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Abstract. In this paper, we investigate the geometry of contact pseudo-metric
manifolds admitting an n—Ricci soliton. We establish that a Sasakian pseudo-
metric manifold admitting an n-Ricci soliton is necessarily an 7n-Einstein man-
ifold. Furthermore, if the potential vector field of the soliton is not Killing,
then the manifold is D-homothetically fixed, and the vector field preserves the
structure tensor field. We also prove that a K-contact pseudo-metric manifold
endowed with a gradient n-Ricci soliton metric is 7-Einstein. In addition, we
examine contact pseudo-metric manifolds admitting an n-Ricci soliton whose
potential vector field is pointwise colinear with the Reeb vector field. Finally,
we analyze gradient 7-Ricci solitons on (&, pu)-contact pseudo-metric manifolds,
providing new insights into their structure and curvature properties.

Keywords: Ricci soliton, n-Ricci soliton, (k, u)-contact pseudo-metric mani-
folds, gradient 7-Ricci solitons.

*Corresponding Author
AMS 2020 Mathematics Subject Classification: 53C15, 53C25, 53D10, 53D15.

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 Inter-
national License.
Copyright (©) 2026 The Author(s). Published by University of Mohaghegh Ardabili
53


https://doi.org/10.22098/jfga.2026.19252.1201
https://orcid.org/0000-0003-3041-8777
 https://creativecommons.org/licenses/by-nc/4.0/

54 E. Asgharzadeh and M. Faghfouri

1. Introduction

A Ricci soliton is a natural generalization of an Einstein metric, which was
introduced by Hamilton [19] as the fixed point of the Hamilton’s Ricci flow
% g = —2Ric. The Ricci flow is a nonlinear diffusion equation analogue of the
heat equation for metrics. A Ricci soliton (g, V, A) on the pseudo-Riemannian
manifold (M, g) is defined by the following equation

£vg+2Ric+2\g =0,

where £y is the Lie derivative along the potential vector field V, and A is a
constant real number. The Ricci soliton is called shrinking, steady, expanding
if A <0, A =0and A > 0, respectively. If V = Df, where Df is the
gradient of the smooth function f, then the Ricci soliton is called a gradient
Ricci soliton. The Ricci solitons have been studied in many different contexts
(see [2—4,11,12,15,18,24,28]). They are also of interest to physicists because
of their relations to string theory [1,22], and physicists refer to Ricci solitons
as quasi-Einstein metrics [14].

The n-Ricci soliton notion, as a generalization of a Ricci soliton, was intro-
duced by Cho and Kimura [10]. An n-Ricci soliton on a manifold M is a tuple
(g, V, A\, 1), where g is a pseudo-Riemannian metric, V' is the potential vector
field, and A, p are constant real numbers satisfying

£vg+2Ric+2Ag+2un @ n =0, (1.1)

where 7 is a 1-form on M. Notice that when p = 0 then an n-Ricci soliton
reduces to a Ricci soliton. Moreover, if V' = D f, the n-Ricci soliton is called a
gradient 7-Ricci soliton and Eq.(1.1) becomes

Hess f + Ric+Ag + pn @ n = 0. (1.2)

The n-Ricci solitons have been studied in many different settings, Blaga stud-
ied n-Ricci solitons on para-Kenmotsu [5] and Lorentzian para-Sasakian man-
ifolds [6]. Devaraja and Venkatesha studied n-Ricci solitons on para-Sasakian
manifolds [25], ete.

Contact geometry is an odd-dimensional analogue of the symplectic geome-
try and has been studied in many different contexts (particularly) those related
to physics. It has been used as a proper framework for classical thermodynam-
ics [7,27], and as a geometrical approach to magnetic field [3]. Also, it was stud-
ied in relation with the Yang-Mills theory [21], quantum mechanics [20], gravi-
tational waves [23], etc. Studying contact structures with pseudo-Riemannian
metrics was started by Takahashi in [29], but he just studied the Sasakian
case. Recently, Calvaruso and Perrone [9] have studied a contact pseudo-metric
manifold in the general case. Ghaffarzadeh and second author studied nullity
conditions on the contact pseudo-metric manifolds and have introduced the
“(k, p)-contact pseudo-metric manifold” notion [16,17]. The relevance for the
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general relativity of contact pseudo-metric manifolds was studied in [13]. In
view of the above applications and the lack, to the best of the authors’ knowl-
edge, of a comprehensive study concerning Ricci solitons with arbitrary poten-
tial vector fields on contact pseudo-metric manifolds, this work is devoted to
the investigation of Ricci solitons in the contact pseudo-metric setting. More-
over, as Ricci solitons arise as particular cases of n-Ricci solitons, we naturally
extend our study to the more general framework of n-Ricci solitons on contact
pseudo-metric manifolds.

The present paper has been organized as follows. In Section 2, we recalled
the contact pseudo-metric manifold notion and proved some lemmas that are
used in the next sections. In Section 3, we studied 7-Ricci solitons on Sasakian
pseudo-metric manifolds and showed that a Sasakian pseudo-metric manifold,
which admits an n-Ricci soliton, is an n-Einstein manifold and if the potential
vector field of the n-Ricci soliton is not a Killing vector field, then the manifold
is D-homothetically fixed, and presented an example for it. Moreover, we
showed a K-contact pseudo-metric manifold which admits a gradient n-Ricci
soliton is an n-Einstein manifold. Also, we studied an n-Ricci soliton that has
a potential vector field colinear to the Reeb vector field on a contact pseudo-
metric manifold and showed that the manifold is K-contact. In the last section,
we studied gradient n-Ricci solitons on a (k, p)-contact pseudo-metric manifold
and obtained some conditions on the curvature tensor of the manifold.

2. Preliminaries

In this section, we recall some definitions and results needed in the rest of
the paper.

A (2n+1)-dimensional manifold M is called an almost contact pseudo-metric
manifold, if there exists an almost contact pseudo-metric structure (¢, &,1,9)
on M, where p,&,n,g are a (1,1)-tensor field, a vector field, a 1-form and a
compatible pseudo-Riemannian metric, respectively, which satisfy the following
equations

nE) =1, ©*(X)=-X+nX), (2.1)
g(eX,9Y) = g(X,Y) —en(X)n(Y), (2.2)

where e = +1, and X, Y are arbitrary vector fields. Using the above equations,
we have

©€=0, noyp=0,
n(X) =eg(§, X), 9(pX,Y)=—g(X,¢Y)
and especially ¢g(&,€) = e.

Note that the signature of the metric ¢ depends on whether the vector field &
is spacelike or timelike. If £ is spacelike, that is, g(£,£) > 0, then the signature
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of gis (2p + 1, 2n — 2p). If £ is timelike, meaning that ¢g(&,£) < 0, then the
signature of g is (2p, 2n — 2p + 1).

The fundamental 2-form ® of an almost contact pseudo-metric manifold
(M,p,&,n,9) is defined as ®(X,Y) = g(X, ¢Y), where X, Y e I'(M). If

9(X, LPY> = dn(X’ Y)7 (2.3)
then 7 is a contact form, (p,&,n,g) is a contact pseudo-metric structure and
M is called a contact pseudo-metric manifold.

Throughout this paper, we use R(X,Y) = [Vx, Vy]—V|x y], where X, Y €
I'(M), as the Riemannian curvature tensor definition. In a contact pseudo-
metric manifold (M, ¢, &, n, g) the (1, 1)-tensor field £ and h are defined by

(X = R(X,€)¢, hX = %(f{(p)X.

Also, notice the £ and h are self-adjoint operators. In the contact pseudo-metric
manifold (M, ¢, &,n, g), we have the following equations [9, 26]

trace(h) = trace(hy) = 0, (2.4)
noh=0, €&=0, (2.5)
he = —ph, h§=0, (2.6)
Vep =0, (2.7)
Vx&=—epX — phX, (2.8)
Ric(¢, €) = 2n — trh?, (2.9)

where X is an arbitrary vector field.

A contact pseudo-metric manifold (M, ¢, £, n, g) is a K-contact pseudo-metric
manifold if € is a Killing vector field or equivalently h = 0. So, we have the
following equations

Q& = 2ne€, (2.10)
Vx€=—epX, (2.11)
where @ is the Ricci operator of the metric g and X € T'(M).

Lemma 2.1. Let (M, p,&,n,9) be a (2n + 1)-dimensional K -contact pseudo-
metric manifold, then

(VxQ)E = —2npX + eQeX, (2.12)
(Ve@Q)X = e(Qp — Q) X, (2.13)

where X is an arbitrary vector field.
Proof. First, differentiating (2.10) along an arbitrary vector field X and using

(2.11), we obtain (2.12). Next, taking the Lie derivative of the Ricci tensor Ric
along &, we have

(LeRie)(X,Y) = g((VeQ)X + Q(VxE), Y) + g(QX, Vy¢),
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for all X,Y € I'(M). Since ¢ is a Killing vector field, it follows that £cRic = 0.
Using this fact together with (2.11) in the above expression yields (2.13), which
completes the proof. |

An almost contact pseudo-metric structure (p,&,n,g) is called normal if
[p, 0] +2dn ® & = 0. A normal contact pseudo-metric manifold is a Sasakian
pseudo-metric manifold. A Sasakian pseudo-metric manifold is a K-contact
pseudo-metric manifold, satisfying

(Vx@)Y =g(X,Y)E - en(Y)X, (2.14)
R(X,Y)§ =n(Y)X —n(X)Y, (2.15)

where X,Y € I'(M).

Lemma 2.2. Let (M,p,&,n,9) be a Sasakian pseudo-metric manifold then
Qv = ¢Q.
Proof. First, using equation (2.14) to compute the curvature tensor, we obtain
R(X,)Y,pZ W)+ R(X)Y, Z, W) =
g(2, Y )g(X, W) — eg(Z, pX)g(Y, W)
—€eg(X, Z2)g(pY, W) +eg(Y, Z)g(p X, W),

where X, Y, Z, W € I'(M) and
R(X,Y,Z,W) = g(R(X,Y, Z),W).

Now, let X,Y, Z, W be orthogonal to £&. Then, from the above relation, we
obtain

R(X,Y, Z,W) = R(¢X, Y, 0Z, pW),
This identity implies
Ric(X, 9Y) + Ric(¢X,Y) =0,

for all vector fields X, Y orthogonal to £. Using this last equation, we conclude
that Q¢ = ¢@Q, which completes the proof. O

A contact pseudo-metric manifold (M, ¢, &, 7, g) is called an n-Einstein man-
ifold if the Ricci curvature is of the form Ric = ag+bn®mn, where a, b are smooth
functions on the manifold M. If the manifold M is a K-contact pseudo-metric
manifold with dimension greater than three, then a,b are constants.

Let (M, ¢,£,n, g) be a contact pseudo-metric manifold. For any nonzero real
constant ¢ # 0, is defined a new contact pseudo-metric manifold (M, @, é 15 0)s
where 7j = tn, £ = 16, p=vpand g=tg+et(t—1)nen[].

This transition is called a D-homothetic deformation. It preserves sev-
eral fundamental properties of the structure, in particular the K-contact and
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Sasakian conditions. Furthermore if (M, p,&,n,9) be a K-contact pseudo-
metric manifold, under a D-homothetic deformation we have

Ric = Ric —2¢(t — 1)g 4+ 2(t — 1)(nt + n+ 1)n @ n, (2.16)

where Ric and Ric are Ricci tensors of (M, p,&,n,9) and (M, @, &1, J) respec-
tivly [9].

Proposition 2.3. Let (M, ¢,&,1,9) be an n-Einstein K -contact pseudo-metric
manifold of dimension 2n + 1 such that Ric = ag + bn @ n, and let t be a
nonzero real number. Under a D-homothetic deformation, the Ricci tensor of
the deformed structure satisfies

Ric = a§+ (2n — ea)ij @ 7,

where a = (%)

Proof. First using 77 =tn in g = tg + et(t — 1)n ® 1, we have

1 1 o
9=39- t—Qe(t—l)n@)n. (2.17)
Now putting 7 = tn and (2.17) in (2.16) gives
~ a—2et +2¢\ _ 2t—2—ae\ . _
Ric = (——— )+ 2+~ — ) i@,

and it proves the result. O

Notice in the previous proposition, when a = —2¢, the form of the Ricci ten-
sor remains unchanged under the D-homothetic deformation. Thus, we have
the following definition.

Definition. An n-Einstein K-contact pseudo-metric manifold with a = —2¢ is
said to be D-homothetically fixed.

3. n-Ricci solitons on Sasakian pseudo-metric manifolds

In this section, we have studied 7n-Ricci solitons on Sasakian pseudo-metric
manifolds.

Theorem 3.1. Let (M, p,&,m,9) be a (2n + 1)-dimensional Sasakian pseudo-
metric manifold. If (g, V, A\, u) be an n-Ricci soliton on the manifold M, then M
is an n-Einstein manifold. Moreover, the Ricci tensor and the scalar curvature
of g are given by

-\ A -3
Ric=(ne+ﬂ€2 )g+(g(e+1)+1(6+1)+(64 )M)77®777 (3.1)
1
r:Ze()\—,u—i—8n2+(4u+6)n)+Z(—)\+u—4)\n+2n), (3.2)

where Ric and r are the Ricci tensor and the scalar curvature of the metric g,
respectively.
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Proof. Applying equation (1.1) to the following formula given in [30, p. 23],
(£vVeg—VxLvg—Vvx19)(Y,Z) = —g((£vV)(X,Y), Z2)—g((£vV)(X, Z),Y),
where XY and Z are arbitrary vector fields, we find
9(£vV)(X,Y), Z) =(Vz(Ric+un @ n))(X,Y)
—(Vx(Ric+un @ n))(Y, Z) (3.3)
—(Vy (Ric +un ®@n))(Z, X).
Using Lemma 2.1 and Lemma 2.2, we obtain
Ve@ =0. (3.4)

Substituting Y = £ in (3.3) and using the above relation as well as Lemma 2.1,
we obtain

(£vV)(X,€) = (4n + 2u)pX — 2eQpX. (3.5)
Differentiating (3.5) along an arbitrary vector field Y and using (2.14) yield
(Vy £V)(X,§) — e(LvV)(X, oY) = 2ug(X,Y)E — (4n + 2p)en(X)Y

S2(TrQ)eX) + )y, Y
Using (3.6) in the following commutation formula (see [30]),
(LvR)(X,Y)Z = (Vx £y V)(Y,Z) = (Vy £vV)(X, Z), (3.7)
where X,Y, Z € T'(M) are arbitrary vector fields, we obtain:
(LvR)(X,Y) =2¢(VyQ)pX — 2¢(VxQ)pY
+2n(Y)QX — 2n(X)QY (38)

+ (4n +2u)en(X
+e(£LyV)(Y, X

)Y — (4n + 2p)en(Y) X
) = e(L£vV)(X, 9Y).
Substituting ¢ for Y in (3.8) and using (3.5), we obtain
(£vR)(X,6)E = 4QX —4e(2n+ )X +4pen(X)E, X e T(M).  (3.9)
Using (1.1), we have
(Lvg)(X,8) + (dn+2Xe+2u)n(X) =0, X € T'(M),

and this equation yields

e(Lyn)(X) = g(X, £v&) +2(2n + Ae + p)n(X) = 0, (3.10)
n(£vE) = (2ne + pe + A), (3.11)

where X is an arbitrary vector field. Next Lie-differentiating the formula

R(X,€)§ = X —n(X)¢
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along the vector field V' and using (3.10), (3.11) and (2.15), we have

(6;1) ((£Vn)X)§+(ne+ “62_A>X+<n+/\6+(12_26)u> n(X)¢,

(3.12)
where X € T'(M). Now using the foregoing equation and symmetry of the Ricci
tensor, we deduce

QX =

e(e—1 ele—1

D vmxn) = T mrnx) xyen),
Using the above equation and (3.11), we find (3.1), and in turn it yields (3.2),
completing the proof. O

Theorem 3.1 imposes a strong condition on the potential vector field of an
n-Ricci soliton on a Sasakian pseudo-metric manifold. The following lemma is
needed for further study.

Lemma 3.1. Let (M, p,&,n,g) be a (2n+1)-dimensional contact pseudo-metric
manifold. If Ric = ag 4+ bn ® n, where a,b € R, then

Ric” Ric; +Ar 4 p(ea +b) = 0, (3.13)
where r is the scalar curvature of the metric g.

Proof. Using equation (1.1) in the following formula (see [30])

1
£y} = 59“ (Vi(£vgit) + Vi(£vgje) — Vi(£vgiz))

where F;‘j denote the Christoffel symbols of the metric g, we obtain
£yT}; = V*(Rici; +pming) — Vi(Ric) +pmn”™) — V;(Ric] +umin™).
Next, substituting this expression into the following identity (see [30])
£VRZji = Vk(fvr?j) - Vj(£VFZi)a
we obtain
Ly Rl = ViV (Ricy; +unim;) — VieVi(Ric! +um;n™)
— ViV, (Ric} +umin™) = V; V" (Ricks +pnin;)
+V; Vi(Ric] +pmin™) + V;Vi(Rici +pmen”).-
The above equation, together with the assumption of the lemma, yields
£y Ricj; = V, V" (Ricy; +puming) — VaVi(Ric] +unn™) — ViV, (Ric] +unn™).
From equation (1.1), we have
£y g% = 2Ric7 +27g" + 2unin’.
Using this relation, together with (1.1) and the previous equation, we obtain
(3.13). This completes the proof. O
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Theorem 3.2. Let (M, p,£,n,9) be a Sasakian pseudo-metric manifold and
let (g,V, \, ) be an n-Ricci soliton on M.

(a) If € is a timelike vector field then, V is a Killing vector field.
(b) If € is a spacelike vector field and V is not a Killing vector field, then
M is D-homothetically fixed , A — p=2n+4 and £y = 0.

Proof. In the case of (a), using (2.10), we find A — p = 2n, this, (3.1) and (1.1)
yield V' is Killing.
In the case of (b), using Lemma 3.1, we obtain (—A+p+2n+4)(A+p+2n) =
0. According to the theorem’s assumption V is not a Killing vector field, so
A — = 2n+ 4, using this in (3.1), we deduce
Ric=—-29+2(n+ 1)n®n, (3.14)

so M is D-homothetically fixed. Using the foregoing equation and (3.3), we
obtain

(Lv VY. Z) =202n+2+p)((2)eY +n(Y)pZ), Y, ZeT(M).

Differentiating the above equation along an arbitrary vector field X, using
(3.7), and then contracting with respect to X, we obtain

(£v Rie)(Y, Z) = 2(2n + 2+ p)(29(Y, Z) — (4n + 2)n(Y)n(2)), ~ (3.15)

where Y, Z are arbitrary vector fields.
Substituting (3.14) into (1.1), we obtain

(Lvg)(Y, Z) = =Cn+ A+ p)(g+nen)(Y,2), Y, ZeD(M). (3.16)
Lie-differentiating (3.14) along the vector field V' gives us
(£v Rio)(Y, Z) =220+ A+ p){g(Y, Z) + n(Y)n(Z)}+
2(n+ D{n(Z)(Lvn)Y +0(Y)(£vn)Z},

where Z,Y € TI'(M). Substituting £ for Y in (3.17) and (3.15), using (3.11), we
obtain

(3.17)

(LymY = =22+ 20+ pn(¥), Y € T(M). (3.18)
Operating the above equation by d and noticing the fact that d commutes with
Lie-derivative we deduce

(Lvdm)(X,Y) = —2(2+2n+ p)g(X, oY), X, Y e T(M).

Lie-differentiating (2.3) along the vector field V' and using the above equation,
yield £y ¢ = 0, and it completes the proof. O

Corollary 3.3. Let (M, p,£,m,9) be a Sasakian pseudo-metric manifold with
the spacelike vector field & and let (g,V, \,0) be a Ricci soliton on M. If the
vector field V' is not a Killing vector field, then the Ricci soliton is an expanding
soliton on M with A = 2n + 4.
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Example 3.4. Consider R® with the standard coordinate system (x,vy,z). Let
E=28, n=g(—ydr+dz), () = — &, (&) = a5 + vz and p(F) = 0.
If g = en@n+ 1(da? + dy?), then (M, p,&,1,9) is a Sasakian pseudo-metric
manifold. By direct calculation, we have Ric = —2e¢g + 4n ® 1. Now, let V' be
a vector field defined by

0 0 0
V=(2-6e+(e—1A+(1- Ze)u)x% + (2¢ — )\)ya—y —(2+eX +,u)z&.

If € be a spacelike vector field and A—u = 6 then (g, V, A\, p) is an n-Ricci soliton
on M, £y =0 andV is not a Killing vector field. But if & is a timelike vector
field then (g, V, A\, p) is an n-Ricci soliton on M iff V is a Killing vector field,
and this condition is satisfied if A\ = —2 and p = —4.

Proposition 3.5. Let (M, p, &, 1, g) be a K-contact pseudo-metric manifold. If
(9, V, A\, ) is a gradient n-Ricci soliton on M then M is an n-Einstein manifold
and Ric = —Ag — un @ n, where —e\ — p = 2n.

Proof. First (1.2) gives
VxDf+QX + XX +eun(X)E =0, X eT'(M). (3.19)
Calculating R(X,Y)Df by the above equation, we deduce
R(X,Y)Df = eu(Vyn)XE + eun(X)Vy & + (Vy Q)X
—ep(Vxn)YE —eun(Y)Vx§ — (VxQ)Y.
Substituting £ for Y in the last equation and using Lemma 2.1, we find

R(X,6)Df = (u+2n)pX — epQX, X e (M).

(3.20)

Scalar product of the above equation with & gives df = (&(f))n, operating
d on this equation, we obtain dn A (£(f)) + n A d(§(f)) = 0, taking exterior
product of the last equation with n and using n A dn # 0, we have &(f) = 0,
so f is a constant function. Next using this consequence in (3.19), we find
Ric = —Ag — un ® n and this gives —e\ — p = 2n, completing the proof. (I

One may ask, what will happen if the potential vector field of an n-Ricci soli-
ton on a contact pseudo-metric manifold (M, ¢, &, 7, g) is £, we have answered
this question in the following theorem.

Theorem 3.6. Let (M, p,&,n,9) be a contact pseudo-metric manifold, and let
(g, 0, A\, ) be an n-Ricci soliton on the manifold M. If V is colinear with £
and Qe = pQ, then M is an n-Einstein K -contact pseudo-metric manifold and
Ric = —Ag — un ® n, where —e\ — p = 2n.

Proof. Let V = f¢£, where f is a non-zero smooth function on the manifold M.
Using this in (1.1), we have

eX(fImY)+eY (F)n(X) —2fg(ehX,Y) + 2Ric(X,Y)
T X, Y) 4 (X)n(Y) =0, (3.21)
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for X, Y € T'(M). Substituting £ for Y in (3.21), we deduce
eDf +2Q& + (&(f) +2X + 2ep)€ = 0. (3.22)

By assumption Q¢ = ¢Q, so Q& = 0, using this and (2.9), we have Q¢ =
€(2n — trh?)¢. Substituting this consequence in (3.22), we find

eDf + (2¢(2n — trh?) + &(f) + 2\ + 2ue)é = 0. (3.23)
Next, substituting ¢ for X,Y in (3.21), we obtain
2n — trh?® = —e(&(f)) — Ae — p.

The above equation and (3.23) give D f = €(£(f))¢, differentiating this equation
along an arbitrary vector field X and using (2.8), we find

9(Vx(Df),Y) = X(E(f)nY)—e(f){g(epX,Y)+g(phX,Y)}, X, Y € T(M).

Using the above equation, (2.3) and the known formula ¢(Vx(Df),Y) =
g(Vy(Df),X), where X,Y € T'(M), we deduce

XENnY) =Y (E())mX) ==26(dn(X,Y), XY e T(M).

Considering X, Y as arbitrary orthogonal vector fields to £ in the above equa-
tion and noticing that dn # 0, we deduce X (f) =0, so f is a constant function
on the manifold M. Using this consequence in (3.21) gives

— fphX + QX + AX + eun(X)€ = 0, X eT(M). (3.24)

Substituting X for X in the above equation, we find

— fohoX + QX + XX =0, X eT(M). (3.25)
Operating ¢ on (3.24) and using ph = —hyp, we have

foheX + QX +2AX =0, X eT(M). (3.26)
Using the above equation, (3.25), (2.1) and Q& = (=X — pe), we obtain:

Ric = —un ®n — Ag.

Using the above equation in (1.1) gives £¢g =0, so M is a K-contact pseudo-
metric manifold and —eA — p = 2n, completing the proof. (I
4. np-Ricci solitons on (k, u)-contact pseudo-metric manifolds

Studying nullity conditions on manifolds is one of the interesting topics in
differential geometry, specially in the context of contact pseudo-metric man-
ifolds. In [16], Ghaffarzadeh and second author introduced the notion of a
(K, p)-contact pseudo-metric manifold. According to them a contact pseudo-
metric manifold (M, ¢, &, n) is called a (k, u)-contact pseudo-metric manifold if
it satisfies

R(X,Y)E = en(n(Y)X —n(X)Y) + en(n(Y)hX — n(X)hY), (4.1)
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where R is the Riemannian curvature tensor of M, k, u are constant real num-
bers, and X,Y are arbitrary vector fields. For a (k, 1) — contact pseudo-metric
manifold we have the following formulas [16]

h? = (e — 1)¢?, (4.2)
Q€ = 2nk¢,
(Veh) = —epph,

furthermore if ex < 1 then we have [10]
QX =€¢2(n—1) —nu]X + (2(n — 1) + p)hX
+ [2(1 = n)e + 2nrk + nepln(X)E,
r=2n(k — 2¢) + 2n%e(2 — p), (4.6)

(4.5)

where X and r are, an arbitrary vector field and the scalar curvature of the
manifold, respectively.

Lemma 4.1. Let (M,p,&,1,9) be a (K, p)-contact pseudo-metric manifold,
and let ex < 1. If (g,V,\,7T) is a gradient n-Ricci soliton on the manifold M
then

er(—24+p) =np+p+T1. (4.7

Proof. Differentiating (4.3) along an arbitrary vector field X and using (2.8),
we deduce

(VxQ)E = Q(ep + ph)X — 2nk(ep + ph)X, X € I(M). (4.8)

Taking scalar product of (3.20) and &, and using (4.8), we have
9(R(X,Y)Df,§) = eg((Qw + ¢Q)Y, X) + g((Qwh + hpQ)Y, X)
+ (—4nke — 27)g(¢Y, X), X,Y € [(M).
Substituting ¢ X for X and ¢Y for Y in (4.1) give R(¢ X, Y )& = 0, using this,
(2.1) and the above equation, we obtain

e(0Q 4+ Q)X — (pQh + hQp) X + (—4nke — 27)pX = 0, (4.10)

where X is an arbitrary vector field. Now, substituting X for X in (4.5), we
have

QeX =€)2(n—1) —nuleX + (2(n — 1) + pheX, X el'(M). (4.11)

(4.9)

Next, operating ¢ on (4.5), we obtain
0Qr = €[2(n — 1) — nuleX + (2(n — 1) + p)phX, X el (M). (4.12)
Substituting hX for X in (4.12), using (4.2) and (2.1) give
eQhX = €[2(n—1)—nplphX —(ex—1)(2(n—1)+p) X, X e(M). (4.13)
Operating h on (4.11), using (4.2) and (2.1), we have
hQpX = €[2(n—1)—npulhpX —(ek—1)(2(n—1)+p) X, X e(M). (4.14)
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Using the last four equations in (4.10) and hp = —ph give (4.7), completing
the proof. O

Theorem 4.2. Let (M, p,£,m,9) be a (k, p)-contact pseudo-metric manifold
and let ex < 1. If (g,V,\,7) is a gradient n-Ricci soliton on M, then u =
0,7 = —2ek, or Ric=—-Ag—m®@n and p =2 —2n,7 =2n(—1 + n — ex).

Proof. First, substituting ¢ for X in (4.9), using (4.1) and (4.3), we have
K(E(f)é — eDf) — euhDf = 0.
Differentiating the above equation along vector field £ and using (4.4), we have
KEE(F))E + en(2nk + X+ Te)€ + (ep)*hDf = 0.

Now, operating ¢ on the last equation we find pu?hDf = 0, taking h from this
and using (4.2), we obtain

p?(er — 1)(=Df +n(Df)§) = 0.

Examining the above equation we have either, i)u = 0 or ii)u # 0.

In the case i, using (4.7), we obtain 7 = —2ex. In the case ii, we have
Df = n(Df)¢, differentiating this along arbitrary vector field X and using
(2.8), we have

g(VxDf,Y) = X(E(f)nY) = &(f)g(eX,Y) — €(f) f(phX,Y),
where X, Y are arbitrary vector fields. Using the above equation and
g(VxD[,Y)=g(VyDf,X),
we find

XE)nY) =Y (E)n(X) +26(f)dn(X,Y) =0, X, Y e [(M).

Substituting ¢ X for X and Y for Y, and noticing the fact that dn # 0, we
have £(f) = 0. So f is a constant function and Ric = —Ag — 7 ® 1. Using
this gives r = (2n+1)(—\) — e7, comparing the last consequence and (4.6), we
have

nyu = —242n — 2nke — 7.

Now using the above equation and (4.7), we obtain, y = 2 — 2n and 7 =
2n(f% + n — ek), completing the proof. a

Corollary 4.3. Let (M, p,&,n,9) be a (k,u)-contact pseudo-metric manifold
and let ek < 1. If (g,V,\,0) is a gradient n-Ricci soliton (in fact a gradient
Ricci soliton) on M, then R(X,Y )¢ =0, where X, Y are arbitrary vector fields.
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