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b— RS bi-Ricci soliton
RS Ricci soliton
RF Ricci flow

LG Lie groups
LM Lorentzian manifold
RM Riemannian manifold

b—RC bi-Ricci curvature

1. Introduction

A RS is defined as a RM (M, g), along with a vector field Y on M that
fulfills

1
§£Yg + Ric = ug.

In the above relation, £y denotes the Lie derivative along Y, the symbol Ric
represents the Ricci tensor, while p signifies a real number. A RS is classified
as shrinking, steady, or expanding when p is greater than 0, equal to 0, or less
than 0, respectively [2][27].

RS acts as a preliminary step towards understanding the RF because they
are fixed points of the RF. Furthermore, RS aids in comprehending the sin-
gular points of the RF.

The study of the RS has also been extended to string theory by theoreti-
cal physicists. The fundamental advancement in this domain is attributed to
Friedan (for additional insights into the physical aspects of RF, see [, 20].)
While the RS was first defined and investigated in the Riemannian case, it
is currently being investigated in the field of quasi-RM, especially in the
Lorentzian case [10, 24]. Also, the RS equation can provide clarity regarding
the overall analysis of Einstein’s field equations, in which this soliton equation is
a special case. It has been shown in [12] that 3D LG do not admit left-invariant
Riemannian-RS (see also [19, 23]). The existence of Ricci-Lorentzian solitons
in 3D LG has been demonstrated in [1], which shows that these manifolds
admit RS of all types.

3D locally homogeneous LM are either locally symmetric or locally isomet-
ric with respect to a 3D LG equipped with a left-invariant Lorentzian metric.

As we know, the Ricci operator @ is always self-adjoint and therefore diago-
nalizable in RM, while in LM four distinct cases may arise, which are termed
as Segre types [18]:

(Ia): Segre type {11,1}: @ is symmetric; thus, it can be diagonalized.
The comma distinguishes between the space-like and time-like vectors. In the
degenerate scenario, at least two Ricci eigenvectors are identical.

(Ib) Segre type {12Z}: @ has one real eigenvalue and two complex conjugate
eigenvalues.
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Type (II) Segre type {21}: @ possesses two real eigenvalues (that coincide
when degenerate), one of which has a multiplicity of two and is linked with the
1D eigenspace.

Type (III) Segre type {3}: @ possesses three identical eigenvalues, which
are related with its 1D eigenspace.

On the other hand, the study of the differential geometry of quasi-RM relies
closely on the concept of curvature. While Ricci curvature and scalar curvature
are fundamental tools, in modern research we often need generalized definitions
or combinations of these quantities to reveal subtle features of the geometric
structure of the manifold. b — RC is one such advanced definition.

If (M, g) is a quasi-RM and (v, w) is a pair of vectors, the b — RC tensor is
described by:

biRic(v, w) = Ric(v,v) 4+ Ric(w, w) — Rm(v, w, v, w).

It can be seen that in three dimensions, this concept is equal to half the
scalar curvature for each pair of orthogonal unit vectors (v,w). In higher
dimensions, the positivity of b — RC is a stronger condition, and this curvature
in the special case coincides with the mean curvature defined by Brandel et
al. [3] This concept of curvature is naturally used in the study of minimal
weighted cuts [3]. The b — RC tensor is also essential in understanding the
stable Bernstein problem [11, 22].

With this idea, we induced the concept of b — RS as follows.

A quasi-RM (M, g) with vector field Y on M and a real number p, is
referred to as a b — RS if it satisfies

1
biRic + §£Yg = ug, (1.1)

where biRic is the b — RC of (M, g).
In the present discussion, we aim to study the existence of the b — RS in 3D
Lorentzian £G.

2. Three-Dimensional Homogeneous Lorentzian Manifolds

This section is devoted to the presentation of our main results.

According to [6], any connected, complete, and simply connected 3D homo-
geneous LM is a LG. These spaces have been classified, and we study them
case by case.

2.1. Unimodular Three-Dimensional Lie groups. Let x denote the vec-
tor product in the Lorentzian space R} induced by the para-quaternion mul-
tiplication (i.e. e; X e3 = —eg, €2 X e3 = e1, e X €1 = ey where {ej, eq,e3}
is a unitary orthogonal basis with the signature (+ + —). A Lie bracket [,]
related to a Lie algebra g is referred to as unimodular iff the endomorphism
L, characterized by [Z,Y] = L(Z x Y), is self-adjoint as described in [25]. Let
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us consider the various forms of L that we defined previously. There are four
categories of unimodular 3D Lie algebras.

2.2. Segre type {11,1}. If L is diagonalizable with eigenvalues {a,b, c} cor-
responding to the orthonormal basis {e1,e2,e3} of the sign (+ + —), then we
have:

(910) :  [e1,e2] = —ces, [e1,e3] = —bea, [ea,e3] = aey. (2.1)

By the symmetry property, the only non-zero components of the curvature

tensor are expressed as:
Rio1 = ~ (a® + b — 3¢* — 2ab + 2ac + 2bc)

R1313 =

N SN

(a? = 3b% + ¢ + 2ab — 2ac + 2bc),

1
Rozzp = Z(3a2 —b% — ® — 2ab — 2ac + 2be).

Under these conditions, @ is diagonalizable with eigenvalues given by:

M= 16— —a?),
A=12((a—c)?-1?), (2.2)
A3 =73 ((a=b)?—c?).

The components of the bi-Ricci tensor are given as follows:

biRicy; = (b —¢)? — a?,

biRngg = (a — C>2 — l)27

biRiC33 = — ((a, — b)2 — 02) R

biRicqs = i ((a —b)2+ 2 —2¢(a+ b)) ,

biRici3 = —fa? 4+ Lab + Lac+ 26 — 3bc + 3¢,

biRico3 = %a2 + %ab — %ac — %bz + %bc + %02.

For any Y = XY;e;, from (2.1) we have:

0 (a=b)Ys (c—a)s
(Lyg) = (a—b)Ys 0 b=y
(c—a)Ys (b—c)h 0

Therefore, according to the relation (1.1), a b — RS of this type exists iff the
following holds:

(
i ((a — b)2 + 2 — 2¢(a + b)) + %(a —b)Y; =0, (2.3)

—Ta’+ Lab+ 3% — 3bc+ 2% + F(c— a)Ya = 0,

302+ Lab—2ac— 20 + tbe+ 32+ L(b— o)y = 0.
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From the first and second equations of the system (2.3), we obtain:

B+ —a®>—2bc=a’+c —b> - 2ac

= (b—a)(b+a)=c(b—a).
Hence b=aorb+a=c.

Case (a): If b+ a = ¢, then b = ¢ — a. Substituting into the first equa-
tion (2.3), we have u = 0. Now, we put the equality ¢ = a + b into the third
equation (2.3):

(a—b)2+(b+a)*>=0=2a*>+2b*> =0 = 2(a® +b?) = 0.
Therefore a = b=c=0.

Case (b): By substituting b = a into the third equation, we have u = —c?.

Also, by substituting into the second equation relation (2.3), we get:
(a—c)?—a?=—c®=2c(—a+c) =0,

which shows ¢ = 0 or a = ¢. Both of these conditions yield a = b= ¢ = 0.
Theorem 2.1. 3D LG of Segre type {11,1}, does not admit b— RS structure.
2.2.1. {1zz}. Let L has a complex eigenvalue. In this case,

a 0

L=|10 ¢ -b |, b#0,
0 b ¢

corresponding to {e1, eq, eg} of signature (+ + —).
The corresponding g is described as:

(g1v) = [e1, e2] = bea — ces, [e1,e3] = —cea — bes, [e2,e3] = aer.
The nonzero elements of R are as follows:

1 3
Ri201 = Ry313 = Z(GQ +4b%), Rozzo = ZOLQ +b% —ac, Rygz1 = bla — 2c).

Q corresponding to {ej, e, e3} is given as:

Q= 0 la(a—2c) —bla—2c) |, b#0.
0 bla—2¢) 1a(a—2c)



126 G. Fasihi-Ramandi, M. A. Chaudhary, S. Azami, S. Pour-Farrokh

Hence, @ is of the Segre type {12z} if a # 2¢ and of the type {11,1} if a = 2¢.
Hence, the components of the bi Ricci tensor are specified by:

biRic1; = —(a2 + 4b2),

biRicas = a(a — 2¢),

biRiczz = —a(a — 2¢),

biRicia = +a? — b% — ac,

biRici3 = ac — %az — 32,

biRicos = %aQ + b2 — ac.

For a vector Y = XYje;, considering the above cases, we have:

0 bYs + (a—0)Ys bYs+ (c—a)Ys
(Lyg)=| bYa+ (a—c)Y3 —2bY; 0
bYs + (c —a)Ys 0 —2bY;
Therefore, a homogeneous b — RS of the type {12z} exists iff
1) a® — 46 = u,
2) a® — 2ac — bY; = p,
3) +a? —2ac+bY; = p,

(4) 1a® —b* —ac+ 2bYso + S(a— c)Y3 =0,
(5) ac— 2a* = 30> + 1Y3b+ $(c —a)Y2 =0,

(6) 3a® + b* — ac = 0.

From the equality of the second and third equations in (2.4), one gets:
a® —2ac — Yib=a® — 2ac + Yib = —Y1b = Yib.

Since b # 0, then Y; = 0. From the equality of the first and second equations
(2.4), we can get:

a? — 2ac = —a® — 4b* (2.5)

According to the sixth equation (2.4), we obtain: ac = %a2 +b%. Now, by using
the relation (2.5), we can write:

a® — <ia2 + b2) + 2% = 0.
This results a = b = 0 and this is a contradiction.

Theorem 2.2. There are no homogeneous b — RS of Segre type {12Z}.

2.2.2. Segre type {21}. Suppose that L has a double root of a minimal polyno-
mial. Then, corresponding to the orthogonal basis of {e1, ea, €3}, with (++—),

we have
a 0 0
L={|0 3+b -3
0 1 -1+
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and the respective g is as follows:

1 1 1 1
(g11) ¢ [e1,e2] = 262(5 2) e3, [e1,e3] = — (b+ 2) 627563, le2, €3] = ae;.

The nonzero components of R are given as:

1 1
Rz = (0 =2a+4b),  Rigiz = 7(a® + 20 — 4b),

4
1 1
R2332 = Ea(Sa — 4b), R1231 = 5@ —b.
So @ is of the following form:
—%az 0 0
Q= 0 1(a+1)(a — 2b) —2a+b , (2.6)
0 ta—b 1(a—1)(a —2b)
which have the eigenvalues A\; = —%az and g = A3 = %a(a—%). Consequently,

Q is of type {21} iff a =0 or a = b.
Thus, the elements of the bi-Ricci tensor are given as follows:

biRiCll = —a2,

biRicas = (a + 1)(a — 2b),
biRicsgs = — ((a — 1)(a — 2b)),
biRicis = iaQ — ab,

biRici3 = —gaQ + %ab — %a + b,
biRico3 = —3a% — ab+ a — 2b.

For the vector field Y = YY;e;, we have
0 a2 a3

(Lyg)=| a2 -1 1
a3 Y1 Y

which a1z = 3(Y2 + (2a — 2b — 1)Y3) and ay3 = 5(V3 + (2b — 2a — 1)Y2). The
conditions required and adequate for the existence of a homogeneous b — RS
of the type {21}, are that the following equations hold:

1) —a® = p,

2) (a+1)(a —2b) — 31 =,

3) (a—1)(a—2b) + 1Y) = p, (2.7)
4) 2a? —ab+ 1 (Yo +Y3(2a —2b—1)) =0,

5) —fa* +jab— ga+b+ (Y3 +Ya(2b —2a 1)) =0,

6) 2a® —ab+a—2b+ 1Y =0.
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According to the first equation (2.7), we have u = —a?. Substituting the value
of 41 into the second and third equations of (2.7), we obtain:

1 1
a2—2ab+a—2b—§Y1:—a2:>2a2—2ab+a—2b—§Y1=0,

1 1
a2—2ab—a+2b+§Y1:—a2:>2a2—2ab—a+2b+§Y1:0.

From these equations, it follows that Y7 = 2(a — 2b) and a(a — b) = 0. Thus
a=0#bor a="b+# 0 (we excluded the case a = b = 0 that relates to a flat
manifold).

First Case: If a = 0, in the fourth and fifth equations in (2.7) we have:
Yy — (2b+ 1)Y3 =0,
(2b— 1)Yy + Y3 = —4b.
Therefore,
Y, = —4b, Yo = —20> —b, Y3=—b, p=0.

Second Case: By substituting a = b into the second and third equations
(2.7), we get Y7 = —2a. Substituting into the sixth equation (2.7), we obtain:
3 1
ZaQ —a® +a? —2a+1(—2a) =0=a(a+8) =0,

provided that @ = b = —8. Also, from the fourth and fifth equations, we can
see that Yo — Y3 = —48 and Yy — Y3 = 4(—48), which is impossible. Therefore,
this leads to the subsequent theorem

Theorem 2.3. The 3D LG of Lorentzian Segre type {21} has a steady b—RS
structure with the following properties:

(a’:Oab#(LYl:_4baY2:Y3:2)u:O)

2.2.3. Segre type {3}. Let L has a triple root in the minimal polynomial. Then

1 1
‘11 Vi V2

L= 751 a 0 s
*ﬁ 0 a

corresponds to the {e1,eq, es} of (+ + —) and the related g is:

_1 1

(arir) - [e1,€2] = ——5e1 —aes, [er, €3] = ——5e1 —aey,
II1):
[e2, €3] = aer + %62 — %63.

Therefore, the nonzero components of R are as follows:

1/, 2 1,2 1,2
Rz = 7(a” +4), Riz31 =1—3a%, Ragaz = ga°,

1
Rig31 =1, Ri223 = Rizp3 = ﬁ&
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Q. expressed in {e1, €2, e}, is as follows with a single eigenvalue —3a*:

1 1 1
75012 —ﬁa 7@@
Q= —%a —1(a®+2) -1 ,
1 1.2
ﬁa 1 17511

If a # 0, then @ will be of type {3}, while a = 0, then g is two-step nilpotent.
Here, the components of the bi-Ricci tensor are described as follows:

biRiCll = —Cl2,

biRngQ = 7(@2 + 2),

biRngg = a2 - 2,

biRiClg = —%az,
biRiClg = ia2,
biRiCQg = —iaQ — 2.

For the vector Y = XYje;, the Lie derivative has the subsequent representation:

1 —Q(YQ + Yg) Y Yy
(Lyg) = 2 Y, 2Y; Y; - Y,
Y1 Y3 - }/2 _2Y2

So the condition for the b — RS (1.1), on grr; will be as follows:

1) - %(Y2+Y3)

2) — \/Y:a

3) a® 322 }Yz__ (2.8)
4) — Za 2\fY1 =0,

5) — a® + 2fY1 =0,

6) — ia2—2—|— 55 (Vs = ¥2) = 0.

From the fourth equation (2.8), we can get:

3WV2 .,

Va2
2

and from the fifth equation (2.8), we have:

V2 ,
—a.

Y; =

Y =—- 5
Therefore, a = 0, we can write
1
\/i( 2 3) =M
1
24 —=Y3 =yp,
/2 3= U
1
—2—-—=Y, =—pu.

V2
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By solving these equations, we obtain:
Yo =-2v2,  Y3=2V2, pu=0.

Theorem 2.4. Any Segre type {3} unimodular LG is a homogeneous b — RS
with

(=0, =0, Yo =-2V2, Y3 =2V2, p=0).

2.3. Non-unimodular Lie groups. From [14], the non-unimodular Lorentzian
g of non-constant sectional curvature can be expressed, for an appropriate
€1,€2,€3, as

(grv):  le1,e2] =0, [e1,e3] = aey + bea, [ea,e3] = cer + dea, (2.9)

where a 4+ d # 0 and one of the subsequent is true:

IV.1: {e1,e2,e3} is orthonormal with (e, e1) = —(ez,e2) = —(eg,e3) = —1
and the ac — bd = 0.

IV.2: {e1,eq,e3} is orthonormal with (ej,e1) = (e, e2) = —(e3,e3) =1 and
ac+ bd = 0.

IV: {e1,eq,es} is a pseudo-orthonormal basis with
1
<'7 > = 0 0 -1 3
0 -1 0

and ac = 0.
The three cases are examined individually.

2.3.1. Non-unimodular Lie algebra of type IV - 1. The non-zero components of
R are given as follows:

1

Ri912 = 1 (b* + ¢ + dad — 2bc)
1

Riz13 = 1 (4a® — 3b* + ¢ + 2bc)
1

Rosso = (b = 3¢® + 4d” + 2bc) .

Hence, @ is diagonalizable with eigenvalues

)\1:%(8)2—02—2a(a+d)),
AQ:%(CQ—b2—2d(a+d)),
A3 = % ((b—c)* —2(a* +d?).
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Here, the components of the bi-Ricci tensor are given as follows:

biRicy; = — (b* — 2 — 2a(a + d)) ,
biRiCQQ = 7(02 — bQ — Qd(a + d)),
biRicas = (b — ¢)? — 2(a® + d?),
biRicie = a® — d? — ad — ng + %CQ + %bc,
biRicis = —a? — d? + ad + %bQ + %02 — %bc,
biRicos = (b —¢)? — (a® + ad + d?).
Also, we can see that the derivative of the meter for any Y = XY;e; is as follows:

—2aY3 (b—c)Ys aYy + cYs
(Lyg)=1| (b—0c)Ys 2dY3 —bY; — dY5
aYy] +cYys —bY; —dYs 0
Therefore, the conditions required and adequate for a homogeneous b — RS
(1.1), on gryv.1 are given as follows:

) — b2+ +2a® +2ad — aYs = —p,

) — b+ —2d% — 2ad — dY3 = p,
3) b — 2bc + ¢® — 2a% — 2d* = p, (2.10)

) a? —d? —ad — 20> + 32 + $be+ $(b—c)Y3 =0,

) —a®—d?+ad+ 3% + 3c2 — 2be+ L(aYy + cY2) = 0,

) (b —c)* = (a* + ad + d?) — $(bY, + dY2) = 0.

From the equality of the first and third equations in (2.10) we obtain:
aYs = 2(c* — d* + ad — be).
Also, from the second and the third equations in (2.10) we have:
dYs = 2(a® — b* — ad + be).

Hence, we get

2(a? + c?) — 2(b* + d?)
a+d ’

According to the fifth equation in (2.10), we have:

Y; =

aYy +cYs = 2(a® + d* — ad) — g(b — o) (2.11)
From the sixth equation, we have:
1
bY; +dYs = 5(b —¢)? —2(a® + ad + d?). (2.12)

Therefore, assuming ad — be # 0, we deduce that

Ad — Be Ba — Ab
Yzi Yzi
! ad —bc’ 2 ad —be’
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where
A=2(a®+d?* - ad) — g(b —c)?,
B= %(b —¢)* = 2(a” + ad + d).
Also, let
O:aZ—d2—ad—gb2+262+%bC,

if the parameters a, b, ¢, d satisfy the subsequent conditions

(a2+62)—(b2+d2) B
ad #be, C+(b—c) Wi d =0,

then, according to the above arguments, we can present the next theorem.

Theorem 2.5. The 3D Lorentzian be group with Lie algebra IV.3 admits a
steady, shrinking, and expanding b — RS structure.

2.3.2. Non unimodular Lie algebra IV - 2. Consider non-monomodular Lie al-
gebra gy with the given basis in IV - 2. A direct computation yields the
subsequent nonzero components of R:

1
Ri912 = ad — Z(b +0)%,
1
4
1
Roszs = 5 (b* — 3¢* — 4d* — 2bc) .

Ri331 = (4&2 + 302 — 2 + 2[)0) s
Hence, @ is diagonalizable with the following eigenvalues:

A=< (b= +2a(a+d)),

— N =

Ao =< (> = b +2d(a+d)),

N

A= (b+0)*+2(a®+d?) .
Thus, the components of the bi-Ricci tensor are given as follows:

biRici; = b2 — ¢? + 2a(a + d),

biRicoy = ¢ — b% + 2d(a + d),

biRicz3 = —(b + ¢)? — 2(a® + d?),

biRicis = a? + ad — d? + (b + ¢)?,

biRici3 = —a? — %cz —d? — ad + %bQ - %bc,
biRico3 = —a? — 262 4+ 3¢? — d? + ad — Lbe.

A simple calculation of the relation (2.9) and using the fact that the structure
of constants holds in the properties ac + bd = 0 and a + d # 0, shows that the
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Lie derivative along the vector Y = ¥Yje; is given by:

2CLY3 (b + C)Yg 7CLY1 — CY2
(Lyg)=| (b+0)Ys 2dY;  —bYi —dY,
—(lYl — C}/Q —bY1 — dYQ 0

Therefore, a b — RS must satisfy the following conditions:
1) b2 — c? +2a(a +d) +aYz =

2) ¢ — b2 +2d(a+d)+dYs = u,
3) (b d?) =
) b+ +2(a> + ) = g, o)
4) a? +ad P +1b+0)?+3(b+)Y; =0,
5) — ? —d? —ad+ 3b* — 1bc — $(aY7 + cY2) =0
6) — a2——b2+ A +d? +ad — $bc — (Y1 + dY2) =
From the third equation in (2.13), we obtain the value of pu:
pw=(b+c)?+2(a®+d?).
Now, from the first and second equations, one can see
2(b+¢)? —2(a+d)* + 4(a® + d?)
Y; = .
a+d
From the fifth equation of (2.13) we have:
5 3 1
aYy +cYy = -2 <a2+402+d2+ad— 4b2+2bc> . (2.14)
From the sixth equation of (2.13), we also have:
2, 99 3 2 _ 2 1
bY:1 +dYo = -2 a® + Zb 4 —d* —ad+ §bc . (2.15)
If ad — be # 0, we deduce that
Ad — Bc Ba — Ab
Y = — Y P —
"Tad—be P ad—be
where
3
A=2(a*+d* - ad) — §(b — )%
1
B = 5(b —¢)* = 2(a* + ad + d?).
Also, let

1
C:a2+ad—d2+1(b—|—c)2,
if the parameters a, b, ¢, d satisfy the following conditions;
(b+c¢)? — (a+d)?+2(a® + d?)
a+d
then, according to the above arguments, we can present the next theorem.

ad —bc#0, C+ (b+c) =0,
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Theorem 2.6. The 3D Lorentzian Lie algebra of type IV - 3 admits shrinking
b— RS structures.

2.4. Non-unimodular Lie algebra IV -3. Now suppose that g, admits
the unitary pseudo-orthogonal basis described in IV - 2, given. Consider the
following unitary orthogonal basis:

- - 1 ~ 1
e] i =e1, e€g:i= 5(62 —e3), €3:= \ﬁ(ez + e3),

with signature (+ + —). So, the nonzero components of R are given as:

=;(2ad - 20® —¢(2b+¢)), Riziz = 5 (¢ +bc—ad),
Rizis = 1 (2ad — 2a% + c(c — 2b)),  Roszs = — 3%

Q in the new basis {€1, €2, €3} is:

—%62 0 0
Q= 0 2(a(d —a) 4+ c(c — b)) 1(a(a — d) + be) )
0 —3(ala—d)+bc)  F(a(a—d)+c(b+c))
which has the eigenvalues A\; = —%cz and Ay = A3 = %02. So, @ is of type

{21}.

Here, the components of the bi-Ricci tensor are given as follows:

biRiCll = 702,

biRicgs = a(d — a) —|— c(c —b),
biRics3 = — ( ( b + C))
biRiClg = iCQ,

biRic13 = —2¢2,

biRices = ad — a® — ¢cb + %02

For any Y = XYje;, the derivative of the meter, is as follows:

\/ia(Yg - Yz) a12 a13
(Lyg) = a2 bY: + V2dY3 —bY1 — (Y2 +Y3) |,
a3 —bY1 — J5d(Yz +Y3) bY; + V2dYs
in which
1
a2 = 3 (Y;;(b +2¢) +V2Yia — YQb) ,
1
aws = 3 (YQ(b ~2¢) — V214 — ng) .
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Hence, the formula (1.1) holds if and only if

1) —2+La(Ys—Ys) = p,

2) a(d — a) + c(c — b) + LbY1 + Y2dY3 = p,

3) a(a —d) + c(b+c) — LbY) — 2Yad = p,

4) 1+ 1 ((b+20)Y3 + V201 - bYs) =0, (2.16)
5) — 2¢2+ 1 ((b—20)Y2 — v2aYy — bY3) =0,

6) ad — a? — cb+ 3¢ + & (Yib+ J5d(Ya + V) ) = 0.

Now, since ac = 0, we consider the possible states a = 0 and ¢ = 0 separately.
Note that if a = ¢ = 0, then the meter gy is flat.

Case (a): By substituting a = 0 # ¢ in the above system, we obtain pu = —c?.
Solving the fifth and the sixth equations gives

5 5 1
Yo = —(2c4b), Yi=—(2b+ =)
2 (QCJF ), Ys ( 1 + 20)
Using other equations, one can conclude that Y; = 3628%- Also, we must have

d=—22c, 4b = 3c.

Case (b): Suppose ¢ = 0 # a. From the equality of the second and third
equations (2.16), one gets:

Yib+ %d(Yg +Y3) =2a(a—d). (2.17)
By adding the fourth and fifth equations, we obtain: 2v/2aY; = 0 which gives
Yl =0.
By substituting Y7 = 0, into the equation (2.17) we have: Y5+ Y3 =
which gives d # 0. On the other hand, from the first equation (2.16), the value
1 is obtained as pu = TQa(Yg —Y5). Comparing the second and third equations

in (2.16), we conclude that Y5 = Y3:
V2a(a — d)
d

Theorem 2.7. The 3D Lorentzian LG admits steady and expanding b — RS
structure.

2v/2a(a—d)
d

Yo=Y; = = u=0.
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