easily see that if V be a vector field on (Mn, g), then the vertical

lift of V is a paraholomorphically projective vector field on (TMn, G̃f ) if and

only if V be an affine vector field and in this case the vertical lift of V is an

affine vector field. Thus, we have the following corollary.

Corollary 3.6. Let (Mn, g) be an n-dimensional Riemannian manifold and

TMn its tangent bundle with the pseudo-Riemannian metric G̃f = gC +(fg)V ,

where 0 ̸= f ∈ ℑ0
0(Mn), and the adapted paracomplex structure φ̃. Then, there

exist a one-to-one correspondence between vertical lift paraholomorphically pro-

jective vector fields on (TMn, G̃) and affine vector fields on (Mn, g).
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