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Abstract. In this paper, we find a necessary and sufficient condition for a class

of Finsler metrics defined by a Riemannian metric and a 1-form on a manifold

which has bounded mean Cartan torsion. Moreover, we obtain a necessary and

sufficient condition under which the above mentioned class of Finsler metrics

has bounded mean Landsberg curvature. Next, we investigate these metrics

with bounded mean Cartan torsion and mean Landsberg curvature. Further-

more, we give explicit examples of this type of metrics.
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1. Introduction

One of the challenging problems in Finsler geometry is whether or not each

Finsler manifold can be isometrically immersed into a Minkowski space. The

answer is affirmative for Riemannian manifolds. In [14], J. Nash proved that

any n-dimensional Riemannian manifold can be isometrically imbedded into a

higher dimensional Euclidean space. In [11], R.S. Ingarden proved that every

n-dimensional Finsler manifold can be locally isometrically imbedded into a

2n-dimensional “Weak” Minkowski space, i.e., the indicatrix is not necessarily
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strongly convex. Burago-Ivanov showed that any compact Cr manifold (r ≥
3) with a C2 Finsler metric admits a Cr imbedding into a finite-dimensional

Banach spaces [4]. However for general Finsler manifolds, the answer is negative

as Shen in [17] proved that a Finsler manifold with unbounded Cartan torsion

cannot isometrically imbedded to any Minkowski space. The Cartan torsion is

one of the most fundamental non-Riemannian quantities in Finsler geometry.

It was first introduced by P. Finsler in [10] and emphasized by E. Cartan in [5].

The Cartan torsion C characterized Riemannian manifolds among the class

of Finsler manifolds, i.e., a Finsler metric is Riemannian if and only if it has

vanishing Cartan torsion. Thus the norm of Cartan torsion plays an important

role for studying of immersion theory in Finsler geometry.

There are many Finsler metrics with bounded Cartan torsion. In [18], Z. Shen

proved that the Cartan torsion of the Randers metrics F = α+ β is uniformly

bounded by 3/
√
2, where α =

√
aij(x)yiyj is a Riemannian metric and β =

bi(x)y
i is a 1-form on a manifold M . Mo extended his result to a more general

Randers metrics, i.e., F = (α + β)s/αs−1, where s ∈ [1, 2] is a constant [13].

Then, Tayebi-Sadeghi found a relation between the norm of Cartan and mean

Cartan torsions of Finsler metrics defined by a Riemannian metric and a 1-

form on a manifold, so called (α, β)-metrics [20]. They find a subclass of

(α, β)-metrics which have bounded Cartan torsion. Moreover the (generalized)

Kropina metrics F = α2/β have bounded Cartan torsion. It is remarkable that

the class of (α, β)-metrics forms a rich class of computable Finsler metrics.

Many (α, β)-metrics with special curvature properties have been found and

discussed [1], [7] and [23].

The mean Cartan torsion I is another important quantity in Finsler geometry

that characterizes Riemannian metrics. Z. Shen proved that every complete

Finsler surface with non-positive Gaussian curvature, constant S-curvature and

bounded mean Cartan torsion is either Riemannian or locally Minkowskian. In

the corollary 3.1, we characterize the (α, β)-metrics with isotropic S-curvature

and bounded mean Cartan torsion. In the following two theorems, we find

some conditions under which an (α, β)- metrics have bounded mean Cartan

torsion and bounded mean Landsberg torsion.

Theorem 1.1. Let F = αϕ(s), where s = β/α, be an (α, β)-metric on an

n-dimensional manifold M. Then F has bounded mean Cartan torsion if and

only if the function

B(s) :=
(b2 − s2)ϕ

ϕ− sϕ′ + (b2 − s2)ϕ′′Υn(s), (1.1)

is bounded for all |s| < b, where

Υn(s) :=
(
(n+ 1)

ϕ′

ϕ
− (n− 2)

sϕ′′

ϕ− sϕ′ +
(b2 − s2)ϕ′′′ − 3sϕ′′

ϕ− sϕ′ + (b2 − s2)ϕ′′

)2
.
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Recall that the mean Landsberg curvature J is the rate of change of the mean

Cartan torsion I along geodesics for any y ∈ TxM0. It has been shown that

on a weakly Landsberg manifold, the volume function Vol(x) is constant [3].

In [19], Z. Shen shows that if J = 0, then all the slit tangent spaces TxM0 are

minimal in TM0.

Theorem 1.2. Let F = αϕ(s), s = β/α, be an (α, β)-metric on an n-

dimensional manifold M, Suppose that α and β satisfy

bi|j = c(b2aij − bibj), (1.2)

where c := c(x) is a scalar function on M. Then F has bounded mean Landsberg

torsion if and only if the function

H(s) :=
(b2 − s2)ϕ

ϕ− sϕ′ + (b2 − s2)ϕ′′

(
cΨ1

∆

)2

, (1.3)

is a bounded function for |s| < b where ∆ and Ψ1 are defined by

∆ := 1 + sQ+ (b2 − s2)Q′,

Ψ1 :=
√

b2 − s2∆
1
2

[√b2 − s2

∆
3
2

]′
,

where

Q :=
ϕ′

ϕ− sϕ′ .

Finally in Section 5, we give some examples of (α, β)-metrics with bounded

Cartan torsion and bounded mean Cartan torsion.

2. Preliminaries

A Finsler metric on a manifold M is a non-negative function F on TM having

the following properties: (i) F is C∞ on TM \{0}; (ii) F (λy) = λF (y), ∀λ > 0,

y ∈ TM ; and (iii) for each y ∈ TxM , the following quadratic form gy on TxM

is positive definite,

gy(u, v) :=
1

2

[
F 2(y + su+ tv)

]∣∣∣
s,t=0

, u, v ∈ TxM. (2.1)

At each point x ∈ M , Fx := F |TxM is an Euclidean norm if and only if gy is

independent of y ∈ TxM \ {0}.
To measure the non-Euclidean feature of Fx, define Cy : TxM×TxM×TxM →
R by

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]∣∣∣
t=0

, u, v, w ∈ TxM. (2.2)
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The family C := {Cy}y∈TM\{0} is called the Cartan torsion. Obviously, F is

Riemannian metric if and only if Cy = 0 . The norm of Cartan torsion C at

point x ∈ M is defined by

∥C∥x := sup
y,v∈TxM\{0}

F (x, y)|Cy(v, v, v)|
[gy(v, v)]

3
2

.

and the norm of Cartan torsion on M is defined by

∥C∥ := sup
x∈M

∥C∥x.

For more details, see [15].

Taking a trace of Cartan torsion yields the mean Cartan torsion Iy. It is defined

by

Iy(u) := gij(y) Cy

(
u,

∂

∂xi
,

∂

∂xj

)
.

The norm of mean Cartan torsion I at point x ∈ M is defined by

∥I∥x := sup
y,v∈TxM\{0}

F (x, y)|Iy(v)|
[gy(v, v)]

1
2

, (2.3)

and the norm of mean Cartan torsion on M is defined by ∥I∥ := supx∈M ∥I∥x.

For an n-dimensional Finsler manifold (M,F ), there is a special vector field G

which is induced by F on TM0 := TM\{0}. In a standard coordinates (xi, yi)

for TM0, it is given by

G = yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
,

where

Gi :=
gil

4

{ ∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl

}
.

The homogeneous scalar functions Gi are called the geodesic coefficients of F .

The vector field G is called the associated spray to (M,F ).

For y ∈ TxM0, define By : TxM × TxM × TxM → TxM by By(u, v, w) :=

Bi
jkl(y)u

jvkwl ∂
∂xi |x where

Bi
jkl :=

∂3Gi

∂yj∂yk∂yl
.

The quantity B is called the Berwald curvature of the Finsler metric F .

For y ∈ TxM , define the Landsberg curvature Ly : TxM × TxM × TxM → R
by

Ly(u, v, w) := −1

2
gy

(
By(u, v, w), y

)
.
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F is called a Landsberg metric if Ly = 0. By definition, every Berwald metric

is a Landsberg metric. We remark that the horizontal covariant derivatives

of the Cartan torsion C along geodesics give rise to the Landsberg curvature

Ly(u, v, w) := Lijk(y)u
ivjwk, where

Lijk := Cijk|sy
s.

The horizontal covariant derivatives of the mean Cartan torsion I along geodesics

give rise to the mean Landsberg curvature Jy : TxM → R which are defined

by Jy(u) := Ji(y)u
i, where

Ji := Ii|sy
s.

The family J := {Jy}y∈TM0 is called the mean Landsberg curvature.

The norm of mean Landsberg J at point x ∈ M is defined by

∥J∥x := sup
y,v∈TxM\{0}

F (x, y)|Jy(v)|
[gy(v, v)]

1
2

. (2.4)

and the norm of mean Landsberg torsion on M is defined by

∥J∥ := sup
x∈M

∥J∥x.

The Busemann-Hausdorff volume form dVF = σF (x)dx
1 ∧ · · · ∧ dxn related to

F is defined by

σF (x) :=
Vol(Bn(1))

Vol
{
(yi) ∈ Rn

∣∣∣ F(yi ∂
∂xi |x

)
< 1
} ,

where Bn(1) denotes the unit ball in Rn.

The distortion τ = τ(x, y) on TM associated with the Busemann-Hausdorff

volume form on M , i.e., dVBH = σ(x)dx1 ∧ dx2...∧ dxn, is defined by following

τ(x, y) = ln

√
det(gij

(
x, y)

)
σ(x)

.

Then the S-curvature is defined by

S(x, y) =
d

dt

[
τ
(
c(t), ċ(t)

)]
t=0

,

where c = c(t) is the geodesic with c(0) = x and ċ(0) = y. In a local coordinates,

the S-curvature is given by

S =
∂Gm

∂ym
− ym

∂(lnσ)

∂xm
.

A Finsler metric F on an n-dimensional manifold M is said to be of isotropic

S-curvature if

S = (n+ 1)σF,

where σ = σ(x) is a scalar function on M .
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Let α =
√
aij(x)yiyj be a Riemannian metric and β = bi(x)y

i be a 1-form on

an n-dimensional manifold M . Using α and β one can define a function on

T M as follows

F = αϕ(s), s :=
β

α
.

where ϕ = ϕ(s) is a C∞ positive function on an open interval (−b0, b0). The

norm ∥βx∥α of β with respect to α is defined by

∥βx∥α :=
√
aij(x)bi(x)bj(x).

In order to define F , β must satisfy the condition ∥βx∥α < b0 for all x ∈ M .

For an (α, β)-metric, let us define bi|j by bi|jθ
j := dbi − bjθ

j
i , where θi := dxi

and θji := Γj
ikdx

k denote the Levi-Civita connection form of α. Let

rij :=
1
2 (bi|j + bj|i), sij :=

1
2 (bi|j − bj|i),

ri0 := rijy
j , r00 := rijy

iyj , rj := birij ,

si0 := sijy
j , sj := bisij , r0 := rjy

j , s0 := sjy
j .

By a direct computation, one gets the following formula for matrix (gij :=
1
2

∂F 2

∂yi∂yj ) and inverse matrix (gij) := (gij)
−1[9].

gij = ρδij + ρ0bibj + ρ1(bi
yj
α

+ bj
yi
α
)− sρ1

yi
α

yj
α
, (2.5)

gij = ρ−1
(
δij − ρ1 + sρ0

sρ+ b2(ρ1 + sρ0)
bibj +

sρ1
ρ+ (b2 − s2)λρ1

Y iY j
)
,(2.6)

where yi := aijy
j and

ρ := ϕ(ϕ− sϕ′),

ρ0 := ϕ′2 + ϕϕ′′,

ρ1 := (ϕ− sϕ′)ϕ′ − sϕϕ′′,

λ := − ρ+ s(sρ0 + ρ1)

sρ+ b2(sρ0 + ρ1)
,

Y i :=
1

α
yi + λbi.
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The mean Cartan curvature and mean Landsberg curvature of (α, β)- metrics

are given by following

Ii =
1

2α

[
(n+ 1)

ϕs

ϕ
− (n− 2)

sϕss

ϕ− sϕs
+

(b2 − s2)ϕsss − 3sϕss

ϕ− sϕs + (b2 − s2)ϕss

]
hi, (2.7)

Ji = − 1

2α4∆

(
2α3

b2 − s2

[Φ
∆

+ (n+ 1)(Q− sQ′)
]
(r0 + s0)hi

+
α2

b2 − s2

[
Ψ1 + s

Φ

∆

]
(r00 − 2αQs0)hi + α

[
− α2Q′s0hi + αQ(α2si − yis0)

+α2∆si0 + α2(ri0 − 2αQs0)− (r00 − 2αQs0)yi

]Φ
∆

)
, (2.8)

where

hi := bi − α−1syi,

Q :=
ϕ′

ϕ− sϕ′ ,

∆ := 1 + sQ+ (b2 − s2)Q′, (2.9)

Ψ1 :=
√
b2 − s2∆

1
2

[√
b2 − s2

∆
3
2

]′
, (2.10)

Φ := −(Q− sQ′)(n∆+ 1 + sQ)− (b2 − s2)(1 + sQ)Q′′. (2.11)

For more details, see [8] and [12].

In [6], Cheng-Shen characterize (α, β)-metrics with isotropic S-curvature.

Theorem 2.1. Let F = αϕ(s) , s = β/α, be a non-Riemannian (α, β)-metric

on a manifold and b := ∥βx∥α. Suppose that F is not a Finsler metric of

Randers type. Then F is of isotropic S-curvature, S = (n + 1)cF , if and only

if one of the following holds

a): β satisfies

rj + sj = 0, (2.12)

and ϕ = ϕ(s) satisfies

Φ = 0. (2.13)

In this case, S = 0.

b): β satisfies

rij = ε(b2aij − bibj), sj = 0, (2.14)

where ε = ε(x) is a scalar function, and ϕ = ϕ(s) satisfies

Φ = −2(n+ 1)k
ϕ∆2

b2 − s2
, (2.15)
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where k is a constant. In this case, S = (n+ 1)cF with c = kε.

c): β satisfies

rij = 0, sj = 0. (2.16)

In this case, S = 0, regardless of choices of a particular ϕ.

3. Proof of Theorem 1.1

Proof. By the definition of the mean Cartan torsiongiven in (2.3), we have

∥I∥ = sup
x∈M, y∈TxM

F
√
gijIiIj . (3.1)

It follows from (2.6) and (2.7) that

gijIiIj =
(b2 − s2)Γ2

4α2ϕ(ϕ− sϕ′ + (b2 − s2)ϕ′′)
, (3.2)

where

Γ(s) := (n+ 1)
ϕ′

ϕ
− (n− 2)

sϕ′′

ϕ− sϕ′ +
(b2 − s2)ϕ′′′ − 3sϕ′′

ϕ− sϕ′ + (b2 − s2)ϕ′′ .

Substituting (3.2) in (3.1) yields

∥I∥ = sup
|s|<b

F

√
(b2 − s2)Γ2

4a2ϕ(ϕ− sϕ′ + (b2 − s2)ϕ′′)

= sup
|s|<b

F

2aϕ

√
(b2 − s2)ϕ

ϕ− sϕ′ + (b2 − s2)ϕ′′ Γ

=
1

2
sup
|s|<b

√
(b2 − s2)ϕ

ϕ− sϕ′ + (b2 − s2)ϕ′′ Γ

Thus, we conclude that ∥I∥ is bounded if and only if the function defined in

(1.1) is bounded for |s| < b. □

Corollary 3.1. Let F = αϕ(s) , s = β/α, be a non-Randers type (α, β)-metric

on a manifold M and b := ∥βx∥α. Suppose that F has isotropic S-curvature,

S = (n + 1)cF , where c := c(x) is a nonzero function on M . Then F has

bounded mean Cartan torsion if and only if the function

χ(s) :=
ϕ3(ϕ− sϕ′ + (b2 − s2)ϕ′′)

(b2 − s2)(ϕ− sϕ′)2
, (3.3)

is bounded for |s| < b.

Proof. It is easy to see that

(b2 − s2)
( Φ

∆2

)2
=

(ϕ− sϕ′)2

ϕ(ϕ− sϕ′ + (b2 − s2)ϕ′′)
B(s), (3.4)
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where Φ, ∆ and B(s) are defined in (1.1), (2.9) and (2.11), respectively. Since

F has isotropic S-curvature with a non-zero function c(x) on M , by part b): of

Theorem 2.1, from (2.15) we conclude

(b2 − s2)Φ

ϕ∆2
= −2(n+ 1)k, (3.5)

where k is a constant. It follows from (3.4) and (3.5) that

B(s) =
4(n+ 1)2k2ϕ3(ϕ− sϕ′ + (b2 − s2)ϕ′′)

(b2 − s2)(ϕ− sϕ′)2
. (3.6)

By Theorem 1.1, we conclude that F has mean bounded Cartan torsion if and

only if the function (3.3) is bounded. □

4. Proof of Theorem 1.2

By the definition of mean Landsberg torsion given in (2.4) we have

∥J∥ = sup
x∈M,y∈TxM

F
√
gijJiJj . (4.1)

Substituting (1.2) into (2.8) yields

Ji =
cΨ1

2∆
hi. (4.2)

It follows from (2.6) and (4.2) that

gijJiJj =
(b2 − s2)

4α2ϕ
(
ϕ− sϕ′ + (b2 − s2)ϕ′′

) (cΨ1

∆

)2

. (4.3)

Substituting (4.3) in (4.1) yields

∥J∥ =
1

2
sup
|s|<b

√
(b2 − s2)ϕ

ϕ− sϕ′ + (b2 − s2)ϕ′′

(
cΨ1

∆

)
.

Thus, we conclude that ∥J∥ is bounded if and only if the function defined in

(1.3) is bounded for |s| < b.

5. Finsler metrics with bounded Cartan torsions

In this section we give explicit examples of Finsler metrics with bounded Cartan

torsion.

Example 5.1. In [16], Z. Shen finds a Family of Landsberg (α, β)- metrics

which are not Berwaldian. They are in the form

ϕ(s) := exp
[∫ s

0

kt+ q
√
b2 − t2

1 + t(kt+ q
√
b2 − t2)

dt
]
, (5.1)
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where k and q are constants. Recently, H. Sadeghi proved that an (α, β)-metric

F = αϕ(s), s = β/α, on a manifold M has bounded Cartan torsion if and only

if the function

A(s) :=
3s(ϕ′2 + ϕϕ′′)− 3ϕϕ′ − (b2 − s2)(ϕϕ′′′ + 3ϕ′ϕ′′)

2ϕ
1
2 (b2 − s2)−

1
2 (ϕ− sϕ′ + (b2 − s2)ϕ′′)

3
2

, (5.2)

is a bounded function for |s| < b where b := ∥βx∥α. Substituting (5.1) in (5.2)

and (1.1) yields

A(s) =
2b2q√
1 + kb2

, B(s) =
n2b4q2

1 + kb2
.

Thus by theorem 1.1, these metrics have bounded Cartan torsion and bounded

mean Cartan torsion.

Example 5.2. In [21] G. Yang study a family of (α, β)- metrics in form

ϕ(s) = sm(b2 − s2)
1−m

2 , (5.3)

where m is a constant. This type of metrics have special curvature properties

[22]. Substituting (5.3) in (5.2) and (1.1) yields

A(s) =
2m− 1√
m(m− 1)

, B(s) = 4
(nm− 1)2

m(m− 1)
. (5.4)

Since B(s) is bounded (constant), thus by Theorem 1.1 these metrics have

bounded Cartan torsion and bounded mean Cartan torsion.
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