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Abstract. In this paper, we extend a result from Riemannian geometry to Finsler geom-

etry, precisely, we investigate a new linear Finsler connection, which unifies the well known

linear connections and provides new connections in Finsler geometry. This connection will

be named general linear Finsler (GF-) connection. The existence and uniqueness of such a

connection is proved. The curvature and torsion tensors are computed. A general reformu-

lation for Cartan, Berwald, Chern and Hashiguchi connections is obtained. Various special

cases and examples of this connection are studied.

Keywords: Barthel connection; general Cartan connection; general Berwlad

connection; general Hashiguchi connection; general Chern(Rund) connection.

1. Introduction

The theory of connections is an important field of research in differential

geometry. It was initially developed to solve pure geometrical problems. Many

types of linear connections, in Riemannian geometry, such as symmetric, semi-

symmetric, qurter-symmetric; Ricci qurter-symmetric; metric, non-metric, re-

current had been studied by many authors, for example, we refer to [1, 2, 5, 6].

M. M. Tripathi [19] introduced a new linear connection in a Riemannian man-

ifold, which generalizes all the previously connections.
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On the other hand, in Finsler geomtry the types, mentioned above, of these

linear connections and others had been studied by many authors, for example,

we refer to [3, 18, 24, 25, 26, 27, 4, 16].

The aim of the present paper is to investigate a new connection in Finsler

geometry, which unifies many known Finsler connections and some other con-

nections not introduced so far. This connection will be called the general linear

Finsler (GF-) connection. The existence and uniqueness for such a connection

is investigated. Relations between this connection and Cartan and Berwald

connections are obtained. We introduce what we call general Cartan, gen-

eral Berwald, general Hasiguchi and general Chern connections. Finally, as an

application, we study many special connections.

2. Notations and Preliminaries

In this section, we give a brief account of the basic concepts of Finsler

geometry necessary for this work. For more details, we refer to [7, 11, 12, 13].

Let M be an n-dimensional smooth manifold. Let TM be the tangent

bundle of M , TM := TM\{0} the slit tangent bundle of M and π−1(TM)

the pullback bundle of TM . Each chart (U, (x1, ..., xn)) on M induces a local

coordinate system (x1, ..., xn, y1, ..., yn) on TM . We denote the algebra of

smooth functions f(x, y) on TM by C∞(TM).

Let (M,L) be a Finsler manifold with a Finsler function L(x, y). A Finsler

connection on (M,L) is a triple FΓ = (Γ i
jk(x, y), N i

j(x, y), C i
jk(x, y)) such that,

under a change of coordinates (xi) → (x̃k), Γ i
jk(x, y) transform as the coeffi-

cients of a linear connection, N i
j(x, y) transform as the coefficients of a nonlinear

connection and C i
jk transform as the component of (1,2)-tensor:

Γ̃ k
ij =

∂x̃k

∂xl
∂xp

∂x̃i
∂xq

∂x̃j
Γ l
pq −

∂2x̃k

∂xp∂xq
∂xp

∂x̃i
∂xq

∂x̃j
,

Ñ i
j =

∂x̃i

∂xp
∂xq

∂x̃j
Np

q −
∂xp

∂x̃j
∂2x̃i

∂xp∂xq
yq,

C̃ k
ij =

∂x̃k

∂xl
∂xp

∂x̃i
∂xq

∂x̃j
C l

pq.

For a Finsler connection FΓ = (Γ i
jk(x, y), N i

j(x, y), C i
jk(x, y)) , the h- and v-

covariant derivatives of any tensor field A i
j are defined respectively by

Ai
j|k := dk A

i
j +Am

j Γi
mk −Ai

m Γm
jk.

Ai
j|k := ∂̇k A

i
j +Am

j Ci
mk −Ai

m Cm
jk,

where dk := ∂k −N m
k ∂̇m, ∂k := ∂

∂xk and ∂̇k := ∂
∂yk .
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The five torsion tensors of FΓ are given by:

(h)h-torsion : T i
jk = Γi

jk − Γi
kj ,

(h)hv-torsion : Ci
jk = the connection parameter Ci

jk,

(v)h-torsion : Ri
jk = dkN

i
j − djN i

k,

(v)hv-torsion : P i
jk = ∂̇kN

i
j − Γi

kj ,

(v)v-torsion : Si
jk = Ci

jk − Ci
kj

The three curvature tensors of FΓ are given by:

h-curvature : Ri
hjk = A(jk){dkΓi

hj + Γm
hjΓ

i
mk}+ Ci

hmR
m
jk,

hv-curvature : P i
hjk = ∂̇kΓi

hj − Ci
hk|j + Ci

hmP
m
jk ,

v-curvature : Si
hjk = A(jk){∂̇kCi

hj + Cm
hjC

i
mk}.

where A(jk) denotes the alternative summation with respect to the indices j

and k. The deflection tensor Di
j of a Finsler connection, is defined by Dh

j :=

Γh
ij y

i −Nh
j .

For a Finsler manifold (M,L), the components of the Finsler metric tensor

of (M,L) is given by gij(x, y) := 1
2 ∂̇i∂̇jL

2 and its inverse is denoted by gij .

The associated canonical spray Gh and the associated nonlinear connection

(Barthel connection) Gh
i are defined respectively by

Gh :=
1

4
gh`{(∂̇` ∂mL2)ym − ∂`L2}, Gh

i := ∂̇iG
h.

Also, the associated four fundamental linear connections with the same non-

linear connection Gh
i are called: (see [8, 9])

The Cartan connection : CΓ ≡ ( Γh
ij , G

h
i , C

h
ij),

The Berwald connection : BΓ ≡ ( Gh
ij , G

h
i , 0),

The Hashiguchi connection : HΓ ≡ ( Gh
ij , G

h
i , C

h
ij),

The Chern (Rund) connection : RΓ ≡ ( Γh
ij , G

h
i , 0),

where Ch
ij := 1

2 g
h` ∂̇i g`j , G

h
ij := ∂̇jG

h
i and Γh

ij := 1
2 g

h`(di g`j +dj gi`−d` gij);
dk = ∂k −Gm

k ∂̇m and Γh
ij y

i = Gh
j .

To avoid confusion we denote the h- and v-covariant derivatives with respect

to CΓ by |k and |k, while those with respect to BΓ by (k) and ∂̇k.

3. General Finsler connection

In this section, we establish a generalization for some known linear connec-

tions in Finsler geometry. This connection will be called general Finsler con-

nection. The existence and uniqueness for such a connection is investigated.

Relation between this connection and Cartan connection is obtained.

The following theorem is the main result in this section.
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Theorem 3.1. Let (M,L) be a Finsler manifold. For given smooth functions

f1(x, y), f2(x, y), f3(x, y) ∈ C∞(TM), scalar 1-forms ak, bk, uk, ωk and a vec-

tor 1-form ϕi
k on π−1(TM), there exists a unique linear connection GΓ ≡

(Γ
h

ij , N
h

j , C
h

ij) on π−1(TM) such that

(C1): gij‖k = 2f1akgij + f2{ωigjk + ωjgik},
(C2): gij‖k = 2f3bkgij,

(C3): N
i

k = Γ
i

jk y
j,

(C4): Γ
i

jk = Γ
i

kj + uk ϕ
i
j − uj ϕi

k,

(C5): C
i

jk = C
i

kj,

where gij‖k and gij‖k are resp. the horizontal and the vertical covariant deriva-

tives of gij with respect to the connection GΓ.

Proof. First we prove the uniqueness. In the view of axiom (C2), we have

∂̇igjk = ghkC
h

ji + gjhC
h

ki + 2f3bigjk,

∂̇jgki = ghiC
h

kj + gkhC
h

ij + 2f3bjgki,

∂̇kgij = ghjC
h

ik + gihC
r

jk + 2f3bkgij .

From which, together with axiom (C5) and the fact that ∂̇igjk = 2Cijk, we get

ghkC
h

ij = Cijk + f3{bkgij − bigjk − bjgki}.

Consequently,

C
h

ij = Ch
ij + f3{bhgij − bi δhj − bj δhi }, (3.1)

where bh := ghrbr.

Now, applying axiom (C1), we obtain

d̄igjk = ghkΓ
h

ji + gjhΓ
h

ki + 2f1aigjk + f2{ωjgki + ωkgij},

d̄jgki = ghiΓ
h

kj + gkhΓ
h

ij + 2f1ajgki + f2{ωkgij + ωigjk},

d̄kgij = ghjΓ
h

ik + gihΓ
h

jk + 2f1akgij + f2{ωigjk + ωjgik},

where d̄i = ∂i −N
m

i ∂̇m is the horizontal basis with respect to Γ. Hence, using

axiom (C4), the above relations yield

d̄igjk + d̄jgki − d̄kgij = ghj{Γ
h

ki − Γ
h

ik}+ ghi{Γ
h

kj − Γ
h

jk}+ ghk{Γ
h

ji − Γ
h

ij}

+2ghkΓ
h

ij + 2f2ωkgij + 2f1{aigjk + ajgki − akgij}

= 2{uiAjk + ujBik − ukAij}+ 2ghkΓ
h

ij + 2f2ωkgij(3.2)

+2f1{aigjk + ajgki − akgij},

where Aij and Bij are respectively the symmetric and the skew-symmetric

parts of the tensor field ϕij := ghj ϕ
h
i .
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Assuming that

N
r

i = Gr
i + T r

i , (3.3)

where Gr
i is the Barthel connection and the tensor T r

i to be determined. Then

d̄i = di − T m
i ∂̇m. Since 2grkΓ r

ij = digjk + djgki − dkgij , then by (3.2), one can

show that

grkΓ
r

ij = grkΓ r
ij + f1{akgij − aigjk − ajgki} − f2ωkgij

−uiAjk − ujBki + ukAij − T r
i Cjkr − T r

j Ckir + T r
kCijr. (3.4)

Now, we need to determine the tensor field Th
j . Contracting both sides (3.4)

by yi and yj , then by taking into account axiom (C3) and the facts that

Gh
j = Γh

ij y
i, gij y

iyj = L2, we obtain

T h
0 = f1{L2ah − 2a0y

h} − f2L2ωh + u0A
h
0 − u0Bh

0 + uhA00, (3.5)

where the subscript ′0′ means the contraction by yi.

Again contracting both sides of (3.4) by yi, we get

T h
j = f1{ah yj − aj yh − a0 δhj − L2arCh

jr} − f2{ωhyj − L2ωrCh
jr}

−u0Ah
j − ujBh

0 + uhA0j + {u0Ar
0 + u0B

r
0 − urA00}Ch

jr, (3.6)

where Ai
j := griAjr, Bi

j := griBjr. Substituting (3.6) into (3.4), we conclude

that

Γ
h

ij = Γh
ij + f1{ahgij − aiδhj − ajδhi + a0C

h
ji − am[ yiC

h
jm + yjC

h
im − yhCijm]

+ L2ar[Cm
irC

h
jm + Cm

jrC
h
im − Ch

mrC
m
ij ]} − f2{ωhgij − ωm[ yiC

h
jm + yjC

h
im

− yhCijm] + L2ωr[Cm
irC

h
jm + Cm

jrC
h
im − Ch

mrC
m
ij ]} − uiAh

j + ujB
h
i + uhAij

+ {u0Ai
m + uiB

m
0 − umA0i}Ch

jm + {u0Am
j + ujB

m
0 − umA0j}Ch

im

− {u0Ar
0 + u0B

r
0 − urA00}{Cm

irC
h
jm + Cm

jrC
h
im − Ch

mrC
m
ij }

− {u0Am
hCm

ij + uhBm
0 Cijm − umAh

0Cijm}. (3.7)

The uniqueness of the Finsler connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) is proved:

Γ
h

ij is uniquely determined by (3.7),

N
h

j is uniquely determined by (3.3) and (3.6) and

C
h

ij is uniquely determined by (3.1).

We prove the existence of GΓ. For given differentiable function f1, f2, f3 ∈
C∞(TM), scalar 1-forms ak, bk, uk, ωk and a vector 1-form ϕi

k on π−1(TM),

we define GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) by the requirement that (3.1), (3.6) and (3.7)

hold.

Now, straightforward calculations shows that GΓ satisfies the conditions

(C1)-(C5). This completes the proof. �

Definition 3.2. The connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) obtained in the above

theorem will be called the general Finsler (GF-) connection.
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Theorem 3.3. The GF-connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) is related to the Car-

tan connection CΓ ≡ (Γh
ij , G

h
j , C

h
ij) by

Γ
h

ij = Γh
ij +Qh

ij , N
h

j = Gh
j + T h

j , C
h

ij = C h
ij + σ h

ij ,

where,

Qh
ij := f1{ahgij − aiδhj − ajδhi + a0C

h
ji − am[ yiC

h
jm + yjC

h
im − yhCijm]

+L2ar[Cm
irC

h
jm + Cm

jrC
h
im − Ch

mrC
m
ij ]} − f2{ωhgij − ωm[ yiC

h
jm + yjC

h
im

−yhCijm] + L2ωr[Cm
irC

h
jm + Cm

jrC
h
im − Ch

mrC
m
ij ]} − uiAh

j + ujB
h
i + uhAij

+{u0Am
i − uiBm

0 − umA0i}Ch
jm + {u0Am

j − ujBm
0 − umA0j}Ch

im

−{u0Ar
0 − u0Br

0 − urA00}{Cm
irC

h
jm + Cm

jrC
h
im − Ch

mrC
m
ij }

−{u0Ah
mC

m
ij − uhBm

0 Cijm − umAh
0Cijm},

T h
j := f1{ah yj − aj yh − a0 δhj − L2arCh

jr} − f2{ωhyj − L2ωrCh
jr} − u0Ah

j

+ujB
h
0 + uhA0j + {u0Ar

0 + u0B
r
0 − urA00}Ch

jr,

σ h
ij := f3{bhgij − bi, δhj − bj δhi }

Remark 3.4. It should be noted that by the choice f1, f2, f3 = 0 and ui = 0

or φij = 0, the connection GΓ ≡ (Γ
i

jk, N
i

k, C
i

jk) coincide with Cartan connec-

tion CΓ ≡ (Γ i
jk, N

i
k , C

i
jk). Using P 1-process and C-process, [9], we can obtain

Berwald connection BΓ, Hashiguchi connection HΓ and Rund connection RΓ.

Remark 3.5. During applications or studying examples, the choice of the func-

tions f1(x, y), f2(x, y), f3(x, y), the scalar 1-forms ak, bk, uk and the vector 1-

form ϕi
k should be in a way such that the following terms

f1aj , f2wj , f3bj , ukφ
i
j ,

are homogeneous of degree 0 in y. This is to keep consistent the homogeneity

of the treated geometric objects.

As an explanation of the above remark, we give the following example.

Example 1. Let M = Rn and L be the standard Euclidean norm; L = |y|.
Then, we have

gij = δij , Cijk = 0.

The following choice of f1, f2, f3, aj, wj, bj, uj and φhj ;

f1 =
1

|y|
, f2 = 〈x, y〉, f3 =

1

1 + |x|2
,

aj = c1y
rδrj , wj =

c2x
rδrj
|y|

, bj = c3x
rδrj , uk =

c4x
rδrj
|y|

, φij = 〈x, y〉δij ,

gives the parameters of the connection as follows:

Γ
i

jk = c1
|y| (y

iδjk − yjδik − ykδij)−
〈x,y〉
|y|
(
c2x

iδjk + c4(xjδ
i
k − xiδjk)

)
,
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C
i

jk = c3
1+|x|2 (xiδjk − xjδik − xkδij),

N
i

j = − c1
|y|L

2δij −
〈x,y〉
|y|
(
c2x

iyj + c4(〈x, y〉δij − xiyj)
)
.

Corollary 3.6. The spray N
h

:= 1
2Γ

h

00 associated with the connection GΓ ≡
(Γ

i

jk, N
i

k, C
i

jk) is related to the canonical spray Gh := 1
2Γh

00 associated with the

Cartan connection CΓ by

N
h

= Gh +
1

2
{f1{L2ah − 2a0y

h} − f2L2ωh − u0Ah
0 + u0B

h
0 + uhA00}.

Corollary 3.7. In view of the Theorem 3.3, we have:

(a): The (h)h-torsion T
h

ij of GΓ has the form T
i

jk = Q i
jk −Q i

kj.

(b): The (h)hv-torsion C
h

ij of GΓ has the form C
i

jk = C i
jk + σ i

jk.

(c): The (v)h-torsion R
h

ij of GΓ has the form R
i

jk = R i
jk + Ajk{T i

j(k) +

T r
j ∂̇rT

i
k }.

(d): The (v)hv-torsion P
h

ij of GΓ has the form P
i

jk = P i
jk + ∂̇kT

i
j −Q i

kj,

where T i
k , Q

i
jk, σ

i
jk are defined in Theorem 3.3, C i

jk, R
i
jk, P

i
jk are respectively

the (h)hv-, (v)h-, (v)hv-torsion tensors of Cartan connection CΓ.

Proposition 3.8. The h, hv-, v-curvature tensors of the connection GΓ are

related to those of the Cartan connection CΓ by:

(a): R
i

hjk = R i
hjk+A(jk){dkQi

hj−Tm
k ∂̇m(Γi

hj+Q
i
hj)+Γm

hjQ
i
mk+Qm

hj(Γ
i
mk+

Qi
mk) + Ci

hm(Tm
j(k) + T r

j ∂̇rT
m
k ) + σ i

hm( 1
2R

m
jk + Tm

j(k) + T r
j ∂̇rT

m
k )}.

(b): P
i

hjk = P i
hjk + ∂̇kQ

i
hj − Ci

hmQ
m
kj +Qi

mjC
i
hk −Qm

hjC
i
mk

+ Ci
hm ∂̇kT

m
j − Tm

j ∂̇mC
i
hk − Tm

j ∂̇mσ
i
hk + σi

hm ∂̇kT
m
j − σ i

hk|j
−Qi

mj σ
m
hk +Qm

hj σ
i
mk −−σi

hmQ
m
kj.

(c): S
i

hjk = S i
hjk + σ i

hj|k −σ i
hk|j +σm

hj σ
i
mk − σm

hk σ
i
mj.

4. General version of fundamental connections

In this section, we construct new Finsler connections from the connection

GΓ by using the P 1-process and C-process introduced by Matsumoto [9].

Definition 4.1. Let GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) be the GF-connection and P
h

ij the

associated (v)hv-torsion. The process of adding P
h

ji to the horizontal part Γ
h

ij

of GΓ is called the P
1
-process. Also, the process of subtracting C

h

ij from the

vertical part C
h

ij of GΓ is called C-process.

It is easy to show that the P
1
-process and C-process yield the following

connections.

Proposition 4.2. By using the P
1
-process and C-process, we have:
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(a): The P
1
-process of GΓ yields the general Hashiguchi connection:

GHΓ ≡ (G
h

ij , N
h

j , C
h

ij).

(b): The C-process of GΓ produces the general Rund (Chern) connection:

GRΓ ≡ (Γ
h

ij , N
h

j , 0).

(c): The P
1
-process followed by the C-process of GΓ yields the general

Berwald connection:

GBΓ ≡ (G
h

ij , N
h

j , 0),

where G
h

ij = Γ
h

ji + P
h

ij.

This can be summarized in the following diagram:

GBΓ
C-proc.←− GHΓ

P
1
-proc.←− GΓ

C-proc.−→ GRΓ
P

1
-proc.−→ GBΓ.

Remark 4.3. If f1, f2, f3 = 0, ui = 0 then

• the general Hashiguchi connection GHΓ ≡ (Gh
ij , G

h
j , C

h
ij) coincides with

the Hashiguchi connection HΓ.

• the general Rund (Chern) connection GRΓ ≡ (Γh
ij , G

h
j , 0) coincides with

the Rund connection RΓ.

• the general Berwald connection GBΓ ≡ (Γh
ij , G

h
j , 0) coincides with the

Berwald connection BΓ.

Theorem 4.4. The general Berwald connection is related to Berwald connec-

tion by

G
h

jk = Gh
jk + ∂̇kT

h
j = ∂̇kN

h

j .

Proof. In virtue of Theorem 3.3 and Corollary 3.7, we have

G
h

jk = Γ
h

kj + P
h

jk

= Γh
kj +Qh

kj + P h
jk + ∂̇kT

h
j −Qh

kj

= Γh
jk + P h

jk + ∂̇kT
h
j

= Gh
jk + ∂̇kT

h
j

= ∂̇kN
h

j .

This completes the proof. �
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5. Special cases

In this section, we study some important special cases of the GF-connection

associated with the functions f1(x, y), f2(x, y), f3(x, y) ∈ C∞(TM), scalar 1-

forms ak, bk, uk, ωk and a vector 1-form ϕi
k on π−1(TM). Some of them are

studied in Finsler geometry and others are not yet studied.

A Finsler connection FΓ := (Γ i
jk, N

i
k , C

i
jk) on a Finsler manifold (M,L)

is said to be quarter-symmetric if there exist a scalar 1-form ui and a vector

1-form ϕi
j on π−1(TM) such that the (h)h-torsion T i

jk of FΓ satisfies

T i
jk = uk ϕ

i
j − uj ϕi

k.

In particular, if ϕi
k = Ri

k, then FΓ is called Ricci quarter-symmetric; Rk
j :=

gkiRji, Rij := Rh
ijh being the horizontal Ricci vector form of Cartan connec-

tion. Also, if ϕ i
k = δ i

k, then FΓ is called semi-symmetric.

For simplicity, in all of the following special cases the condition (C3) will

be kept in mind and we will focus our attention on the other conditions.

5.1. Quarter-symmetric metric Finsler connections. If f1 = f2 = f3 =

0, then we obtain a quarter-symmetric metric Finsler connection which satisfies

the following:

(C1): gij‖k = 0,

(C2): gij‖k = 0,

(C4): Γ
i

jk = Γ
i

kj + uk ϕ
i
j − uj ϕi

k,

(C5): C
i

jk = C i
kj ,

This connection is a Finslerian version of a connection studied, in Riemannian

geometry, by K. Yano and T. Imai [23]. Also, we have the following special

cases:

• If ϕ i
k = R i

k, where R k
j is the horizontal Ricci vector form of Cartan con-

nection, then we obtain the Ricci quarter-symmetric metric Finsler connection.

The connection is a Finslerian version of a connection studied, in the Riemann-

ian case, by R. S. Mishra and S. N. Pandey [10].

5.2. Quarter-symmetric non-metric Finsler connections. All of the foll-

wing special cases, are Finslerian version of connections studied in Riemannian

geometry by M. M. Tripathi [19].

If f1, f3 6= 0 and f2 = 0, then we obtain a quarter-symmetric hv-recurrent

Finsler connection satisfying the conditions

(C1): gij‖k = 2f1akgij ,

(C2): gij‖k = 2f3bkgij ,

(C4): Γ
i

jk = Γ
i

kj + uk ϕ
i
j − uj ϕi

k,

(C5): C
i

jk = C h
ij + f3{bhgij − bi δhj − bj δhi },
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Here are some special choices yielding quarter-symmetric hv-recurrent Finsler

connection:

• f1, f3 6= 0, f2 = 0 and Bij = 0 (i.e., Aij = ϕij).

• f1, f3 6= 0, f2 = 0 and Aij = 0 (i.e., Bij = ϕij).

• f1 = f3 = 1, f2 = 0, ai = bi = ui and Bij = 0).

• f1 = f3 = 1, f2 = 0, ai = bi = ui and Aij = 0).

If f1 = f3 = 0, f2 6= 0, then we obtain a quarter-symmetric non-metric

Finsler connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) satisfying the conditions:

(C1): gij‖k = f2{ωigjk + ωjgik},
(C2): gij‖k = 0,

(C4): Γ
i

jk = Γ
i

kj + uk ϕ
i
j − uj ϕi

k,

(C5): C
i

jk = C h
ij ,

Here are some special choices yielding quarter-symmetric non-metric Finsler

connection:

• f1 = f3 = 0, f2 6= 0 and Bij = 0.

• f1 = f3 = 0, f2 6= 0, ωi = ui and Bij = 0.

• f1 = f3 = 0, f2 6= 0 and Aij = 0.

• f1 = f3 = 0, f2 6= 0, ωi = ui and Aij = 0.

If f1 6= 0 and f2 = 0, f3 = 0, then we obtain a quarter-symmetric h-recurrent

Finsler connection satisfying the conditions:

(C1): gij‖k = 2f1akgij ,

(C2): gij‖k = 0,

(C4): Γ
i

jk = Γ
i

kj + uk ϕ
i
j − uj ϕi

k,

(C5): C
i

jk = C h
ij ,

If f3 6= 0 and f1 = 0, f2 = 0, then we obtain a quarter-symmetric v-recurrent

Finsler connection satisfying the conditions:

(C1): gij‖k = 0,

(C2): gij‖k = 2f3bkgij ,

(C4): Γ
i

jk = Γ
i

kj + uk ϕ
i
j − uj ϕi

k,

(C5): C
i

jk = C h
ij + f3{bhgij − bi δhj − bj δhi },
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5.3. Semi-symmetric metric Finsler connections. If f1 = f2 = f3 =

0 and ϕi
j = δij , then we obtain a semi-symmetric metric Finsler connection

(Wagner connection) GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij). This connection introduced by V.

Wagner [20] and satisfies:

(C1): gij‖k = 0,

(C2): gij‖k = 0,

(C4): Γ
i

jk = Γ i
kj + uk δ

i
j − uj δik,

(C5): C
i

jk = C i
kj ,

This connection is a Finslerian version of a connection investigated, in Rie-

mannian geometry, by K. Yano 1970 [21].

• If f1 = f2 = f3 = 0, ui = `i := ∂̇iF and ϕi
j = δij , then we obtain a special

semi-symmetric metric Finsler connection.

5.4. Semi-symmetric non-metric Finsler connections. If f1, f3 6= 0, f2 =

0 and ϕ i
j = δij , then we obtain a semi-symmetric hv-recurrent Finsler connec-

tion GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) satisfying:

(C1): gij‖k = 2f1akgij ,

(C2): gij‖k = 2f3bkgij ,

(C4): Γ
i

jk = Γ
i

kj + uk δ
i
j − uj δik,

(C5): C
i

jk = C h
ij + f3{bhgij − bi δhj − bj δhi },

This connection is the Finslerian version of a special quarter-symmetric re-

current connection given in Riemannian geometry, by Tripathi [19].

• f1 = f3 = 1, f2 = 0 , This connection is a Finslerian version of a connection

introduced, in Riemannian geometry, by O. C. Andonie and D. Smaranda [2]

and Y. Liang [6].

• If f1 = f3 = 1, f2 = 0, ai = bi = ui = `i and ϕ i
j = δij , then we obtain a

special semi-symmetric hv-recurrent Finsler connection.

If f3 6= 0, f1 = f2 = 0 , then we obtain a semi-symmetric v-recurrent Finsler

connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) satisfying:

(C1): gij‖k = 0,

(C2): gij‖k = 2f3bkgij ,

(C4): Γ
i

jk = Γ
i

kj + uk δ
i
j − uj δik,

(C5): C
i

jk = C h
ij + f3{bhgij − bi δhj − bj δhi },

If f1 6= 0, f2 = f3 = 0 , then we obtain a semi-symmetric h-recurrent Finsler

connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) satisfying:

(C1): gij‖k = 2f1akgij ,

(C2): gij‖k = 0,

(C4): Γ
i

jk = Γ
i

kj + uk δ
i
j − uj δik,
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(C5): C
i

jk = C h
ij ,

If f1 = f3 = 0, f2 6= 0 and , then we obtain a semi-symmetric non-metric

Finsler connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij).

• f1 = f3 = 0, f2 = −1 . This connection is a Finslerian version of a

connection studied, in Riemannian geometry, by J. Sengupta, U. C. De and T.

Q. Binh [14].

• If f1 = f3 = 0, f2 = −1, ωi = −ui and ϕ i
j = δij , then we obtain a special

semi-symmetric non-metric Finsler connection.

5.5. Symmetric non-metric Finsler connection. If f1, f2, f3 6= 0 and ui =

0, then we obtain a symmetric non-metric Finsler connectionGΓ ≡ (Γ
h

ij , N
h

j , C
h

ij)

such that:

(C1): gij‖k = 2f1akgij + f2{ωigjk + ωjgik},
(C2): gij‖k = 2f3bkgij ,

(C4): Γ
i

jk = Γ
i

kj ,

(C5): C
i

jk = C h
ij + f3{bhgij − bi δhj − bj δhi }.

This connection is the Finslerian version of a special quarter-symmetric re-

current connection given, in Riemannian geometry, by Tripathi [19].

• If f1 = f2 = f3 = −1, ai = bi = ωi and ui = 0, then we obtain a symmetric

non-metric Finsler connection. This connection is a Finslerian version of a

connection investigated, in Riemannian geometry, by K. Yano [22].

If f1, f3 6= 0, f2 = 0 and ui = 0, then we obtain a symmetric hv-recurrent

Finsler connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) such that:

(C1): gij‖k = 2f1akgij ,

(C2): gij‖k = 2f3bkgij ,

(C4): Γ
i

jk = Γ
i

kj ,

(C5): C
i

jk = C h
ij + f3{bhgij − bi δhj − bj δhi },

• If f1 = f3 = 1
2 , f2 = 0 and ui = 0, then we obtain an hv-recurrent Finsler

connection and this case is studied by B. N. Prasad and L. Srivastava [12], A.

Soleiman [15].

If f1 6= 0, f2 = f3 = 0 and ui = 0, then we obtain a symmetric h-recurrent

Finsler connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) such that:

(C1): gij‖k = 2f1akgij ,

(C2): gij‖k = 0,

(C4): Γ
i

jk = Γ
i

kj ,

(C5): C
i

jk = C k
ij .

• If f1 = 1
2 , f3 = f2 = 0 and ui = 0, then we obtain an h-recurrent

Finsler connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij). This case is studied by B. N. Prasad,



A new general Finsler connection 13

H.S. Shukla and D.D.Singh [11], B. N. Prasad and L. Srivastava [12], Nabil L.

Youssef and A. Soleiman [28]).

If f3 6= 0, f1 = f2 = 0 and ui = 0, then we obtain a symmetric v-recurrent

Finsler connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij) such that:

(C1): gij‖k = 0,

(C2): gij‖k = 2f3bkgij ,

(C4): Γ
i

jk = Γ
i

kj ,

(C5): C
i

jk = C h
ij + f3{bhgij − bi δhj − bj δhi }.

• If f3 = 1
2 , f1 = f2 = 0 and ui = 0, then we obtain a v-recurrent Finsler

connection GΓ ≡ (Γ
h

ij , N
h

j , C
h

ij), studied by B. N. Prasad and L. Srivastava

[12], A. Soleiman [15].

We end this work by the following remark.

Remark 5.1. The GP
1
-process and GC-process can be applied on each of the

above mentioned special cases to yield more Finsler connections. Namely, each

special case can produce three new Finsler connection. This enriches the theory

of connections in Finsler geometry compared to its counterpart in Riemannian

geometry.
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