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Abstract. In this paper, we define and construct the ruled surfaces in a three-
dimensional strict Walker manifold. We study the geometric properties of these
families of surfaces. We give an example to illustrate our main results.
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1. Introduction

Ruled surfaces in a three-dimensional manifold have important applications
in physics and engineering and are essential to differential geometry. Rules
surfaces are a basic type of surfaces in differential geometry that are defined by
the constraint that at least one straight line, called a ruling, lies entirely on the
surface through each point on the surface. These surfaces are useful in physics,
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engineering, and architecture because of their simple geometric structure and
ease of construction. Many people studied ruled surfaces, for example, in [7],
the author classifies the ruled surfaces in Euclidean and Minkowski spaces.

Ruled surfaces in Walker 3-manifold offer unique geometric properties when
compared to their Euclidean counterparts, particularly when classified by space-
like, timelike, or lightlike rulings.

The study of ruled surfaces of a given ambient space is a natural and inter-
esting problem. A surface ¥ in M is said to be ruled if every point of ¥ is on
(a open geodesic segment) in M that lies in ¥ (see [3]). Locally, a ruled surface
is made by a one-parameter family of geodesic segments [3]. Several authors
have studied problems on ruled surfaces (see [7, 11]).

The paper is organised as follows: in Section 2, we recall some preliminary
results for the Walker manifold (M,g%). In Section 3, we give some basic
formulas for immersed surfaces in (M, g%), and we construct the two families of
ruled surfaces in (M, g3) which are used in the main result. In the last Section,
we give a classification of ruled surfaces in a strict Walker 3-manifold.

2. Three Dimensional Walker Manifolds

A pseudo-Riemannian n-manifold is classified as a Walker manifold if it sup-
ports a null parallel r-plane field, where r < 5. Following A. G. Walker’s semi-
nal work on metric canonical forms [10], specific coordinates can be adapted to
this parallel plane field. In the three-dimensional case, the metric of a Walker
manifold (M, g}) relative to coordinates (z,y, 2) is defined by:

gy =drodz+ edy® + f(x,y, 2)dz>. (2.1)

The matrix representation of this metric and its inverse are given by:

00 1 —f 0 1
g5=10 ¢ o), (p)™'=(0 €0
1o f 1 00

where f(z,y,2) is a smooth function and e = £1. The parallel degenerate line
field is defined by D = Span{d,}. More information about Walker manifolds
can be found in [1, 4, 5].

2.1. Connection and Curvature. Direct computation shows that the com-
ponents of the Levi-Civita connection for the metric (2.1) are:

Vazaz = %fmamv Vayaz = %fyaxa
1 1 1 (2.2)
Vazaz = §(ffz + fz)az + ifyay - §fac8z
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where {0,, 0y, 0.} are the standard coordinate vector fields. For a strict Walker
manifold (where f(z,y,2) = f(y, z)), the connection simplifies to:

1 €

The non-zero components of the curvature tensor R are:

1
v(’?yaz = ifyamy Va

1 1

1 1
R(ayvaz)ay = _§fyyama R(ayaaz)az = ifmyamv

1 1
R(azaaz)az = éffmmam - gffzyay - §ffmc8z7

1 € 1
R(ayvaz)az = iff:cyax - ifyyay - if:cyav

When a null parallel vector field exists (i.e., f = f(y,z)), the Christoffel
symbols and curvature components further reduce:

1 1 €
F%s = lem = §fyv le’,?, = §fz, F?’B = _ify (24)
and
1 €
R(ayvaz>ay = *ifyyaxa R(ayvaz)az = *§fyy8y' (2~5)

2.2. Vector Product. Let (e, ez, e3) be the canonical basis of R3. For vectors
u,v in M, the vector product u X v relative to g5 is defined by:

gy (u x v,w) = det(u, v, w) (2.6)
for any vector w € M. For u = (uy,us,u3) and v = (vy,vs,v3), the explicit
form is:

ur U1 Uz V2 ur V1 Uz V2
U Xv= — e —€ €2 + €3-
Uz V2 uz U3 us Us us U3

3. Fundamental Equations for Semi-Riemannian Submanifolds

Consider a pseudo-Riemannian manifold (M, g) equipped with its unique
Levi-Civita connection V. For convenience, the metric g is also represented by
the inner product (-,-). Let X denote a semi-Riemannian surface embedded
in M. We define € as a unit normal vector field on ¥ with a causal character
given by g1 = (£,&) = +1.

Let D represent the Levi-Civita connection associated with the induced met-
ric on ¥ via the inclusion map i : ¥ < M. For any tangent vector fields X,Y, Z
on X, the Gauss and Weingarten formulas are expressed as:

VxY =DxY + h(X,Y)¢ (3.1)
— Vxé=SX- (3.2)



Ruled surfaces in a strict Walker 3-manifold 13

In these expressions, h denotes the second fundamental form and S is the shape
operator. These two entities are linked by the following identity:

95(SX,Y) = h(X,Y)er = g3 (VxY, &) (3.3)

Furthermore, if RM and R represent the curvature tensors of (M, g) and
(X, i*g) respectively, they satisfy the Gauss and Codazzi equations:

(RM(X,Y)Z,W) = (R(X,Y)Z, W) + &1 (h(Y, ZVh(X, W)

(3.4)
— WX, Z)h(Y, W)
(RM(X,Y)Z,€) =& ((Vh)(Y, X, 2) - (VR)(X,Y, 2)) (3.5)
where the covariant derivative of the second fundamental form is defined as:
(Vh)(X,Y, Z) = X(h(Y, 2)) — h(VxY, Z) — h(Y,VxZ).  (3.6)

3.1. Parametrized Surfaces and Isometric Immersions. We now con-
sider the classical formulation of equation (3.4) for surfaces in (M, g%) viewed
as isometric immersions. Let D C R? be an open region where any horizon-
tal or vertical line intersects D in at most a single interval. A two-parameter
map ¢ : D — M generates two families of parameter curves: the u-curves
u > p(u,vp), and the v-curves v — @(ug, v).

The partial velocities are given by ¢, = dp(9,) and ¢, = dp(9,). For a

smooth Vector field Z defined along ¢, its partial covariant derivatives Z,, = gf
and Z, = a— represent the covariant rates of change. In a local coordinate

system, Z,, is expanded as:

Zy = Z Zrk 797 a Ok (3.7)

k

The second-order partial derivatives ¢, and ¢,, represent the accelerations,
while the mixed derivative is:

02x* b Ox' Ozl
Puw = ; Ovdu +Z_Zj 9 ou v O (38)

3.2. Geometric Curvatures. For an isometric immersion ¢, the coefficients
of the first fundamental form are:

E=9gi(puspu);  F=g5(up0), G =g5(00, 00) (3.9)
The second fundamental form coefficients are defined by:
LZ519f(<Puua§)7 M:€1gf((,0m,,f), N:{flgf(wvvyg) (3.10)

The mean curvature H is computed as:

& (LG—2MF + NE
3 EG - F?

(3.11)
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The sectional curvature K of the surface ¢ relates to the sectional curvature
KM of the ambient manifold via:

LN — M?
K (0w, 00) = KM (00, 00 el 3.12
(Pus pv) (Puspu) +E1 s (3.12)
The Gauss-Codazzi relations (see [9]) can also be expressed as:
M
Puuv — Puvu = R (@ua @v)‘pu
(3.13)

Pouv — Povu — RM(@va QOu)QOv

Finally, for the Walker metric, a curve «(t) is a geodesic if it satisfies the
following system derived from (2.4):

2
d*y1 _ ¢ dy2 dys 1 dys
a = fvarar taf\G0)

2
Py _ e dys (3.14)
dt? 27Y dt ?
d?ys _
dt?2 0

4. Ruled surfaces in Walker 3-Manifold

In this section, we give the geometry of ruled surfaces in a strict Walker
3-manifold.

Definition 4.1. Let a and S be two solutions of the geodesic equations (3.14).
A ruled surface in the Walker manifold (M, g%) is defined by

R(s,t) = a(s) +tB(s). (4.1)
Let S be a surface parametrized by the equation (4.1). To calculate the

coeflicients of the second fundamental form, let us first determine the following
derivation of R:

Ry = (s) + 18 () = (@) (5) +1B), (aa(s) +155), (s (s) +155))
and
Ry = B(s) = (Bu(s), B2(s), Bs(s)) (4.2)
Then, one has:
E = g5(Rs Rs)
= ajah +ta By + tay B + 251 B

+e ((ah)? + 2ta B3 + £(83)°)

+ajgal + tapfy + tan By + 24154

+1 ((05)” + 2t B + £2(85)°%)

Since B5 and ay constant, one can put :

! !
a=oag, b=[;
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and we have

E = Ext?> + Ert + Ey

where
Ey =2B1b+e(B5)* + fb°,
Ey =2(a}b+ a4 87) + 2eab85 + 2 fab,
Eo = 2a)aly + e(ab)? + fa?.
The same computation gives the second and third coefficients:

F = B1bt + €562t + B1 B3t + fbBst + faBs + Psa) + ey B2 + Pra

Fit Fo

— Fit+ F,
where
Fy = Bib+ efyf2 + 5183 + fbPs
Fo = faPs + Bza) + ey + fra,
and
G = €85 + B3 + 2B182 = Gh.

To calculate the coefficients of the second fundamental form, we first calculate
the following second partial derivative:
Ry,
By putting Ryt = | R% we have:
R,

Rl = 6yt glat )(fybs + f-5)

fy(aBs + tbBs),

’ €

2 _
Rst - /32 2
Rit = 53 =b.
Then we have
By + $(a+tb)(fyB2 + f-Bs)

Rst = By — 5 fy(aps + tbBs) . (4.3)
b

Similary computation gives

%fyﬁSﬁQ + %fy(53)2
Ry = —5.fy(83)? (4.4)
0
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and
ay +tB, + (a+tb)(fy + L foa+ 3 f.tb)
Ry = ay + 1By + (a+th)? : (4.5)
a+tb

To determine the normal vector of the surfaces, we need to compute the fol-
lowing product:

RsxRt:<a1+t51 61 )el—e

ay +16, f
Rox R = ((y +181)8, — By (ay +185) = [Bylay +18y) + fBy(a + 1) ) e
— (o + 18185 — (a5 +185)8) ) e
+ (0 + 188 — (a3 + 18)8) ) ea.
After some simplification, we have
Rox By = (a}fy— fah — ooy + fBra)) e
+ (—beo/1 + af};) e

+ (azb—apy) es

oy + 15,
Qg + tﬁ3

ay +18, B
az +t8; B

ay+tha S

f ! ’ 7
az+1t8; P

es +

where

9 f 1 24 f 1
1y, 8. es=-—"1log _ 9.
02 TR BT oA V2

constitute a local pseudo-orthonormal frame field on M, satisfying:

e = 8y, €y =

giler,e1) =€, gylea,e2) =1, and gj(es,e3) = —1. (4.6)

Thus, the signature of the metric g5 is (e,1,—1). By putting: A; = a'lﬁé —
Broey — fbay + fBya , Ay = —beay + afy and As = amb — a8y we have:

Ry x Ry = Ajeq + Ases + Ases.
Using the equations (4.6), we get

[|Rs X Ryf| = /[eAT + A3 — Af|
and the unit normal vector is given by:
Arer + Ages + Ases
£E= > > —. (4.7)
|eAT + A3 — A3

With A = /|eA? + A2 — A3|, and an easy computation, the coefficients L, M
and N of the second fundamental form are:

L= Lot> + L1t + Ly

’

Bs

€3
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where

€1

LQ = <6b2A2 + ;bZAg) 5

B

» » 1 1
L= (bAl + by Az + 2aebAs + By A + 5 faabAs + bfy Ay + 5 foabAy + bfA3> ;

B

m

1

Lo = 3 (A1 +eazAs + ea® Ay + 01 A3 + afy A3)
M = Mlt + M07

where
M, = Ll( — 2f,bB3Ay +b(fy B2+ f 53)A3>

2A v ! ’ 7

€
My = 5120542 = A yaBsds +alfy B+ F.55) As + A1 +2(8; +b) Ay ).
and

2
N = =GR A+ LAy (3 + 5) = Mo

Using the above equations, we get
EG — F? = (B,Go — F2)t? + (E1Go — 2F1 Fy)t + (EgGo — F3). (4.8)

Theorem 4.2. The ruled surface in the Walker manifold (M, g;) defined by
(4.1) is non-degenerate if

{E2G0 4 F?

4.9
(E1Go — 2FyFy)? <4 (ExGo — F}) (EoGo — 2FF) . )

Proof. The expression EG — F? is quadratic in ¢. For it to be non-zero, its
discriminant must be negative, and the coefficient of t?> must be non-zero. O

Now, let us calculate the mean curvature. We have

LG —2MF + NE = (LyGot® + L1Got + LoGo) — 2(M1 F1t2 + (M, Fy + MoFy)t + MoFy)
+(ByNot? + By Not + EgNp)
= (LyGo — 2My Fy 4 E,Ny)t?
+(L1Go — 2(M1 Fy + MoFy) + E1Ny)t
+(LoGo — 2Mo Fy + EgNo).

Now using the formula (3.11), one can get Finally, the mean curvature:

_&a (LQGO —2M Fy + EQNO)tQ + (LlGO — 2(M1F0 + M()Fl) + ElNo)t + (L()GO — 2MyFy + EoNo)
2 (E2Go — FR)t?2 + (E1Go — 2F1 Fy)t + (EoGo — F)

H
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Theorem 4.3. The ruled surface in a Walker manifold (M, g;) defined by
(4.1) is minimal if we have the following

LoGo — 2M Fy + EoNg = 0,
L1Go — 2(M Fy + MoFy) + E1No = 0,
LoGo — 2MyFy + EoNoy = 0.
For the Gauss curvature, we need to calculate LN and M?2. And we have
LN = (Laot*+ Lit+ Lo) Ny
= LyNyt?> + L1 Not + Loy Ny
and
M? = (Mt + M,)*
= M + MZ + 2M, Mot.
Then using the formula (3.12), we have the Gauss curvature as

LyNo — M2) 12 + (L1 No — 2M; M) t + (LoNo — M2)
(E2G0 — F12) 12 + (E1G0 — 2F1F0) t+ (EoGo — F02) '
Let us compute K™ (X,Y). We put

K(X., X;) = KM(X,Y) + 51(

X =X'9, + X%, + X%, Y=Y'9,+Y%,+Y30,.
By the equations (2.5) and the bilinearity, we have
R(X,Y) = (X?Y?® - X3Y?) R(9,,0.)
and
RM(X, V)X = (X*YV?-X*Y?)R(0,,0.)X
— (X?YP — X3Y?) (X?R(ay, 9.)9, + X3R(d,, az)az)
= —1fyy (X?V3 - X3Y?)(X20, +£X30,).

Then we have by using the metric that
9(0:,Y) =Y3 et g(8,,Y) = eY? and we obtain

g(RM(X V)X, V) = =3fyy (X2 = X3Y?)(X2(0,,Y) +eX79(9,,Y) )
= L (XY - XY (XY 4 XOY2)
= 1 (XY - (XPY)?).

The sectional curvature of the ambient space is

- f,qy (X2Y3)2 _ (X3Y2)2
KEXY) = = X R 0gvY) g1
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Recall the following notations.
RS: (O/l—i_tﬁia O/2+tﬁéa a+tb)7 Rt:(6£7 Béa b)7
where a = af, b= 5. If we put X = R; and Y = R, then we have
X2 =ah+tBy, X3=a+tb,

Y2 =Py, V3 =b.
And then we have
X2Y3 - X3Y? = (o +tBy)b— (a+th)S,
= bay —afh.

Similarly we have
X2Y3 + XPY? = (o + tB5)b + (a + th) By = bah + aBh + 2tbps.
We found,

KM(Ro, Ry) = — 1w (bay — afh) (bab + afBy + 2tb3})
Sy t) — 2 (E2G0_F12)t2+(E1G0_2F1F0)t+(E0G0—F02)
If we put
_ @((ba’)Q_(aﬁ/)2+2tbﬁ/(ba/ —aﬁ’))
= 2 2 2 2 2 2
we obtain
K (X5, Xt) = n+en((Lao i)t" + (L1No 1Mo)t + (LoNo ¢))

(E2Go — F2)t2 + (E1Go — 2F 1 Fo)t + (EyGo — F)

Then we have the following theorem.

Theorem 4.4. The ruled surface in the Walker manifold (M, g;) defined by
(4.1) is flat if and only if

n=20

LyNo — M2 =0,

(4.10)
LNy — 2M, M, = 0,
L()N() - Mg =0.

Example 4.5. Let M a Walker 3-manifold where f # 2. Consider the follow-
ing geodesic system

d2a1(t) _ f dOéQ dOég + lf dOtg 2
dt? Ydt dt 277\ dt )’
2
d2a2(t) _ —Ef dOég (411)
dt? 2\ dt )’
dzag(t) - O
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We have
d? do
d;S =0 = % = C5 (constant).

By integration, we have,

as(t) = Cst + C3,
where C4 is constant.

d
If we replace % = (3 the second equation we have:

d2 (65)
dt?

By integration, we have

= —gfy (CP))2 = —%fng (constant).

as(t) = —nyC'g t? + Cat + C4,

d d
with Cy and C% are constants. We have % =C5 and % = fgfycgt + Cs.
Therefore
d%aq (t) € 1
S5= = £y (503 + Co) Cat 5 1.
Let’s integrate once D1 and we have:
da €
dTl = —ijcgf 2+ (f,C1C3 + 2 £.03)t + D
d?aq(t) €, o 1, o
a2 fy (—§fy03t+c2> 03+§fzc3
€ 1
= —inyCg’t +CofyCs + 5]203?,
day (t 1
oalt) _ —ff§C§t2 + Cyf,Cat + = f,C3t + Cy,
dt 4 2
1 1
arlt) = —5fIO3 + SCof,Cot® + T F.C38 + Cat + Gy

Ozg(t) = Cgt + 027

as(t) = fifycg 2 4 Oyt + Co,

€ . 1 1
oy (t) = fﬁfjcg’t‘3 + 5cgfycgt2 + Zsz’gtz + Cyt + C5

where C3,Co, Cy,Cs are constants.
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By analogy, we find the solutions of the system

Eh() f@% lf <d*83>2

di2 T ar odt o 277\ dt )

d?Ba(t) e, (dBs\’ 4.12
a2 ny ( dt> ’ 12
d?Bs(t) 0

dt? '

B3(t) = Dst + Do,

€
Ba(t) = *nyD;% t? + Dyt + Do,

€ 1 1
Bi(t) = —ﬁf§D§’t3 + §D2fyD3t2 + ZszgQ,tQ + Dyt + D5

where D3, Do, Dy, D5 constants of integration.
IfwetakeC’lzDgzDg,:l and00202203:C4ZC5ZD1:D3:
Dy = Dy =0, then we get two geodesics given by

a(s) =(0,5,0),  B(s) =(1,0,1),
and the corresponding ruled surface is
R(s,t) = a(s) +t8(s) = (¢, s, t).
The tangent vectors to this surface are
R, =(0,1,0), R, =(1,0,1).
The coefficients of the first fundamental form are then.
E=yg(Rs, Rs) =,
F=g(Rs, Rt) =0,
G=g(Ri,R) =2+ f.
Therefore
EG — F? = (2+ f)e #0, since f is not constant

which shows that the surface is non-degenerate. We have
Rss = Rt =0 and Ry = (%fy, fgfy,O). It follows that the coefficients of
the second fundamental form are

and



22 D. Dia, M. S. Ali and A. Ndiaye

By the Gauss equation, the Gauss curvature of the surface is given by
LN — M?
K(X,, X)) = KM(X,, X =
(X, t) ( t)+€1 EG — F2
Since LN — M? = (2+ f)e #0,
KM(X4, X)) =0

we conclude that
K(Xs, X)) =0.

Hence, the ruled surface

|R(s,t) = (t, s, 1)

is a flat surface in the strict Walker 3-manifold M .
Flat Ruled Surface: R(s,t) = (t, s, t)
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