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Finslerian convolution metrics and their special classes
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Abstract. In this paper, we introduce a concept of convolution metric in
Finslerian Geometry. We study some basic properties of Finslerian convolution
metrics. Then, we characterize Riemannian, Minkowskian as well as Randers
type convolution metrics among Finslerian convolution metrics. Furthermore,
we provide several examples of Finslerian convolution metrics.
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1. Introduction

Convolution metrics play an important role in differential geometry and have
applications in General Relativity, as they can be viewed as natural extensions
of warped product metrics. As a concrete example of application, many basic
solutions of the Einstein field equations on Riemannian manifolds have solutions
when the Riemannian metrics are warped products at most; see, for example,
4],

Finsler metrics have attracted considerable interest due to their rich struc-
ture including mainly Riemann, Randers, Minkowski and Berwald type met-
rics. For details, the study of these special Finsler metrics and some important
examples can be found in [1, 6] and in [5].
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In Riemannian Geometry, the notion of convolution metrics was introduced
by Bang-Yen Chen to establish and characterize the Euclidean version of Segre
embedding [2]. The following Proposition shows that the notion of convolution
metrics arises very naturally from tensor product immersions.

Proposition 1.1. [3] Let My and My be two C*° manifolds of dimensions nq
and ng respectively. Consider g1 and g2 two Riemannian metrics on My and
Ms respectively. If o1 @ (Mi,g1) — R™\{0} and @3 : (M, g2) — R™\{0}
are wsometric immersions then the mapping

4,0:(,01®<,021M1><M2—>R"1 ®Rn2:Rn1n2

defined by p(x1,x2) = p1(x1)p2(x2) gives rise to a convolution manifold M Mo
endowed with the convolution metric

201 *py 92 = P3g1 + p1g2 + 2p1p2dp1 ® dps

whenever ,,g1 *p, g2 is non-degenerate where p1 = |1 and p2 = ||p2]|.

In this paper, we construct an extension of the Riemannian convolution
metric on a product manifold (See the Definition 2.5). More precisely, we
define a new notion of convolution metric by taking account of, not only the
Riemannian metrics but also the Minkowski, the Randers and the Berwald
metrics. We have the following proposition.

Proposition 1.2. Let (My, F1) and (Ms, Fy) be two Finslerian manifolds.
Consider fr, : My — (0,00), for k € {1,2}, some smooth functions. If
foF1 %y, Fy is a convolution Finslerian metric on the produit manifold My x Mo
then one of the following assertions holds:
(1) the gradient of one of the functions fy is orthogonal to any tangent
vector on My X M.
(2) one of the fi is a nonzero constant. In this last case, when one of
the fr = 1, the convolution Finslerian metric 5, Fy 5 Fy reduces to a
Finslerian warped product metric.

The main results concern the characterization of convolution metrics of Rie-
mannian, Minkowskian and Randers type among Finslerian metrics. For ex-
ample, we prove the following result.

Theorem 1.3. Let (M, F1) and (Ma, F») be two Finslerian manifolds of Ran-
ders type that is, for k € {1,2}, Fj, := ag+ Bk where oy, is a Riemannian metric
and By is a 1-form on My, with ||Bk|la, < 1. If one of the fi : My — (0,00) is
a nonzero constant function, then the Finslerian convolution metric ¢, F x¢, F
on My x My is a Randers metric if and only if
@ _ b (1.1)
Qa2 B2

Finally, we give one of the examples of special Finslerian convolution.
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Example 1.4. Consider M = {z = (2!, 22,23, 2*) € R* : 2, > 0,23 > 0} and
T.M = {(y', 9%,y y*) € R* 1 y1 > 0,93 > 0}. For \ € [2,4] and for a positive
integer k, define F': TM — (0,00) by

1
F(xt 22, 2% a* gt 2 98 yt) = {x§(yi‘+kyrfy§+y§)2+8z?w§y1y3

1172
+ 3 {y§+yi+)\(y§k+yik)’“}} . (1.2)
Then the function F defined in (1.2) is a Finslerian convolution metric.

The outline of this paper is organized as follows. In Section 2, we establish
some basic notions on Finslerian convolution manifolds. Section 3 is devoted to
the classification of special convolution metrics via the Finslerian fundamental
function F' conditions. In the Section 4, we provide examples of Finslerian
convolution metrics.

Notation. In the rest of this paper, M is an n—dimensional product of C?-
manifolds M; and M of dimensions nq, and ng respectively. We denote by
T,M the tangent space at x = (xl,iﬂg) € M and by TM := {J,cp TuM
the tangent bundle of M. We set TM = {(x1,22,y1,y2) € TM : y1 #
0,y2 # 0 where 0 is a zero vector € T, My, for k € {1,2}} and 7 : TM — M,
7(z,y) = = the natural projection. Let (z',...,x") = (z}, ..., 2", 2 .. ab)
be a local coordinate on an open subset U of M and (x!, ..., 2", y', ...,y™) be the
local coordinate on 7T71(U) C TM. The local coordinate system (xl)z:ln
produces the coordinate bases {%}izl n and {dzt}i—y
TM and cotangent bundle T* M.

n respectively, for

..........

Convention. We use Einstein summation convention: repeated upper and
lower indices will automatically be summed, from 1 to n, unless otherwise will
be noted. For example g;;v'v’ = szzl gij V'V

2. Finslerian Convolution Manifold
We present basic definitions and observations.

Definition 2.1. Let M be an n-dimensional C* manifold. A scalar function
F:TM — [0,00) is a Finslerian metric on M if the following conditions are
fulfilled:

(i) F is C° on the entire slit tangent bundle TM,
(ii) F is positively 1-homogeneous on the fibers of TM, that is for all ¢ > 0,
F(z,cy) = cF(2,y),
(iii) the Hessian matriz (g;;(x,y))1<i j<n with elements
10%F?(z,y)
9ij(z,y) == gw
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is positive-definite at every point (x,y) of TM.

Remark 2.2. The Hessian matriz g whose elements are defined in (2.1) is a
natural Riemannian metric on the pulled-back tangent bundle 7*T'M over the
manifold TM. The space m*T'M is a vector bundle and its fiber over a point
(z,y) € TM is

T T M|(5,y) = {(x,y;v) HONS TwM}|(z,y) ~T,M. (2.2)

Definition 2.3. Let (M, F) be an n-dimensional Finslerian manifold and g
the Hessian matriz associated with F. The gradient of a smooth function u on
M is, the section of the vector bundle 7*T M denoted by Vu, given by

g(m,y)(vu(m,y)u g(z,y)) = du(m,y) (g(a:,y)) (23)
for any £ € T(n*TM) and for every (x,y) € TM. Locally,
by ou 0
V. = 9" (2, y)%@ (2.4)

Remark 2.4. Let My and My be two C*° manifolds. For every (r1,xz2) €
M; x My, we have the following properties derived from My and M.

(1) The projections
o1 My x My — M such that o1(x1,22) = 1
oy My x My — M such that oa(x1,22) = 22

are C° submersions.

Definition 2.5. Let (M, F1) and (Ma, Fy) be two Finslerian manifolds. Con-
sider f, : M — (0,00), for k € {1;2}, some smooth functions. A convolution
of (M1, Fy) and (Ms, Fy), via fi and fa, is the product manifold M; x My en-
dowed with a function Fy, 5, : T(My x My) — (0,00) defined by

h1h2 8(01‘F1)2 8(U;F2)2
2 oyt oy?

Fy gy = \/hg(o;F1)2 + h2 (05 F2)2 + (Vh1)"(Vhs)’(2.5)
where hy, = f o 0. The function Fy, g, is called a Finslerian convolution of
Fy and F3, via f1 and fa, and is denoted by r, Fy x5, Fo. Given a Finslerian
convolution function g, Fy %y, Fy on My x Ma, the pair (My X Ma,p, Fi %5, F»)
is called a Finslerian convolution manifold and is denoted by ¢, Mi¥ ¢, M.

Remark 2.6. For any x = (x1,29) € M = My X My and y = (y1,y2) € T M,

(1) Fy, p,(x,y) exists for some positive-real functions fi and fo on My and
My respectively.
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(2) Fy, 1, s not C* on the tangent vectors of the form (y1,0) nor (0,ys2)
at a point (x1,x2) € M1 X My but on (y1,y2) for y1 # 0 and y, # 0.
(3) p,F1 xp, Fy is positively homogeneous of degree one with respect to

(y1,y2)-
(4) from the relation (2.5), we have
Ff n(@y) = 2fi(z1) f2(w2) Fi(z1,51) Fa(z2, y2)
OF: , OF: , i i
(PRI PRI (9, (01)) (Vo))
13 (o) FE (1, y1) + fi(21)* 5 (22, 2). (2.6)
Since (x1,x2) is arbitrary a point of M, the expression (2.6) can be
written as
OF, OF: i j
Ffyp, = SFE 4 SR 4 2o FiFag 25 2 (V1) (V)

The following lemma is needed throughout the rest of this work.

Lemma 2.7. Let My and My be two C*° manifolds of dimensions ni and ns,
respectively, with ni +ng =n. If F =4, Fy %5 Fy is a Finslerian convolution
function on the manifold My x My then the Hessian matrixz associated with F
is given by

- _ f22($2)(91aﬁ($1ayl)) 2f1($1)f2(332)(8’27%1)%(§2))
(911(331,3227311792)) o (0) flz(xl)(gguy($27y2)>

at every point (x1,T2,y1,Yy2) of TM; x TMy where i,j € [1,..,n],a,8 €
[1,...n1],p,v € [n1 + 1,...,n] and, g1 and g2 are the Hessian matrices of F}
and Fy respectively.

Proof. The proof follows from a straightforward calculation. O

Remark 2.8. In general, the components g;; of the convolution matriz g are
not symmetric in all indices.

Because of the Remark 2.8, we have the Proposition 2.9.

Proposition 2.9. Let My and My be two C*° manifolds of dimensions ny and
ng, respectively, with ny +no = n. If 1, F1 x¢ Fy is a Finslerian convolution
metric on a manifold My x My and if v # 0 is a tangent vector on My X My
then the quadratic form (y,g1 x¢, g2)(v,v) related with F' is positive-definite if

1. 2 01 0fs
— v*v — govtv’ > ——— v*oY,
gt VT e fif» 0 O

where a, B € [1,....,n1],u,v € [n1 + 1,...,n] and, ¢1 and g5 are the Hessian

(2.7)

matrices of Fy and Fy respectively.
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Proof. From the Lemma 2.7, for any vector v # 0 on M; x My, we have

n
y
E gijvvj

4,j=1

ni ni n
— Z gagvavﬁ—&—z Z Japv ot

a,f=1 a=1p=n;+1
n ni n
+ g g Jua Vv + g Gu0Hv”.
p=n1+1 a=1 pwrv=ni+1

Since g =, g1 x4, g2, it follows that

gij(v,v) = Z f291a51) v +Z Z 2f1f28f1 8f2 o

a,B=1 a=1pu=ni1+1

n
+ Z f%gl“/vl’«vl’

pv=ni+1

(2.8)

with g, := 2f1f2 gg;, ng
By the fact that F; and F5 are Finslerian metrics, the first and the last
terms in the right hand-side of (2.8) are positives. Hence g(v,v) > 0 if the

equation (2.7) holds. O

When the matrix given in the Lemma 2.7 is positive-definite symmetric on
Zo“(Ml x Msy), it defines a Finslerian metric on M x M. In this case, f, Fixy, F» is
called a convolution Finslerian metric and the Finslerian convolution manifold
#, M1% 7, M is called a convolution Finslerian manifold.

Proof. The proof is obtained by the Lemma 2.7 together with the Proposition
2.9. O

3. Characterization of special Finslerian convolution metrics

Now, we study and characterize Riemannian, Randers and Minkowski con-
volution metrics among Finslerian convolution metrics by means of intrinsic
conditions on the Finslerian fundamental function.

For the Riemannian case, we have the following definition and result.

Definition 3.1. A Riemannian metric g on a manifold M is a family {gz }zem
where g, is an inner product on the tangent space T, M , such that the elements
9ij () 1= gx ( ek 321) are C* in local coordinates. Since g, is an inner prod-
uct, the matriz (g9;;(x)) is positive-definite at every point x € M. Thus every
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Riemannian metric g is a Finslerian metric which arises in the following man-
ner
F(z,y) = /gij(@)y'y’.

In that case, %% is simply gi;(x) which is independent of y.

Theorem 3.2. A convolution Finslerian metric ¢, x¢, Iy is Riemannian if
and only if F1 as well as Fy are Riemannian metrics.

Proof. Assume that F' =y, Fy x¢, F5 is a Riemannian metric. By the Definition
3.1 the components g;; associated with F' are independent of (y1,y2). Hence,
from the Lemma 2.7, we have

glaﬁ(m17 yl) = glaﬂ(xl) and 92;1,1/((527 y2) = gQuu(xQ)'
That is Fy(z1,y1) and Fa(z2, y2) are Riemannian metrics. The converse follows
immediately. (]

In the Minkowskian realm, we have the following definition and result.

Definition 3.3. A Finslerian metric ' on a manifold M is locally Minkowski
metric if, for every x € M, there exists an neighborhood V' of x such that the
components g;; of the Hessian matriz, given in (2.1), satisfy

9i (7, y) = 9ij () (3.1)

Theorem 3.4. A convolution Finslerian metric t, Fixy, Fs is locally Minkowskian
if and only if F1 as well as Fy are locally Minkowskian metrics and the functions
fr, k € {1,2} are both nonzero constants.

Proof. The Theorem 3.4 is obtained by a straightforward calculation of the
locally Minkowskian metric from the Lemma 2.7 by using the expression (3.1).
O

Finally, the Randers convolution metrics are characterized as follows.

Definition 3.5. A Randers metric F on an n-dimensional manifold M is a
Finsler metric which has the following form

F:=a+0

where, for every (z,y) € TM, Qzy) = Vaij(x)y'y? is a Riemannian metric
and By y) = bi(x)y" is a 1-form on M with ||B|| := \/a¥bib; < 1.

Proof of Theorem 1.3: Suppose that f; is a nonzero constant function.
Then, since F} and F5 are Randers metrics, the third term of the right-hand
side of the (2.7) vanishes. Hence, the convolution metric becomes

faFwp Fo = f3(af 420181 + B7) + f1(a3 + 20082 + B3).
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Since f; and fo are positive functions, denote foaq, fias, fo81 and f182 by
of, ok, 67 and B3 respectively. We obtain

fpFLxp Fo = af? + 03 +2(a} B} + a3 83) + B2 + 837 (3.2

By setting a = \/ai% + a3 and B = /B;% + 832, by using the Definition 3.

5
and the relation (3.2), we get a8 = off; + a385. Hence the relation (1.1)
follows from the fact that af = faau, 7 = fof1,05 = fiag and 85 = f162. O

~—

As a consequence of Theorem 1.3, we have:

Corollary 3.6. A convolution Finslerian metric g, F1xg Fy is Euclidean if and
only if F1 as well as Fy are FEuclidean metrics and the functions fr,k € {1,2}
are both nonzero constants.

4. Some Examples of Finslerian Convolution Metrics
Now, we explicit non-trivial examples of convolution metrics.

Example 4.1. (Finslerian convolution metric of Riemannian type) Denote
by ||.I| and (.,.) the standard FEuclidean norm and the inner product in R™
respectively. Let By = {z1 € R3: |lzq]| < 1} and By = {22 € R? : |22 < 1} be
two Euclidean balls. Define the functions

Fk : TBk — (0,00)

VIyal? = AlwlPlyel® — (e, yi)?)
L — [l ]?

(Tr,y) —

for k € {1,2}. Then the functions Fy and F» are Riemannian metrics on By

and By respectively known as Klein metrics.
Consider two smooth functions py : By — R. Then the function

202 3 3 : 2
Fpy.pa (@1, @2,91,2) = (5 p( Bk [Z (1) <1—Z(w1)2> + (Zm;) }
1-— r=1 SC{ r=1 r=1 r=1
e2P1 5 2
+ e {Z (v3)* <1 -> (x§)2> + (Z x§y§> }
(1 — 2 4 ( ) ) s=4 s=4 s=4
Op1 Op2 2
2e2P1 202 T s .
+ ; SZ; ozl 0z} }

is the Riemannian convolution of Fy and Fs, via fi := €' and fo := eP2.

When one the py is a constant function or when Vpy L v for each tangent
vector v on By, the Riemannian convolution function (4.1) becomes a convolu-
tion Riemannian metric on By x Bs.

Example 4.2. (Minkowskian type Finslerian convolution metric) Let consider
the Finslerian function F defined by the relation (1.2) in the Example 1.4.
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It can be shown that F' has the form g, F1 x¢ Fo, with fr, : U C R? —
(0,00) such that fi(r1,22) = ck. That is F is a Minkowskian convolution
function on My x My where My = {(y*,y?) € R?}, My = {(v3,y*) € R?},

1

1 11z
F = (y‘ll + )\y%yg +y‘21)4 and Fy = [yg —|—y2 + A (y%k —|—ka) "] via ¢1 and Ca.

Example 4.3. (Finslerian convolution metric of Randers type) Denote by ||.||v
the norm on a 3-vector space V', by ||.|| the standard Euclidean norm and by (., .)
the inner product in R"™3. Let B = {z3 € R"™3 : ||za]] < 1} be an Euclidean
ball. Then, for any € € [0,1), the following function F : T(V X B) — (0,00)
defined by

_ 1,2 .3 .4 n, 1,2 3 4 n
F(z1,22,91,y2) = F(21, 27,27, 29, ., T3, Y1, Y1, Y1 Y25 - Y3 )

3 n
2
= {naan2<ny1n%-+eyf) +2) > atalytyy

a=1v=4

2 2
o | VIIw2ll? = (22l Plly2ll? — (22, y2)?) + (22,2)
+H‘T1HV 1_H332H2

(4.2)

Voand .y2 = (Y5, ..., y%) € Ty, B 2R3 such that

2
2 [y21* = (lz2l*ly2]l* — (z2, y2)?) + (x2, y2)

3 n
> =23 ) afabytyy.
a=1lv=4

Then the function F defined in (4.2) is Randers convolution metric of ||y1 |3 +

eyt ana ML (el o2 0) i |4y | and |z
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