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Abstract. In this paper, we study a class of Finsler metrics called general
spherically symmetric Finsler metrics which are defined by the Euclidean met-
ric and related 1-forms. For a class of the metrics in R™, we prove that it is
projectively flat if and only if it is of scalar flag curvature.
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1. INTRODUCTION

Let F' = F(x,y) be a Finsler metric on an n-dimensional manifold M. The
geodesic curves of F' are given by the system of second order ordinary differen-
tial equations

&+ 2G (¢, ¢) = 0,
where the local functions G* = G*(z,y) are called the geodesic coefficients of
F and are defined by

G' = Zg l{[FQ]zkylyk - [Fz]wl}v

where g%/ is the inverse of the fundamental tensor g;; := [$F?],i,s.

For any € M and y € T, M \ {0}, the Riemann curvature R, = Rik% ®
dz® is defined by
; oG! ?Gt . - 9*G! 0G* 0GI
le:Qik_ikyj—’_ -7_7]6_7_7]6'

or 0xI Jy Oyidy yd Ay
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In Finsler geometry, one of the most important problems is to classify Finsler
metrics of scalar flag curvature. The flag curvature of (M, F) is the function
K = K(z,y, P) of a two-dimensional plane called flag P C T, M and a flag
pole y € P\ {0} defined by

9y (Ry (u), u)
9(4,9)9 (ww) = [g,(w. )]
where P = span{y,u}. When F is a Riemannian metric, K(z,y, P) = K(z, P)
is independent of the flagpole y and is just the sectional curvature. A Finsler
metric F is said to be of scalar flag curvature if the flag curvature is independent
of the flag P. In this case, K = K(z,y). Every Finsler surfaces is of scalar flag
curvature. Also, F' is said to be of constant flag curvature if K(z,y, P) is a
constant. Many Finslerian geometers have made effort to study Finsler metrics
of constant (or scalar) curvature, see [1, 3, 7, 8, 13, 14, 19, 21].

The regular case of the Hilbert’s Fourth problem relates to classify the pro-
jective Finsler metric in R™, [17]. A Finsler metric on an open subset & C R"
is said to be projectively flat if all geodesics are straight in /. It is known that
every locally projectively flat Finsler metric is of scalar flag curvature. But the
converse does not hold in general. In fact, there are Finsler metrics of constant

K(:c,y,P) =

flag curvature or scalar flag curvature, which are not locally projectively flat
[1]. Therefore, it is a natural problem to characterize or classify Finsler metrics
of scalar (resp. constant) flag curvature. This problem is far from being solved
for general Finsler metrics.

In [23], L. Zhou starts the study of Finsler spherically symmetric metrics of

the form
Flap) = oo (I, <72

in higher dimensions. They are a special class of general (o, )-metrics. Re-
cently, some progress has been made on spherically symmetric metrics, [11, 16,
18, 24]. In [9], L. Huang and X. Mo obtained an equation that characterizes
spherically symmetric Finsler metrics of scalar flag curvature. For a class of
these metrics, H. Zhu has proved that it is of scalar flag curvature if and only if
it is locally projectively. Moreover, they established a class of new non-trivial
examples, [22]. In this work, we study this problem for a rich class of Finsler
metrics called general spherically symmetric Finsler metrics, which was first
introduced by B. Li and W. Liu in [12]. For this aim, let us put

<z,y>
L (1.1)
|yl

la| < 1, (1.2)

r=lyl, u=|zf

<a,y>
v=<a,r >, t:T,
Y

where z € R", y € T,R", a = a;3’ is a constant 1—form, <, > is the standard
inner product of R™. Then a general spherically symmetric Finsler metric can
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be written as follows
F = T¢(u, s’v’t)7

where ¢ is a C'*° function. They include many important Finsler metrics such
as spherically symmetric metrics. In [12], W. Liu and B. Li have classified
projectively flat general spherically symmetric Finsler metrics. After that,
Wang et al. gave the equivalent conditions for these metrics to be locally
dually flat. Then by solving the equivalent equations, a group of new locally
dually flat Finsler metrics was constructed [20]. The classification of general
spherically symmetric Finsler metrics with vanishing Douglas curvature has
been completed in [15]. Recently, Cai-Qiu-Wang have studied projectively flat
general spherically symmetric Finsler metrics with constant flag curvature, [4].
Very recently, M. Gabrani, B. rezaei and E. S. Sevim gave the PDE of such
metrics to be Einstein [6].
We prove the following main result:

Theorem 1.1. Let F = r¢(u, s,v,t) be a general spherically symmetric Finsler
metric on an open subset U C R™ (n > 3). Assume that Q = Q(u,s,v,t) and
R = R(u,s,v,t) are polynomial functions in s and t, respectively, defined by
(3.1). Then F is of scalar flag curvature if and only if it is locally projectively
flat.

When a = 0 then (1.1) becomes a spherically symmetric F' = r¢(u, s). Its
geodesic coefficients are given by

G' = rPy" +r?Qua".
See [9, 23]. Then the following corollary is obvious by Theorem 1.1.

Corollary 1.2. [22] Let F = r¢(u, s) be a spherically symmetric Finsler metric
on B™(0) C R™(n > 2). Assume that Q = Q(u, s) is a polynomial in s. Then
it is of scalar flag curvature if and only if it is locally projectively flat.

H. Zhu has constructed a class of non-trivial examples satisfying Corollary
1.2, [22].

2. PRELIMINARIES

A Finsler metric F' on an n-dimensional manifold M is a C'**° function on
TM \ {0} which the restriction F, := Fjy, ps is a Minkowskian norm on T, M
for any x € M. A global vector field G is induced by F on T My, which in a
standard coordinate system (z°,y%) for T My is given by

) o
Oxt oyt’

G=y' —2G"(,y) (2.1)
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and then
-1 0% O(F?)
G' = <g" b , y€TM,
47 | dxkdy! Y ox! Y
where (¢™) is the inverse of the fundamental tensor g;; := [ F?] .. According

to [15], the spray coefficients of general spherically symmetric Finsler metrics
are given by
G' = rPy +r?Qx' +r’Ra’, (2.2)
where P = P(u,s,v,t),Q = Q(u, s,v,t) and R = R(u, s, v,t) listed in Appen-
dix section, [15]. _
The Riemannian curvature R, = R/ % ® dx*, is defined by
; 0G7 0?GY G 0GT oG™
Rl =2— — ———¢y™ +2G™ - — —,
oxt  Jx™oy’ oymoyt  Jy™ Oy’

and the Ricci curvature is the trace of Riemann curvature, which is defined by

Ric=R;,.
F' is of scalar flag curvature with flag curvature K if
RJ’L = KFQ.gjkhki7
where hki = FFykyi.

Recall that the Riemannian curvature and Ricci curvature of a general spher-
ically symmetric Finsler metric as follows [6]:

Proposition 2.1. [6] Let F = r¢(u, s,v,t) be a general spherically symmetric
Finsler metric on an open subsetid C R™ (n > 3). Then the Riemann curvature
of F' is given by

R, = Ri(r’¢'; —y'y)) + rRa(ra’ — sy’ )2’ + rRs(rd’ — ty’)a’
+Ry(r2? — sy?)y' + Rs(ra’ — ty?)y' + rRe(ra? — sy?)a’
+rRe(ra? — ty’)a’, (2.3)
where
Ry = —2Qs*P, —2QstP; +2Ra*P; — 2 RstP, — 2 Rt*P, + 2 PQs + 2 PRt
+2QuP, +2QuP; + 2 RvP, + P> —2sP, —tP, +2Q — P,,  (2.4)
Ry = —2Q5°Qs —2QstQys + 2 Ra*Qys — 2 RstQs — 2 R1* Qs — a” QR

+5°Q2 + stQsQr + stQs Ry + Qi Ry — 2QsQs — 2QtQ¢ — 2QtRs
+2QuQss + 2 QuQys + 2 RIQ, + 2 RuQs — uQ: — vQQy — vQ Ry
F4Q% = 25Qus — 1Qus — Qss + 4 Qu, (2.5)
Ry = —2Q5°Qs —2QstQu +2Ra’Qu — 2 RstQy — 2 Rt*Qy — a” Q¢ Ry
+5%Qs Q¢ + stQ Ry + stQ;” + PQu Ry — 2 QtR; + 2 QuQ + 2 QuQy
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—2RsQs +2RvQy — uQsQy — vQ Ry — vQy* +4QR — 25Q
—tQut — Qst +2Qu, (2.6)
Ry, = —2Qs*P,; —2QstPy, + 2 Ra*P,; — 2 RstP,, — 2 Rt>P,, — a*>P, R,
+52P,Q, + stPsRy + stP,Qs + t* PR, — PsQ, — PtR, — 2 QsP,
—2QtP, + 2QuPys +2QuPss + 2 RuPyy — uPsQs — vP,Ry — vP,Q,
+2PQ — PP, —25sP,, —tPy; — Pyy + 4 P, — Qs, (2.7)
Ry = —2Qs*Py —2QstPy + 2 Ra’*P,, — 2 RstPy, — 2 Rt*P,, — a®P,R,
+5?P,Q; + stP;Ry + stP,Q; + t>?P,R; — PsQ; — PtR; + 2 QuPy,
+2QuPy —2RsP; —2RtP; + 2 RuPy; — uPsQy — vPs Ry — vPQy
+2PR — PP, —25P,; —tPy — Py + 2P, — Q4, (2.8)
Rs = —2Qs’Rs —2QstRs; +2Ra’Rys — 2 RstR,, — 2 Rt*Rys — a’R, R,
+52QsRs + stQ. Ry + stR2 + 2R Ry — 2QtR; + 2 QuRss + 2 QuRy,
—2RsQ, +2RvRss — uQsRs — vQsRy — vRs2 +4QR — 2 sRys
—tRys — Ry + 4 Ry, (2.9)
R; = —(2Qs’Ry +2QstRy —2Ra’Ry +2 RstRy + 2 Rt°Ry + a®R,”
—52QiR, — stQ Ry — stR,R; — t>R,> — 2QsR; — 2QuRy — 2 QuRy,
+2RsQ; +2RsRs + 2 RtR; — 2 RuRgy + uQiRs + vQ Ry + 05 Ry
—4R*+25Ry +tRy + Ry —2R,). (2.10)

We can easily obtain the Ricci curvature Ric = R}, :
Ric = R,
where
R:=(n—-1R;+ (u—s*)Ry + (v —ts)R3 + (v — ts)Rg + (a® — t*)Ry.

Let

o3 .1 oaGm
Djka - 5'yj6yk8yl( 41 aym 4 )

.0 )

D= D;’MW ®dz! @ dz* @ dz* is a tensor on TM \ {0} which is called Douglas
x

tensor. A Finsler metric is called Douglas metric if the Douglas tensor vanishes.

In [15], B. Rezaei and M. Gabrani proved the following lemma.

Lemma 2.2. [15] Let F = r¢(u, s,v,t) be a Finsler metric on an open subset
U CR" (n>3). Then F has vanishing Douglas curvature if and only if the
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following hold
Qs - SQSS - tht = 07
Qr —tQ — sQst = 0,
sts = stt = Qstt = Qttt = 07
(2.11)
Rs—sRss —tRs =0,

Rt — tht — SRst = 0,

Rsss = Rsst = Rstt = Rttt =0.

Let us put
A= By =
then the (projective ) Weyl curvature W, = W7 2 ® da’ is defined by
Wi— A 1047

J T 41 ayk v
By definition, the Weyl tensor satisfies following

W, (y) =0, trace(W,) = 0.
Thus

F is called a Weyl metric if W = 0. Note that according to Matsumoto’s result,
a Finsler metric is of scalar flag curvature if and only if the Weyl (projective)
curvature vanishes.

For a general spherically symmetric Finsler metric, M. Gabrani, B. Rezaei
and E. S. Sevim proved the following lemma:

Lemma 2.3. [6] Let F' = r¢(u,s,v,t) be a general spherically symmetric
Finsler metric on an open subset U C R™ (n > 3). Then F is of scalar flag
curvature with the flag curvature k = k(z,y) if and only if ¢ satisfies

Ry = Rs = Rg = Ry = 0, (2.12)
where Ry, R3, Rg and Ry are given in (2.5), (2.6), (2.9) and (2.10), respectively.

In this case

Ry
= ?7

K

where Ry is given in (2.4).
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3. GENERAL SPHERICALLY SYMMETRIC WEYL METRICS

In this section, we are going to prove Theorem 1.1. Firstly, we give the
following result:

Proposition 3.1. Let F = r¢(u,s,v,t) be a general spherically symmet-
ric Finsler metric on an open subset U C R™ (n > 3). Assume that Q =
Q(u, s,v,t) and R = R(u, s,v,t) are polynomial functions of degree k with re-
spect to s and t, respectively, defined by
Q(u, 8,v) = co(u,v) + c1(u,v)s + ... + cx(u,v)sk,
(3.1)
R(u,v,t) = do(u,v) + dy (u,v)t + ... + dp.(u, v)tk.

If F is of scalar flag curvature, then
Q(u, s,v) = co(u,v) + c2(u, v)s>
and
R(u,v,t) = do(u,v) + do(u,v)t?,
where ¢y, co,dy and do satisfy
2 dycot?v + 2dgcav — %Cgst + 2 ¢coeou + 20(2) + 2 5%00 —cy =0,
%0232 — 2¢95datv — 2 codat® + 2 ¢ (do + d2t2) + Ly = 0,

v

%dgtz — co8datv — 0282do + (Co + 6282) do + %do =0,

-2 gdzts —+ 2d0d2(12 + 2 (CO =+ 0282) dQ’U + 2 d(2) —+ %do =0.

u
Proof. Assume that
k

k
Q= Zci(u,v)si and R = Zdi(u, V)t
i=0 i=0
We shall prove prove the proposition by induction on k. In particular, we will
verify it for £k =0,1,2, 3.
Since F is of scalar flag curvature, we have

Ry =R3=Rg=R; =0, (3.3)
by Lemma 2.3.

(i) k=0
Q = ¢o(u,v), and R = dp(u,v). (3.4)
Putting (3.4) into (3.3) yields

0
0(2) + %CO = Oa (35)
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0
2 cody + %CO =0, (36)
cod, -l-gd =0 (3.7)
(O] 6U 0o—Y .
0
2d2 4+ —dy = 0. .
0t 5,4 0 (3-8)

Thus, the conclusion is clearly true.

(i) k=1:
Q = co(u,v) + c1(u,v)s, R=dy(u,v)+ dy(u,v)t. (3.9)
Plug (3.9) into (3.3), we obtain

0 0
36%82 + (6 coc1 + 2 —cl)s +2die1t? + 2dgest — cfu — —cyt
ou ov

9
+4ci+4—co=0, (3.10)

ou
0
[ —cdit+2c (d() + dlt) +2 FCI} s — 2codit — c1div
v
0
+4 Co (d() + dlt) + 2 %CO = O7 (311)
|: - 01d15 + 2 (CO + 815) dl + 4 aﬁdl}t - 261d08 - Cldl’U
u

+4 (Co + 018) do + 4 %do =0, (3.12)

9
3dit? + (6dody + 5,0t = dia® +2 (co+ c18) dis +4d]
o)

0
2 5dis +2 5dy = 0. (3.13)

By (3.10) and (3.13), we obtain ¢; = 0 and d; = 0, respectively. Then
the case (i) reduces to the case (i).

(iii) k = 2:

Q = co(u,v) + c1(u,v)s + ca(u,v)s?,

R = do(u,v) + dy (u, v)t + da(u, v)t2.

Plugging the above assumptions into (3.3), we get

0 0
2¢1098° + 3 c?s2 + | -2 %Cgt + 6¢cpcr + 2 %cl} s+ 2dyert® + 4 dycot®v

0
+2dyc1t? + 4 dyesto + 2 docit + 4 dgeav + 4 cocau — C%u — 8—0115
v
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0
+4c(2)—|—4%co —2¢y =0, (3.14)
0
2 %cQSQ + | =1 (di + 2dat) t + 2 ¢ (do + dat + dat?)

7202 (dl +2d2t)1}+28801‘|8260 (dl +2d2t)t761 (dl +2d2t)’0
v

0
+4co (do + dit + dat?) + 2 5,60 =0, (3.15)
(

4 ngﬂ +

5 —(c14+2¢28)dis+2 (co +c18+ 0252) dy —2 (e1 +2c¢28) dav

0

+4 a—dl t—2 (c1+2ce8)dos — (c1 +2c98) div + 4 (co +c15+ 0232) do
u

o
+45-dg =0, (3.16)

2dydot® + 3d3t* + (6 dody — 4 ﬁdzs + gdl)t + 4 dydga® — dia*

ou Ov
42 (c0+015+0252) dis+4 (c0+01s+0252) d2v+4d(2)—2(%d1s
0
2 — = (. 1
+ 8vd0 0 (3.17)

By (3.14) and (3.17), we have
cgt=0 and d; =0,

respectively. Plug ¢; = 0 and d; = 0 into (3.14)-(3.17), then (3.2)
holds.

(iv) k=3:

Q = co(u,v) + c1(u, v)s + e2(u,v)s? + e3(u, v) s,
(3.18)
R = do(u,v) + dy (u, v)t + do(u, v)t? + dz(u, v)t3.

Putting (3.18) into (3.3) yields
-5 cgs6 — 6cocys® + (3 cgu - 60103)34 + (4 cocsu — 10 coes + 2 c¢1co

1o}
-2 8—03) s34+ ( — 6dsest — 6dacst® — 6dyest® — 6dycst + 6c1c3u
U

0
-3 8—0315 +3 c%)sz + (12 dsest®v + 12 dyest®v + 12 dyesto
v
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0 0
+12d,c3v + 12 cocsu — 2 8—0215 + 6cper + 2 8—01 -6 03>s + 2dsc t
v U

+4 d362t31} + 2 d2€1t3 + 4 d202t2’l) +2 d161t2 + 4 dlcgt'l} + 2 doclt
0 0
+4d,cov + 4 coeau — c?u — %clt + 403 +4 %co —2c¢y=0,(3.19)

0
[cg (di + 2dat + 3dst®) t — 2¢3 (dy + dit + dot® + dst®) +2 %cg} $3

0
+{—363 <d1+2d2t+3d3t2)’0+2%02:|82+ |:—Cl(d1+2d2t

+3 dgtz)t +2c (do + dqit + d2t2 + d3t3) —2cy (dl + 2dst + 3d3t2) v

)
+28—01}s—200 (di 4+ 2dot + 3dst?®) t — ¢1 (d1 + 2dat + 3d3t*) v
v

0
+4¢o (do + dit + dat® + dst®) + 2 5560 =0, (320)

0
[ ((31 +2c38+3 0382) d3s — 2 (co + 18+ o8 + 6383) ds +4 %d3:| t3

0
+[—3 (01 +2025+30332) d3v+4%d2}t2 + [— (c1 4 2¢as
+3c35%)dy s+ 2 (co 415+ s+ 0383) dy —2(c1 +2¢as
+3 0382)d21} +4 gdl]t -2 (01 +2¢98 + 30352) dos — (c1 4+ 2cas
u

0
+3¢35%)div + 4 (co + 15+ cos® + 0383) do +4 £do =0, (3.21)
—5d3t° — 6 dadst® + (3d3a® — 6dids) t* + (4dadsa® + 2d1ds
0
—10d,ds — %d?,)tg + { —6 (co + 15+ s + 0353) dss
0
+2(6dyds + 2d2)a® — (6dyds + 4d2) a® + 3d2 — 6 6—(138} 2
u
+ {2 (2d1da + 6d,d3) a® — 4dydga® 4 12 (co + 18 4 a8 + 0353) dsv

0 0
+6d,d; — 4 —dys + —dl]t +4dydya® — dia® + 2 (co + c15 + ¢8>

ou ov
+C3s3)d18 +4 (co + 15+ a8 + 0383) dov + 4d3
0 0
-2 —d 2—d, =0. 22
ou 15+ ov 0 (3.22)

By (3.19) and (3.22), we have
C3z = 0 and d3 = 0,

respectively. Therefore, (iv) reduces to (7).
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Now, suppose that kK =1 — 1, namely,

and

Then, we have
c1=0,¢=0, 1=3,4,...,1—1,
di=0,d;, =0, i=3,4,...,1—-1.
Then, it clear that the equations below
Q = co(u,v) + c1(u,v)s?,
and
R = do(u,v) + dy (u,v)t?,
where ¢, ¢2, dp and dy satisty (3.2).

In additional, consider that the case k =1 (I > 3), namely,
1

Q= Zci(u,v)si, and R = Zdi(u, )t

l
i=0 =0

127

(3.25)

If we substitute (3.25) into the first and fourth equations of (3.3), we obtain

Asy(u, v)szl + Ao (u, v):le_1 +...+ A (u,v,t)s

+Ap(u,v,t) =0,
Boy(u, v)t* + Boy_ 1 (u,v)t* 1 + ... + By (u, v, s)t
+By(u,v,s) =0,
where
Ag(u,v) = —(1*—4)c},
Boy(u,v) = —(I*—4)d}.

By (3.26) and (3.27), we have
A;=0, i=0,1,...,2

and
B;=0, ¢=0,1,...,2l,

respectively.
Note that [ > 3. Take ¢ = 2[, then by (3.28) and (3.29), we get

CZZO, dl:O

(3.26)

(3.27)
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Moreover, by (3.23) and (3.24), it is easy to see that for k = [,
c1=0,¢=0, i=3,4,...,1 (3.30)
dy =0, di =0, i=34,. . .1 (3.31)
and c¢g, co, do and dy satisfy (3.2).

Thus, by the principle of mathematical induction, we proved the proposition
3.1. |

The following proposition extends [22, Lemma 3.1], which was proved for
spherically symmetric metrics.

Proposition 3.2. Let F = r¢(u,s,v,t) be a general spherically symmet-
ric Finsler metric on an open subset U C R™ (n > 3). Assume that Q =
Q(u, s,v,t) and R = R(u,s,v,t) are polynomial functions in s and t, respec-
tively, defined by (3.1). Then the following conditions are equivalent.

(a) F is of scalar flag curvature.

(b) The quantities Q and R are given by
Q(u,s,v) = co(u,v) + co(u,v)s>,
and
R(u,v,t) = do(u,v) + da(u, v)t?
where ¢, ca,dy and da satisfy (3.2).

(¢) F is locally projectively flat.

Proof. We prove the theorem as follows:
(a) = (b). It follows from Proposition 3.1.

(b) = (c). Since

Q(u,s,v) = cou,v) + ca(u,v)s?
and

R(u,v,t) = do(u, v) + da(u, v)*,
then F' is a Douglas metric by Lemma 2.2, which means that D = 0. Further,
by the assumption (b), F' is of scalar flag curvature by Proposition 3.1, which
means that W = 0. According to Douglas’ result, a Finsler metric is locally
projectively flat if and only if it has vanishing Douglas curvature and Weyl
curvature, [5]. Hence, F is locally projectively flat.

(¢) = (a). It follows from [10] or Proposition 6.1.3 in [2]. O
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Proof of Theorem 1.1: The proof directly follows from Proposition 3.2. [
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