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Abstract. In this short article, using a left-invariant Randers metric F on a

real Lie group G, we define a new left-invariant Randers metric F̃ . We show

that F is of Berwald (Douglas) type if and only if F̃ is of Berwald (Douglas)

type. In the case of Berwaldian metrics, we give the relation between their flag

curvatures. Also, we have studied the relations between their base Riemannian

metrics. Finally, as examples, the results are studied in the Heisenberg group

and almost Abelian Lie groups.
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1. Introduction

(α, β)-metrics are a type of Finsler metric that balances simplicity with rich

geometric structure, making them widely studied in both pure and applied con-

texts (see [1], [3], and [4]). Geometrically, an (α, β)-metric can be viewed as a

deformation of a Riemannian metric α by a 1-form β, which allows one to model

anisotropic phenomena while retaining tractable curvature computations.
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Matsumoto formally defined these metrics in [7], but the first instance ap-

peared in 1941, when G. Randers introduced the Randers metric for applica-

tions in physics, particularly in general relativity (see [12] and [13]). From

a geometric perspective, a Randers metric represents a solution to Zermelo’s

navigation problem, describing the shortest travel time under a wind, a clear

physical motivation for adding a vector field (or 1-form) to a Riemannian back-

ground.

Similar to the Riemannian case, left-invariant Finsler metrics on Lie groups

are of special significance because they encode the geometry of the group in a

homogeneous way, allowing one to study the interplay between algebraic struc-

ture and curvature. On Lie groups, left-invariant (α, β)-metrics are particularly

natural, the Riemannian metric α can be chosen as a left-invariant Riemann-

ian metric (e.g., derived from an inner product on the Lie algebra), and the

1-form β can be taken as left-invariant, corresponding to a fixed covector at the

identity. This setting bridges Finsler geometry, Lie theory, and control theory.

Thus, the study of left-invariant (α, β)-metrics on Lie groups is a very inter-

esting and fertile field in Finsler geometry (see for example [5], [9], [11] , [14]

and [16]). Deforming a Finsler metric while preserving important geometric

properties, such as being Berwald or Douglas, provides a valuable method for

constructing explicit examples in this field.

In this article, we start with a left-invariant Randers metric F and define

a new left-invariant Randers metric F̃ . First, let us consider the general case

on an arbitrary smooth manifold. Suppose that h is a Riemannian metric on

a smooth manifold M and X is a nowhere zero vector field on M (if there

exists such a vector field) with the assumption
√

h(X,X) < 1, then F (x, y) =√
h(y, y) + h(X(x), y) is a Randers metric on M . For any y ∈ TxM \ {0} the

fundamental tensor gy is an inner product on TxM . Hence, we can consider

gX as a Riemannian metric on M . According to [10], for any v, z ∈ TxM , we

have:

gX(v, z) =
(
h(v, z) +

1

‖X(x)‖
h(X(x), v)h(X(x), z)

)
(1 + ‖X(x)‖), (1.1)

where the norm ‖X(x)‖ is computed by the Riemannian metric h.

Suppose that for any x ∈M we have
√
gX(X(x), X(x)) < 1. Now, we define

a new Randers metric F̃ on M as follows:

F̃ (x, y) =
√
gX(y, y) + gX(X(x), y). (1.2)

We mention that one may use gy and X, gX and another vector field Z, or gy
and Z to define different Randers metrics or other (α, β)-metrics. However, we

have considered gX and the vector field X for simplicity. Using the same way

one may define a sequence of new metrics.

If G is a Lie group equipped with a left-invariant Riemannian metric h, and

X is an arbitrary non-zero left-invariant vector field on G with the condition
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‖X‖ < 1, then we see that F , which is defined as above, is a left-invariant

Randers metric on G. Now, using (1.1), we see that the Riemannian metric gX
is a left-invariant Riemannian metric on G. On the other hand, if gX(X,X) <

1, (for example it happens if
√
h(X,X) < 1

2 ) then the Finsler metric F̃ defined

by (1.2) is a left-invariant Randers metric on G.

In this paper, we study the geometry of the left-invariant Riemannian metric

gX and the left-invariant Randers metric F̃ and their relations with the metrics

h and F . More precisely, in the next section, we focus on the Riemannian

metrics gX and h. We compute the Levi-Civita connection and the sectional

curvature of gX . Also, we give a necessary and sufficient condition for a geodesic

(Killing) vector field of h to be a geodesic (Killing) vector field with respect to

gX . In section 3, the left-invariant Randers metric F̃ which is defined by (1.2),

is considered, and it is shown that F̃ is of Douglas (Berwald) type if and only

if F is of Douglas (Berwald) type. In the last section, we give some examples

of such left-invariant Randers metrics and compute their curvatures on the Lie

groups which J. Milnor studied in [8] (almost Abelian Lie groups), and the

Heisenberg group (see [15]).

2. The geometry of the Riemannian metric gX

In this section, we have considered the left-invariant Riemannian metric gX
defined by (1.1), where h is a left-invariant Riemannian metric and X ∈ g is a

left-invariant vector field on a Lie group G and g denotes the Lie algebra of G.

We will denote the inner products defined by gX and h on g with gX and 〈, 〉,
respectively. We know that there exists a linear mapping φ : g → g such that

for any v, z ∈ g we have:

gX(v, z) = 〈v, φ(z)〉. (2.1)

Now, using equations (1.1) and (2.1), we can easily write:

φ(z) = (1 + ‖X‖)z +
1 + ‖X‖
‖X‖

〈X, z〉X. (2.2)

Since φ is a symmetric mapping, there exists an orthonormal basis concerning

the inner product 〈, 〉, of the Lie algebra g consisting of eigenvectors of φ.

Suppose that {X1, · · · , Xn} is the above basis consisting of eigenvectors and

for i = 1, · · · , n, λi is the eigenvalue corresponded to the eigenvector Xi, i.e.

φ(Xi) = λiXi.

We know that X =
∑n
j=1〈X,Xj〉Xj , so for any i = 1 · · ·n we have:

λiXi = (1 + ‖X‖)Xi +
1 + ‖X‖
‖X‖

〈X,Xi〉
n∑
j=1

〈X,Xj〉Xj . (2.3)

For any 1 ≤ i, j ≤ n, we have:

λi = (1 + ‖X‖)
(

1 +
〈X,Xi〉2

‖X‖

)
,
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and

gX(Xi, Xj) = λjδij .

On the other hand, equation (2.3) shows that if for some i0 (1 ≤ i0 ≤ n) we

have 〈X,Xi0〉 6= 0, then for any i 6= i0 we have 〈X,Xi〉 = 0, which shows that

Xi0 = X
‖X‖ . So we have λi0 = (1 + ‖X‖)2 and λi = 1 + ‖X‖, where i 6= i0.

Notation 2.1. From now on the set {X1, X2, · · · , Xn} denotes the orthonor-

mal basis relative to the inner product 〈, 〉 for g consisting of eigenvectors of φ

and λ1, λ2, · · · , λn are their corresponding eigenvalues.

Proposition 2.2. Let (G, h) be a Lie group with a left-invariant Riemann-

ian metric h. Suppose that X is a left-invariant vector field on G such that

‖X‖ < 1, where the norm is computed with respect to h. Then the Levi-Civita

connection of the Riemannian metric gX , defined by the equation (1.1) is ob-

tained as follows:

∇Xi
Xj =

n∑
k=1

1

2

( λi
λk
αkji −

λj
λk
αikj − αjik

)
Xk

=

n∑
k=1

1

2

( ‖X‖+ 〈X,Xi〉2

‖X‖+ 〈X,Xk〉2
αkji −

‖X‖+ 〈X,Xj〉2

‖X‖+ 〈X,Xk〉2
αikj − αjik

)
Xk,

where αijk are structural coefficients with respect to the basis {X1, X2, · · · , Xn}.

Proof. Using the Koszul formula, we have:

gX(∇Xi
Xj , Xk) =

1

2

(
gX(Xi, [Xk, Xj ])− gX(Xj , [Xi, Xk])− gX(Xk, [Xj , Xi])

)
.

(2.4)

It follows from [Xi, Xj ] =
∑n
k=1 αijkXk and (2.1) that

gX(∇Xi
Xj , Xk) =

1

2
(λiαkji − λjαikj − λkαjik). (2.5)

Now, the fact that,

∇Xi
Xj =

n∑
k=1

〈∇Xi
Xj , Xk〉Xk =

n∑
k=1

1

λk
gX(∇Xi

Xj , Xk)Xk, (2.6)

together with a direct computation, completes the proof. �

Proposition 2.3. Under the same assumptions as in Proposition 2.2, if K is

the sectional curvature of Riemannian metric gX , then the formula for K is as

follows:

K(Xi, Xj) =
1

4

n∑
l=1

(
− 4

λl
αljjαlii −

2

λl
αljiαilj +

2

λj
αijlαjli +

2

λi
αiljαjil

− 3λl
λiλj

α2
ijl +

λj
λiλl

α2
ilj +

λi
λjλl

α2
lji

)
. (2.7)
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Proof. It is easy to see that, the sectional curvature of Riemannian metric gX
is as follows:

K(Xi, Xj) =
1

λj
〈R(Xi, Xj)Xj , Xi〉. (2.8)

On the other hand, for the curvature tensor of the Riemannian metric we have:

R(Xi, Xj)Xk = ∇Xi
∇Xj

Xk −∇Xj
∇Xi

Xk −∇[Xi,Xj ]Xk. (2.9)

Now, a direct computation gives:

∇Xi
∇Xj

Xk =
1

4

n∑
l,h=1

(λj
λl
αlkj −

λk
λl
αjlk − αkjl)(

λi
λh
αhli −

λl
λh
αihl − αlih

)
Xh.

(2.10)

∇Xj∇XiXk =
1

4

n∑
l,h=1

(λi
λl
αlki −

λk
λl
αilk − αkil)(

λj
λh
αhlj −

λl
λh
αjhl − αljh

)
Xh.

(2.11)

Also due to the equation [Xi, Xj ] =
∑n
k=1 αijkXk, we have:

∇[Xi,Xj ]Xk =
1

2

n∑
l,h=1

αijl

( λl
λh
αhkl −

λk
λh
αlhk − αklh

)
Xh. (2.12)

Hence we obtain

R(Xi, Xj)Xk =
1

4

n∑
l,h=1

{
(
λj
λl
αlkj −

λk
λl
αjlk − αkjl)(

λi
λh
αhli −

λl
λh
αihl − αlih)

− (
λi
λl
αlki −

λk
λl
αilk − αkil)(

λj
λh
αhlj −

λl
λh
αjhl − αljh)

− 2αijl(
λl
λh
αhkl −

λk
λh
αlhk − αklh)

}
Xh. (2.13)

So the equations (2.8) and (2.13), complete the proof. �

Proposition 2.4. Under the same assumptions as in Proposition 2.2 we have:

(1) If v is a geodesic vector field with respect to the Riemannian metric h,

then v is a geodesic vector field with respect to the Riemannian metric

gX , if and only if

ad∗vX = 0 or 〈X, v〉 = 0. (2.14)

(2) If v is a Killing vector field with respect to the Riemannian metric h,

then v is a Killing vector field with respect to the Riemannian metric

gX if and only if

ad∗vX = 0, (2.15)

where ad∗v denotes the transpose of adv with respect to 〈, 〉.
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Proof. For (1), we recall that, using [6], v is a geodesic vector field with respect

to gX , if and only if:

gX(v, [v, y]) = 0 ∀y ∈ g. (2.16)

Now, according to (1.1) and because v is the geodesic vector field concerning

the Riemannian metric 〈, 〉, we have:

〈X, v〉〈X, [v, y]〉 = 0,

which completes the proof.

For (2), we mention that v is a Killing vector field concerning gX if and only

if:

gX([v, y], z) + gX(y, [v, z]) = 0 ∀y, z ∈ g. (2.17)

Now, the equation (1.1), together with the fact that v is the Killing vector field

for the Riemannian metric h, shows that the above equation is equivalent to

the following equation:

〈X, z〉〈X, [v, y]〉+ 〈X, y〉〈X, [v, z]〉 = 0 ∀y, z. (2.18)

Now, if we put z = y, then the result is concluded. �

3. The geometry of the Randers metric defined by gX and X

In this section, using a Randers metric F , we define a new Randers met-

ric F̃ and study some of their geometric relations. Suppose that (M,F ) is

a Randers space, where F is defined by a Riemannian metric h and a vec-

tor field X. Let gy be the fundamental tensor of the Randers metric F . As

mentioned in the previous section, gX is a Riemannian metric on M . Sup-

pose that
√
gX(X,X) < 1 (we recall that, for example, this condition holds if√

h(X,X) < 1
2 ). We can easily see the equation 1.2 defines a Randers metric

on M . A direct computation shows that

F̃ (x, y) =
(
‖y‖2 +

h(X(x), y)2

‖X‖

) 1
2
(

1 + ‖X‖) 1
2 + h(X(x), y

)(
1 + ‖X‖

)2
, (3.1)

where the norm ‖‖ is computed by h.

We note that, during this article, when we use the Randers metric F̃ , we

have considered
√
gX(X,X) < 1.

Proposition 3.1. Let G be a Lie group with a left-invariant Randers metric F

arising from a left-invariant Riemannian metric h and a left-invariant vector

field X.

(1) F is of Douglas type if and only if F̃ is of Douglas type.

(2) F is of Berwald type if and only if F̃ is of Berwald type.

Proof. For (1), we know that the Randers metric F is of Douglas type if and

only if 〈X, [g, g]〉 = 0, where similar to the previous section 〈, 〉 is the inner prod-

uct induced by the Riemannian metric h on g. On the other hand, the equations
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(2.1) and (2.2) together with a little computations show that 〈X, [g, g]〉 = 0 if

and only if gX(X, [g, g]) = 0, so the proof is completed.

For the part (2), by Proposition 4.1 in [5], the Randers metric F is of Berwald

type if and only if

〈X, [y, z]〉 = 0, (3.2)

〈[y,X], z〉+ 〈[z,X], y〉 = 0. (3.3)

Consider the basis defined in Proposition 2.2. Suppose that F is of Berwald

type. So F (and also F̃ ) is of Douglas type and for any 1 ≤ i, j ≤ n we

have 〈[Xi, X], Xj〉 + 〈[Xj , X], Xi〉 = 0, which proves that gX([Xi, X], Xj) +

gX([Xj , X], Xi) = 0.

Conversely, let F̃ be of Berwald type. Therefore, F̃ (and also F ) is of Douglas

type and

gX([Xi, X], Xj)+gX([Xj , X], Xi) = (1+‖X‖)(〈Xj , [Xi, X]〉+〈Xi, [Xj , X]〉) = 0.

(3.4)

The last equation completes the proof. �

If F (or equivalently F̃ ) is of Douglas type, then the formulas of Levi-Civita

connections of h and gX are simple. In this case, we have the following propo-

sition.

Proposition 3.2. Suppose that ∇ and ∇̄ denote the Levi-Civita connections

of gX and h, respectively. Under the same assumptions as in Proposition (3.1),

if F is of Douglas type then for ∇ and ∇̄ we have:

∇Xi
Xj =

n∑
k=1

1 + ‖X‖
2λk

(αkji − αikj − αjik)Xk (3.5)

= ∇̄Xi
Xj +

1

2‖X‖(1 + ‖X‖)

(
〈[Xi, X], Xj〉+ 〈[Xj , X], Xi〉

)
X.

Proof. The Koszul formula

gX(∇Xi
Xj , Xk) =

1

2

(
gX(Xi, [Xk, Xj ])− gX(Xj , [Xi, Xk])− gX(Xk, [Xj , Xi])

)
,

(3.6)

together with the equations (2.1) and (3.6) show that

gX(∇XiXj , Xk) =
1 + ‖X‖

2
(αkji − αikj − αjik). (3.7)

As well as

gX(∇Xi
Xj , Xk) = (1 + ‖X‖)〈∇̄Xi

Xj , Xk〉. (3.8)

Now the equation

∇XiXj =

n∑
k=1

〈∇XiXj , Xk〉Xk (3.9)

completes the proof of the first equation.
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For the second equation, we recall that the Randers metric F̃ is of Douglas

type if and only if gX(X, [y, z]) = 0. Now according to (3.8) we have

φ(∇XiXj) = (1 + ‖X‖)∇̄XiXj . (3.10)

On the other hand, it is known that (see [2]):

∇Xi
Xj =

1

2
([Xi, Xj ]− ad∗Xi

Xj − ad∗Xj
Xi), (3.11)

where the transpose is computed with respect to gX . Due to the (1.1) we have

gX(X, ad∗Xi
Xj) = (1 + ‖X‖)2〈X, ad∗Xi

Xj〉, (3.12)

and

〈φ([Xi, X]), Xj〉 = (1 + ‖X‖)〈[Xi, X], Xj〉. (3.13)

Now according to (3.11), (3.12)) and (3.13) we have:

〈X,∇Xi
Xj〉 = − 1

2(1 + ‖X‖)

(
〈[Xi, X], Xj〉+ 〈[Xj , X], Xi〉

)
. (3.14)

On the other hand, we know

φ(∇Xi
Xj) = (1 + ‖X‖)∇Xi

Xj +
1 + ‖X‖
‖X‖

〈X,∇Xi
Xj〉X. (3.15)

Now, substituting the relations (3.14) and (3.10) in the relation (3.15), com-

pletes the proof. �

Corollary 3.3. In the previous proposition, if X belongs to the center of Lie

algebra of G or X is a Killing vector field of the Riemannian metric h, then

the Levi-Civita connection of h and the Levi-Civita connection of gX coincide.

In this case, the sectional curvature of the Riemannian metric gX is as follows:

K(Xi, Xj) =
1

1 + ‖X‖
K̄(Xi, Xj), (3.16)

where K and K̄ denote the sectional curvature of gX and h, respectively.

Proof. A direct computation together with (3.5), concludes the proof. �

Corollary 3.4. With the assumptions of Proposition 3.1, if F (or equivalently

F̃ ) is of Berwald type, then the Levi-Civita connection of h and the Levi-Civita

connection of gX coincide.

Proposition 3.5. Under the same assumptions as in Corollary 3.4, the sec-

tional curvature of the Riemannian metric gX is given by

K(Xi, Xj) =
1

1 + ‖X‖
K̄(Xi, Xj). (3.17)
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Proof. Using Corollary (3.4), we have

R(Xi, Xj)Xj = R̄(Xi, Xj)Xj ,

where R̄ denotes the curvature tensor of the Riemannian metric h. Now it is

sufficient to recall that, by equation (2.1), we have:

K(Xi, Xj) =
1

λj
〈R(Xi, Xj)Xj , Xi〉. (3.18)

We get the proof. �

Here we mention that K(Xi0 , Xj) = K̄(Xi0 , Xj) = 0.

Proposition 3.6. With the same assumptions as in Proposition 3.2, the sec-

tional curvature of the Riemannian metric gX is given by

K(Xi, Xj) =
1

1 + ‖X‖

{
K̄(Xi, Xj) +

1

‖X‖(1 + ‖X‖)
(
〈[Xi, X], Xi〉〈[Xj , X], Xj〉

−1

4
(〈[Xi, X], Xj〉+ 〈[Xj , X], Xi〉)2

)}
.

Proof. We know the curvature tensor of the Riemannian metric gX is as follows:

R(Xi, Xj)Xk = ∇Xi
∇Xj

Xk −∇Xj
∇Xi

Xk −∇[Xi,Xj ]Xk. (3.19)

Now, using Proposition 3.2 we have:

R(Xi, Xj)Xk = R̄(Xi, Xj)Xk +
1

2‖X‖(1 + ‖X‖)

{(
〈[Xi, X], ∇̄Xj

Xk〉

+ 〈[∇̄Xj
Xk, X], Xi〉 − 〈[Xj , X], ∇̄Xi

Xk〉
− 〈[∇̄XiXk, X], Xj〉 − 〈[[Xi, Xj ], X], Xk〉

− 〈[Xk, X], [Xi, Xj ]〉
)
X +

(
〈[Xj , X], Xk〉+ 〈[Xk, X], Xj〉

)
∇̄Xi

X

−
(
〈[Xi, X], Xk〉+ 〈[Xk, X], Xi〉

)
∇̄Xj

X
}
,

where R̄ denotes the curvature tensor of the Riemannian metric h. We also

know that the sectional curvature of the Riemannian metric gX is as follows:

K(Xi, Xj) =
1

λj
〈R(Xi, Xj)Xj , Xi〉 (3.20)

Then with a direct computation, we have:

K(Xi, Xj) =
1

λj

{
K̄(Xi, Xj)−

1

‖X‖(1 + ‖X‖)

(
〈R̄(Xi, Xj)Xj , X〉〈X,Xi〉

− 〈[Xj , X], Xj〉〈[Xi, X], Xi〉
)

− 1

4‖X‖(1 + ‖X‖)

(
〈[Xi, X], Xj〉+ 〈[Xj , X], Xi〉

)2}
.

We get the proof. �
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In the following, we compute the flag curvature of the Randers metric F̃ , in

terms of the flag curvature of the Randers metric F , where they are of Berwald

type.

Proposition 3.7. Assume that G is a Lie group with a left-invariant Berwal-

dian Randers metric F arising from a left-invariant Riemannian metric h and

a left-invariant vector field X. Then the flag curvature KF̃ (Xj , P ) of F̃ is

given by

KF̃ (Xj , P ) =
(1 + 〈X,Xj〉)2

λj(1 + λ
1
2
j 〈X,Xj〉)2

KF (Xj , P ), (3.21)

where P = span{Xi, Xj} and KF (Xi, Xj) denotes the flag curvature of F .

Proof. By Proposition 3.1, F̃ is of Berwald type. According to the Proposition

3.1 in [5] , the flag curvatures KF and KF̃ of F and F̃ , respectively, are as

follows:

KF̃ (Xj , P ) =
gX(Xj , Xj)

F̃ 2(Xj)
K(Xi, Xj), (3.22)

KF (Xj , P ) =
h(Xj , Xj)

F 2(Xj)
K̄(Xi, Xj), (3.23)

where, as above, K is the sectional curvature of the Riemannian metric gX and

K̄ is the sectional curvature of the Riemannian metric h.

Using Proposition 3.5, we have

K(Xj , Xj) =
1

λj
K̄(Xj , Xj). (3.24)

On the other hand, we have

h(Xj , Xj) = 1, F 2(Xj) = (1 + 〈X,Xj〉)2,

and

gX(Xj , Xj) = λj , F̃ 2(Xj) = λj(1 + λ
1
2
j 〈X,Xj〉)2.

Now, by (3.24), (3.23) and (3.22), we conclude that (3.21) holds. �

4. Examples

4.1. The Heisenberg group H3. LetH3 be the simply connected 3-dimensional

Heisenberg Lie group, and 〈, 〉 be the inner product on its Lie algebra h3, in-

duced by the left-invariant Riemannian metric h on H3 introduced in [15].

Suppose that {x, y, z} is an orthogonal basis of h3 and λ 0 0

0 λ 0

0 0 1


is the matrix of the inner product 〈, 〉 with respect to this basis, where λ > 0.

Suppose that X is a left-invariant vector field belonging to the center of the
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Lie algebra h3. So X is a scalar multiple of z. Let X = cz and ‖X‖ = |c| < 1
2 .

We can see that the linear mapping φ : h3 → h3 is as follows:

φ(v) = (1 + |c|)(v + |c|〈z, v〉z). (4.1)

It is easy to see that the matrix representation of φ with respect to the basis

{x, y, z} is of the form 1 + |c| 0 0

0 1 + |c| 0

0 0 (1 + |c|)2

 .

Therefore, its eigenvalues are λ1 = 1 + |c|, λ2 = 1 + |c|, λ3 = (1 + |c|)2 with the

corresponding eigenvectors X1 = x√
λ

, X2 = y√
λ

and X3 = z, which construct

an orthonormal basis for h3. So we have

[X1, X2] =
1

λ
z (4.2)

[X1, X3] = [X2, X3] = 0. (4.3)

Therefore the non-zero structure constants are α123 = −α213 = 1
λ .

Now according to Proposition 2.2 the Levi-Civita connection of the Rie-

mannian metric gX is as follows:

∇xy =
1

2
z, ∇xz = −1 + |c|

2λ
y,

∇yz =
1 + |c|

2λ
x, ∇yx = −1

2
z,

∇zx = −1 + |c|
2λ

y, ∇zy =
1 + |c|

2λ
x,

∇xx = ∇yy = ∇zz = 0.

Due to the (1.1) and (4.1) we have

gX(x, x) = gX(y, y) = λ(1 + |c|), gX(z, z) = (1 + |c|)2,
gX(x, y) = gX(x, z) = gX(z, y) = 0.

Therefore, according to Proposition 2.3 the sectional curvature of the Riemann-

ian metric gX is as follow

K(x, y) =
−3

4λ2
,

K(x, z) = K(y, z) =
1

4λ2
.

4.2. The almost Abelian Lie groups. A non-Abelian Lie group G is called

almost Abelian if it has a codimension one Abelian subgroup. Suppose that G

is an almost Abelian Lie group with Lie algebra g. Let 〈, 〉 be a left-invariant

Riemannian metric on G. Then there exist b ∈ g and a commutative ideal u of

codimention one such that [b, z] = z, for any z ∈ u (see [8] and [5]). Suppose
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that {u1 = b, u2, u3, · · · , un} is an orthonormal basis for g with respect to 〈, 〉,
where {u2, u3, · · · , un} is a basis for u. In this case we have,

[b, ui] = ui, i = 2, · · · , n, and [ui, uj ] = 0, i, j 6= 1.

Therefore, the non-zero structural constants are α1ii = −αi1i = 1, i =

2, 3, · · · , n. Let X = ξb, where in ‖X‖ = ξ < 1
2 . Then the linear mapping

φ : g→ g is as follows:

φ(v) = (1 + ξ)v + (1 + ξ)ξ〈b, v〉b. (4.4)

Then, the matrix representation of φ with respect to the ordered basis {u1 =

b, u2, u3, · · · , un} is as follows

(1 + ξ)2 0 0 . . . . . . 0

0 (1 + ξ) 0 . . . . . . 0
... 0

. . . . . . . . . 0
...

...
...

. . . . . .
...

...
...

...
...

. . . 0

0 0 . . . . . . 0 (1 + ξ).


.

Hence, the eigenvalues of φ are λ1 = (1 + ξ)2, λ2 = · · · = λn = (1 + ξ) and the

corresponding eigenvectors are {b, u2, · · · , un}.
Now according to the Proposition 2.2 the Levi-Civita connection of the Rie-

mannian metric gX is as follows:

∇uj
b = −uj , j 6= 1,

∇uj
uj =

1

1 + ξ
b, j 6= 1,

∇ui
uj = 0, i 6= j and i, j = 2, 3, · · · , n,

∇bb = 0

∇buj = 0, j = 2, 3, · · · , n.

Therefore, according to the Proposition 2.3 the sectional curvature of the Rie-

mannian metric gX is as follows:

K(ui, uj) = − 1

(1 + ξ)2
.

Remark 4.1. Finally, we mention that using formula (2.8) of [10], the results

of this paper can be generalized in an almost similar way of Randers metrics

to the other (α, β)-metrics.
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