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Abstract. In this short article, using a left-invariant Randers metric F' on a
real Lie group G, we define a new left-invariant Randers metric F. We show
that F is of Berwald (Douglas) type if and only if F' is of Berwald (Douglas)
type. In the case of Berwaldian metrics, we give the relation between their flag
curvatures. Also, we have studied the relations between their base Riemannian
metrics. Finally, as examples, the results are studied in the Heisenberg group
and almost Abelian Lie groups.
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1. Introduction

(a, B)-metrics are a type of Finsler metric that balances simplicity with rich
geometric structure, making them widely studied in both pure and applied con-
texts (see [1], [3], and [1]). Geometrically, an (a, 8)-metric can be viewed as a
deformation of a Riemannian metric a by a 1-form 3, which allows one to model
anisotropic phenomena while retaining tractable curvature computations.
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Matsumoto formally defined these metrics in [7], but the first instance ap-
peared in 1941, when G. Randers introduced the Randers metric for applica-
tions in physics, particularly in general relativity (see [12] and [13]). From
a geometric perspective, a Randers metric represents a solution to Zermelo’s
navigation problem, describing the shortest travel time under a wind, a clear
physical motivation for adding a vector field (or 1-form) to a Riemannian back-
ground.

Similar to the Riemannian case, left-invariant Finsler metrics on Lie groups
are of special significance because they encode the geometry of the group in a
homogeneous way, allowing one to study the interplay between algebraic struc-
ture and curvature. On Lie groups, left-invariant («, §)-metrics are particularly
natural, the Riemannian metric @ can be chosen as a left-invariant Riemann-
ian metric (e.g., derived from an inner product on the Lie algebra), and the
1-form (3 can be taken as left-invariant, corresponding to a fixed covector at the
identity. This setting bridges Finsler geometry, Lie theory, and control theory.
Thus, the study of left-invariant («, 8)-metrics on Lie groups is a very inter-
esting and fertile field in Finsler geometry (see for example [5], [9], [11] , [14]
and [16]). Deforming a Finsler metric while preserving important geometric
properties, such as being Berwald or Douglas, provides a valuable method for
constructing explicit examples in this field.

In this article, we start with a left-invariant Randers metric F' and define
a new left-invariant Randers metric F. First, let us consider the general case
on an arbitrary smooth manifold. Suppose that h is a Riemannian metric on
a smooth manifold M and X is a nowhere zero vector field on M (if there
exists such a vector field) with the assumption \/h(X, X) < 1, then F(z,y) =
Vhy,y) + h(X(x),y) is a Randers metric on M. For any y € T, M \ {0} the
fundamental tensor g, is an inner product on 7, M. Hence, we can consider
gx as a Riemannian metric on M. According to [10], for any v,z € T, M, we
have:

1

gx(v,2) = (h(v,2) + mhw(m),v)h(m),z))(l +HIX@))), (1)

where the norm || X (x)|| is computed by the Riemannian metric h.
Suppose that for any © € M we have \/gx (X (x), X(x)) < 1. Now, we define
a new Randers metric F' on M as follows:

F(z,y) = Vax(y,y) + 9x (X (2),y). (1.2)

We mention that one may use g, and X, gx and another vector field Z, or g,
and Z to define different Randers metrics or other («, §)-metrics. However, we
have considered gx and the vector field X for simplicity. Using the same way
one may define a sequence of new metrics.

If G is a Lie group equipped with a left-invariant Riemannian metric h, and
X is an arbitrary non-zero left-invariant vector field on G with the condition
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IX|| < 1, then we see that F', which is defined as above, is a left-invariant
Randers metric on G. Now, using (1.1), we see that the Riemannian metric gx
is a left-invariant Riemannian metric on G. On the other hand, if gx (X, X) <
1, (for example it happens if \/h(X, X) < 3) then the Finsler metric F defined
by (1.2) is a left-invariant Randers metric on G.

In this paper, we study the geometry of the left-invariant Riemannian metric
gx and the left-invariant Randers metric F' and their relations with the metrics
h and F. More precisely, in the next section, we focus on the Riemannian
metrics gx and h. We compute the Levi-Civita connection and the sectional
curvature of gx. Also, we give a necessary and sufficient condition for a geodesic
(Killing) vector field of h to be a geodesic (Killing) vector field with respect to
gx. In section 3, the left-invariant Randers metric F' which is defined by (1.2),
is considered, and it is shown that F is of Douglas (Berwald) type if and only
if F'is of Douglas (Berwald) type. In the last section, we give some examples
of such left-invariant Randers metrics and compute their curvatures on the Lie
groups which J. Milnor studied in [3] (almost Abelian Lie groups), and the
Heisenberg group (see [15]).

2. The geometry of the Riemannian metric gx

In this section, we have considered the left-invariant Riemannian metric gx
defined by (1.1), where h is a left-invariant Riemannian metric and X € g is a
left-invariant vector field on a Lie group G and g denotes the Lie algebra of G.
We will denote the inner products defined by gx and h on g with gx and (,),
respectively. We know that there exists a linear mapping ¢ : g — g such that
for any v, z € g we have:

9x(0.2) = (0. 6(2). 2.1)
Now, using equations (1.1) and (2.1), we can easily write:
1+ ||1X
o) = (+ s+ L o x (22

Since ¢ is a symmetric mapping, there exists an orthonormal basis concerning
the inner product (,), of the Lie algebra g consisting of eigenvectors of ¢.

Suppose that {X7,---, X, } is the above basis consisting of eigenvectors and
fors=1,---,n, \; is the eigenvalue corresponded to the eigenvector Xj;, i.e.
o(Xi) = M X
We know that X =37, (X, X;) X}, so for any ¢ = 1---n we have:
1+ X -
NiXi = 1+ | XDX; + WO(’ Xi) Z<X, X;)X;. (2.3)
j=1
For any 1 <14,j < n, we have:
<X’ Xi>2
o=+ IXID (1 + )
(X1l
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and

9x (Xi, Xj5) = Xjd45.
On the other hand, equation (2.3) shows that if for some iy (1 < ig < n) we
have <X Xi,) # 0, then for any i # ip we have (X, X;) = 0, which shows that
Xi, = IIXH So we have \;, = (1 + || X||)? and \; = 1 + || X||, where i # 4.

Notation 2.1. From now on the set {X1, Xs, -, X,} denotes the orthonor-
mal basis relative to the inner product (,) for g consisting of eigenvectors of ¢
and A1, Aa, -+, A are their corresponding eigenvalues.

Proposition 2.2. Let (G, h) be a Lie group with a left-invariant Riemann-
ian metric h. Suppose that X is a left-invariant vector field on G such that
IX|| < 1, where the norm is computed with respect to h. Then the Levi-Civita
connection of the Riemannian metric gx, defined by the equation (1.1) is ob-
tained as follows:

1N Aj
Vx, Xj= Z 3 (Ykakji - )\*kaikj - ajik)Xk

—Z LK DR, )y,
X1+ (X, X2 ™ X+ (X, Xi)? " ’
where o1, are structuml coefficients with respect to the basis {X1, Xo, -+, Xn}.

Proof. Using the Koszul formula, we have:

1
x (Vi X, X0) = 5 (9x (X, (X 251) = 9 (3, (X3, X)) = g (X, [, X)) ).
(2.1)
It follows from [X;, X;] = > p_; a;jxXx and (2.1) that

1
gx(inXj,Xk) = 5(/\1‘0516]‘1' - /\jOéikj — )\kaﬂk). (25)
Now, the fact that,

n n 1
VX =Y (Vx, X5, X)X = > /\*kQX(VXiXka)Xka (2.6)
k=1 k=1

together with a direct computation, completes the proof. O
Proposition 2.3. Under the same assumptions as in Proposition 2.2, if K is

the sectional curvature of Riemannian metric gx , then the formula for K is as
follows:

2 2 2
K(X;,X;) = 1 Z ( N, (i = il + )Tjaijlajli + 3, it it
3)\1 A o2 Ai o
e o+ 3o + e o). (2.7)
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Proof. 1t is easy to see that, the sectional curvature of Riemannian metric gx

is as follows:
1
K(X;, X;) = Y<R(Xi7Xj)XjaXi>- (2.8)
J

On the other hand, for the curvature tensor of the Riemannian metric we have:
R(Xi, X)Xy = Vx,Vx, Xi, = Vx, Vx, Xi. — Vix, x,) Xk- (2.9)

Now, a direct computation gives:

1 & by Ak Ai A
Vx,Vx; Xp =~ Z (Jalkj - ﬁajlk — ajt) (3= Ohti — ~—Qing — alih)Xir

4l,h=1 Al A An An
(2.10)

IERADY A Aj by,
. X = — (*Z i — — Gl — i = P — — QiR — )X
Vx,Vx, Xy 4121 3 Ok Ty Qi l)()\h@hl] N, it~ g ) X
(2.11)

Also due to the equation [X;, X;] = >°)_; @i Xy, we have:

1 & Al Ak

Xk = - (7 — 2k e — )X. 2.12
Vix, x,) Xk 5 lglagz N, bt = Qs — ke ) Xn (2.12)

Hence we obtain

n

. 1 )\j )\k )\7, >\l
R(XZ>X])XIC - Z lél {(Tlalkj - Tla]lk - ak]l)(Thahlz - Thazhl - allh)
(/\i Ak ) Aj Al )
— (ki — —aike — agi) (- QR — — 0GR — O
)\l Lk )\l ilk kil )\h hlj )\h Jhl ljh
Al Ak
- Qaiﬂ(A—hahkl =, aklh)}Xh- (2.13)
So the equations (2.8) and (2.13), complete the proof. O

Proposition 2.4. Under the same assumptions as in Proposition 2.2 we have:

(1) Ifv is a geodesic vector field with respect to the Riemannian metric h,
then v is a geodesic vector field with respect to the Riemannian metric

gx, if and only if
ad;X =0 or (X,v)=0. (2.14)

(2) If v is a Killing vector field with respect to the Riemannian metric h,
then v is a Killing vector field with respect to the Riemannian metric

gx if and only if
ady X =0, (2.15)

where ad?, denotes the transpose of ad, with respect to (,).
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Proof. For (1), we recall that, using [0], v is a geodesic vector field with respect
to gx, if and only if:

9x(v,[v,y]) =0 Vyeg. (2.16)
Now, according to (1.1) and because v is the geodesic vector field concerning
the Riemannian metric (, ), we have:

<X7 ’U><X, ['U,y]> =0,

which completes the proof.
For (2), we mention that v is a Killing vector field concerning gy if and only
if:

9x([v,y],2) + 9x(y, [v,2]) =0 Vy,z € g. (2.17)
Now, the equation (1.1), together with the fact that v is the Killing vector field
for the Riemannian metric h, shows that the above equation is equivalent to
the following equation:

(X, 20X, [v,y]) + (X, y)(X,[v,2]) =0 Yy, z. (2.18)

Now, if we put z = y, then the result is concluded. ([l

3. The geometry of the Randers metric defined by gx and X

In this section, using a Randers metric F'; we define a new Randers met-
ric F and study some of their geometric relations. Suppose that (M, F) is
a Randers space, where F' is defined by a Riemannian metric h and a vec-
tor field X. Let g, be the fundamental tensor of the Randers metric . As
mentioned in the previous section, gx is a Riemannian metric on M. Sup-
pose that \/gx (X, X) < 1 (we recall that, for example, this condition holds if

h(X,X) < %) We can easily see the equation 1.2 defines a Randers metric
on M. A direct computation shows that

F(a,y) = (IIyI“W)%(H IXID% +h(X (@), ) (1+ ||X||)2, (3.1)

where the norm |||| is computed by h.
We note that, during this article, when we use the Randers metric F', we

have considered 1/gx (X, X) < 1.

Proposition 3.1. Let G be a Lie group with a left-invariant Randers metric F
arising from a left-invariant Riemannian metric h and a left-invariant vector

field X
(1) F is of Douglas type if and only if F is of Douglas type.
(2) F is of Berwald type if and only if F is of Berwald type.

Proof. For (1), we know that the Randers metric F is of Douglas type if and
only if (X, [g, g]) = 0, where similar to the previous section (, ) is the inner prod-
uct induced by the Riemannian metric h on g. On the other hand, the equations
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(2.1) and (2.2) together with a little computations show that (X, [g, g]) = 0 if
and only if gx (X, [g, g]) = 0, so the proof is completed.

For the part (2), by Proposition 4.1 in [5], the Randers metric F' is of Berwald
type if and only if

<X, [y7 Z]> =0, (3.2)

(ly, X],2) + ([z, X],y) = 0. (3.3)

Consider the basis defined in Proposition 2.2. Suppose that F' is of Berwald

type. So F (and also F) is of Douglas type and for any 1 < 4,5 < n we

have ([X;, X], X;) + ([X;, X], X;) = 0, which proves that gx([X;, X], X;) +
gx(1X;, X, X,) = 0. )

Conversely, let F' be of Berwald type. Therefore, F' (and also F') is of Douglas

type and

9x ([Xi, X], Xj)+gx ([X5, X, Xi) = A+ X) (X5, [Xi, X])+(Xs, [X;, X)) = 0.
(3.4)

The last equation completes the proof. O

If F (or equivalently F) is of Douglas type, then the formulas of Levi-Civita
connections of h and gx are simple. In this case, we have the following propo-
sition.

Proposition 3.2. Suppose that V and V denote the Levi-Civita connections
of gx and h, respectively. Under the same assumptions as in Proposition (3.1),
if F is of Douglas type then for V and V we have:

S+ ||X
Vx, Xj = Z%(akﬁ_aik]‘_aﬁk)){k (3.5)
k=1 .
= 1
= Ve Xi+———(([X:, X], X, X, X], X)) X.

Proof. The Koszul formula

9x (Vx, X, Xi) = 1(éix(Xi» (X, X;]) = gx (X5, [Xi, Xi]) — 9x (X, [Xj,Xi])>,

2
(3.6)
together with the equations (2.1) and (3.6) show that
1+ || X
9x (Vx, X, Xi) = %(O‘kﬁ = Qikj = Qjik)- (3.7)
As well as
9x (Vx, X5, Xi) = (1 + [IX){Vx, X5, Xi). (3.8)
Now the equation
Vx, X;=> (Vx,Xj, Xp) Xk (3.9)
k=1

completes the proof of the first equation.
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For the second equation, we recall that the Randers metric F is of Douglas
type if and only if gx (X, [y, z]) = 0. Now according to (3.8) we have

¢(Vx, X;) = 1+ [IXI)Vx,X;. (3.10)
On the other hand, it is known that (see [2]):
1
Vx, X; = 5([Xi,Xj] —ady, X; — ad X;), (3.11)

where the transpose is computed with respect to gx. Due to the (1.1) we have

g9x (X, adk, X;) = (1 + | X[)*(X, adk, X;), (3.12)
and
(o([X5, X]), X;5) = (1 + [|X[D (X, XT, X5). (3.13)
Now according to (3.11), (3.12)) and (3.13) we have:
(. V5, %) = g (K X100 + (16,50 %0). (314)

On the other hand, we know

1+ [1X]]

d(Vx, X;) = 1+ | X|)Vx, X; + X

(X, Vx, X)) X. (3.15)
Now, substituting the relations (3.14) and (3.10) in the relation (3.15), com-
pletes the proof. O

Corollary 3.3. In the previous proposition, if X belongs to the center of Lie
algebra of G or X is a Killing vector field of the Riemannian metric h, then
the Levi-Civita connection of h and the Levi-Civita connection of gx coincide.
In this case, the sectional curvature of the Riemannian metric gx is as follows:

1 _
K(Xi»Xj) = TMHK(Xi’Xj)7 (3-16)

where K and K denote the sectional curvature of gx and h, respectively.
Proof. A direct computation together with (3.5), concludes the proof. O

Corollary 3.4. With the assumptions of Proposition 3.1, if F' (or equivalently
F') is of Berwald type, then the Levi-Civita connection of h and the Levi-Civita
connection of gx coincide.

Proposition 3.5. Under the same assumptions as in Corollary 3.4, the sec-
tional curvature of the Riemannian metric gx is given by

1 _
K(X;, X)) = ——K(X;, X;). 3.17
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Proof. Using Corollary (3.4), we have
R(X;, X)X, = R(XZ-,X]-)XJ-,

where R denotes the curvature tensor of the Riemannian metric h. Now it is
sufficient to recall that, by equation (2.1), we have:

K(Xi, Xj) = —(R(X3, X;) X5, X3). (3.18)

1

Aj

We get the proof. O
Here we mention that K (X;,, X;) = K(X;,,X;) = 0.

Proposition 3.6. With the same assumptions as in Proposition 3.2, the sec-
tional curvature of the Riemannian metric gx is given by

1 1
x| XTI+ 1X1)

100X X1, X5) + (1%, X1, X)) ).

K(X;, X;) = {E(x.x))+ (X2, X1, X (X5, X], X;)

Proof. We know the curvature tensor of the Riemannian metric gx is as follows:
R(Xi, X)X = Vx,Vx,; Xi, = Vx,Vx, Xi. — Vix, x,) Xk- (3.19)
Now, using Proposition 3.2 we have:

R(Xi, X;)Xi, = R(X;, X;) Xy + X;, X],Vx, Xi)

1
ey
+ <[VX Xk, }7Xi> - <[Xj7X]’?XiXkJ>

—([Vx, Xk, X1, X;5) — ([[Xs, X;], X], X&)
~

i

[, X1, X, X1)) X + ({15, X1, Xi) + (X0, X], X)) Vx, X

= (02X, ) 41X X, X)) W, X

where R denotes the curvature tensor of the Riemannian metric h. We also
know that the sectional curvature of the Riemannian metric gx is as follows:

1
X

Then with a direct computation, we have:

K(Xi, X;) = +—(R(X3, X5) X5, Xi) (3.20)

1

e (RO ), 006 X))

1 (-
K(X,-,Xj) —X{K(Xi,Xj) —
]

— {[X;, X, X)X, X, X))

! X, X, X X x1.x0)
~ e (e X100 + (1, X1, %2) }

We get the proof. O
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In the following, we compute the flag curvature of the Randers metric F, in
terms of the flag curvature of the Randers metric F', where they are of Berwald

type.

Proposition 3.7. Assume that G is a Lie group with a left-invariant Berwal-
dian Randers metric F' arising from a left-invariant Riemannian metric h and
a left-invariant vector field X. Then the flag curvature K¥(X;, P) of F is
given by

(14 (X, X;))°
1

Aj(1+ A2 (X, X;))?
where P = span{X;, X;} and K¥(X;, X;) denotes the flag curvature of F.

KF(X;,P) = KF(X;,P), (3.21)

Proof. By Proposition 3.1, F is of Berwald type. According to the Proposition

3.1 in [5] , the flag curvatures Kt and K F of Fand F , respectively, are as
follows:
~ X X,
KP(x;,P) = XKD e vy, (3.22)
F2(X;5)
h(X,;,X;) =
KF(X;,P)= 2V K(Xi, X 2
( 70 ) FQ(X]) ( ’ J)’ (3 3)

where, as above, K is the sectional curvature of the Riemannian metric gx and
K is the sectional curvature of the Riemannian metric h.
Using Proposition 3.5, we have

K(X;,X,) = —K(X;,X,). (3.24)

£
Aj
On the other hand, we have

h(X;,X;) =1,  FX(X;) = (1+(X,X;))?

and

gx (X5, X;) =X, FP(XG) = N1+ A2(X, X;))%
Now, by (3.24), (3.23) and (3.22), we conclude that (3.21) holds. O
4. Examples

4.1. The Heisenberg group Hs. Let Hs be the simply connected 3-dimensional
Heisenberg Lie group, and (,) be the inner product on its Lie algebra b3, in-
duced by the left-invariant Riemannian metric h on Hjs introduced in [15].
Suppose that {z,y, z} is an orthogonal basis of b3 and

A 0 0
0 X 0
0 0 1

is the matrix of the inner product {,) with respect to this basis, where A > 0.
Suppose that X is a left-invariant vector field belonging to the center of the
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Lie algebra hs. So X is a scalar multiple of z. Let X = cz and || X|| = |¢| < 1.
We can see that the linear mapping ¢ : hs — h3 is as follows:

$(v) = (L +[e]) (v + |e|(z, v)2). (4.1)

It is easy to see that the matrix representation of ¢ with respect to the basis
{z,y, z} is of the form

14| 0 0
0 1+ 0
0 0 (1+ |c])?

Therefore, its eigenvalues are \; = 1+|c|, Ao = 1+|c|, A3 = (1 +]c|)? with the
corresponding eigenvectors X; = %, X5 = \% and X3 = z, which construct
an orthonormal basis for hs. So we have

1

[Xl,XQ] = XZ (42)
[X1, X3] = [X2, X3] = 0. (4.3)
Therefore the non-zero structure constants are a3 = —ag13 = %

Now according to Proposition 2.2 the Levi-Civita connection of the Rie-
mannian metric gy is as follows:

1 1+
ny—iza VCE - 2)\ Y,
1+ || 1
Vyz = o) z, Vyxr= _52’
1+ 1+
V.z = TN V.y= TN

Ver =Vyy=V,z=0.
Due to the (1.1) and (4.1) we have
gx(z,2) = gx (y.y) = ML+ [el),  gx(2,2) = (L +]e])?,
9x(z,y) = gx(z,2) = gx(2,y) = 0.

Therefore, according to Proposition 2.3 the sectional curvature of the Riemann-
ian metric gx is as follow

-3
K(J},y) = ma
1

4.2. The almost Abelian Lie groups. A non-Abelian Lie group G is called
almost Abelian if it has a codimension one Abelian subgroup. Suppose that G
is an almost Abelian Lie group with Lie algebra g. Let (,) be a left-invariant
Riemannian metric on G. Then there exist b € g and a commutative ideal u of
codimention one such that [b, z] = z, for any z € u (see [8] and [5]). Suppose
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that {u; = b,us,us,- - ,u,} is an orthonormal basis for g with respect to (,),
where {ug,us, - ,uy} is a basis for u. In this case we have,
[bvuz] = Uy, 7’:27 , N, and [’LLZ',’LL]'] :07 273#1

Therefore, the non-zero structural constants are oy, = —ag; = 1, @ =

2,3,---,n. Let X = &b, where in || X|| = & < . Then the linear mapping

2
¢:g— gis as follows:

P(v) = (L+ v+ (1+ &b, v)b. (4.4)

Then, the matrix representation of ¢ with respect to the ordered basis {u; =

b, ug, us, - ,u,} is as follows
(1+¢)? 0 0 ... ... 0
0 (148 0 ... ... 0
0 0
: : : : . 0
0 0 ... ... 0 (1+6).
Hence, the eigenvalues of ¢ are \; = (1+&)%, Ay =--- =\, = (1 + &) and the
corresponding eigenvectors are {b, ug, - , Uy }.

Now according to the Proposition 2.2 the Levi-Civita connection of the Rie-
mannian metric gy is as follows:

VUjb: —Uj, .77& 1)
1
uUj = ——0b, j 1,
\Y 5 Uj 11¢ J#
Vuuj =0,i#7 and 4,j=2,3,---,n,
Vb=0
Vyu; =0, 7=2,3,---,n.

Therefore, according to the Proposition 2.3 the sectional curvature of the Rie-
mannian metric gy is as follows:
1
K(uj,uj) = —7——.
N
Remark 4.1. Finally, we mention that using formula (2.8) of [10], the results
of this paper can be generalized in an almost similar way of Randers metrics

to the other («, 3)-metrics.
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