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Anta Diop, B.P. 5005, Dakar, Senegal.
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Abstract. In this paper, we define and construct the ruled surfaces in a three-

dimensional strict Walker manifold. We study the geometric properties of these

families of surfaces. We give an example to illustrate our main results.
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1. Introduction

Ruled surfaces in a three-dimensional manifold have important applications

in physics and engineering and are essential to differential geometry. Rules

surfaces are a basic type of surfaces in differential geometry that are defined by

the constraint that at least one straight line, called a ruling, lies entirely on the

surface through each point on the surface. These surfaces are useful in physics,
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engineering, and architecture because of their simple geometric structure and

ease of construction. Many people studied ruled surfaces, for example, in [7],

the author classifies the ruled surfaces in Euclidean and Minkowski spaces.

Ruled surfaces in Walker 3-manifold offer unique geometric properties when

compared to their Euclidean counterparts, particularly when classified by space-

like, timelike, or lightlike rulings.

The study of ruled surfaces of a given ambient space is a natural and inter-

esting problem. A surface Σ in M is said to be ruled if every point of Σ is on

(a open geodesic segment) in M that lies in Σ (see [8]). Locally, a ruled surface

is made by a one-parameter family of geodesic segments [3]. Several authors

have studied problems on ruled surfaces (see [7, 11]).

The paper is organised as follows: in Section 2, we recall some preliminary

results for the Walker manifold (M, gεf ). In Section 3, we give some basic

formulas for immersed surfaces in (M, gεf ), and we construct the two families of

ruled surfaces in (M, gεf ) which are used in the main result. In the last Section,

we give a classification of ruled surfaces in a strict Walker 3-manifold.

2. Three Dimensional Walker Manifolds

A pseudo-Riemannian n-manifold is classified as a Walker manifold if it sup-

ports a null parallel r-plane field, where r ≤ n
2 . Following A. G. Walker’s semi-

nal work on metric canonical forms [10], specific coordinates can be adapted to

this parallel plane field. In the three-dimensional case, the metric of a Walker

manifold (M, gεf ) relative to coordinates (x, y, z) is defined by:

gεf = dx ◦ dz + εdy2 + f(x, y, z)dz2. (2.1)

The matrix representation of this metric and its inverse are given by:

gεf =

0 0 1

0 ε 0

1 0 f

 , (gεf )−1 =

−f 0 1

0 ε 0

1 0 0


where f(x, y, z) is a smooth function and ε = ±1. The parallel degenerate line

field is defined by D = Span{∂x}. More information about Walker manifolds

can be found in [1, 4, 5].

2.1. Connection and Curvature. Direct computation shows that the com-

ponents of the Levi-Civita connection for the metric (2.1) are:

∇∂x∂z =
1

2
fx∂x, ∇∂y∂z =

1

2
fy∂x,

∇∂z∂z =
1

2
(ffx + fz)∂x +

1

2
fy∂y −

1

2
fx∂z

(2.2)
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where {∂x, ∂y, ∂z} are the standard coordinate vector fields. For a strict Walker

manifold (where f(x, y, z) = f(y, z)), the connection simplifies to:

∇∂y∂z =
1

2
fy∂x, ∇∂z∂z =

1

2
fz∂x −

ε

2
fy∂y· (2.3)

The non-zero components of the curvature tensor R are:

R(∂x, ∂z)∂x =
1

2
fxx∂x, R(∂x, ∂z)∂y =

1

2
fxy∂x,

R(∂y, ∂z)∂y = −1

2
fyy∂x, R(∂y, ∂z)∂x =

1

2
fxy∂x,

R(∂x, ∂z)∂z =
1

2
ffxx∂x −

ε

2
ffxy∂y −

1

2
ffxx∂z,

R(∂y, ∂z)∂z =
1

2
ffxy∂x −

ε

2
fyy∂y −

1

2
fxy∂z.

When a null parallel vector field exists (i.e., f = f(y, z)), the Christoffel

symbols and curvature components further reduce:

Γ1
23 = Γ1

32 =
1

2
fy, Γ1

33 =
1

2
fz, Γ2

33 = − ε
2
fy (2.4)

and

R(∂y, ∂z)∂y = −1

2
fyy∂x, R(∂y, ∂z)∂z = − ε

2
fyy∂y· (2.5)

2.2. Vector Product. Let (e1, e2, e3) be the canonical basis of R3. For vectors

u, v in M , the vector product u× v relative to gεf is defined by:

gεf (u× v, w) = det(u, v, w) (2.6)

for any vector w ∈ M . For u = (u1, u2, u3) and v = (v1, v2, v3), the explicit

form is:

u× v =

(∣∣∣∣u1 v1
u2 v2

∣∣∣∣− f ∣∣∣∣u2 v2
u3 v3

∣∣∣∣) e1 − ε ∣∣∣∣u1 v1
u3 v3

∣∣∣∣ e2 +

∣∣∣∣u2 v2
u3 v3

∣∣∣∣ e3·
3. Fundamental Equations for Semi-Riemannian Submanifolds

Consider a pseudo-Riemannian manifold (M, g) equipped with its unique

Levi-Civita connection ∇. For convenience, the metric g is also represented by

the inner product 〈·, ·〉. Let Σ denote a semi-Riemannian surface embedded

in M . We define ξ as a unit normal vector field on Σ with a causal character

given by ε1 = 〈ξ, ξ〉 = ±1.

Let D represent the Levi-Civita connection associated with the induced met-

ric on Σ via the inclusion map i : Σ ↪→M . For any tangent vector fields X,Y, Z

on Σ, the Gauss and Weingarten formulas are expressed as:

∇XY = DXY + h(X,Y )ξ (3.1)

−∇Xξ = SX· (3.2)
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In these expressions, h denotes the second fundamental form and S is the shape

operator. These two entities are linked by the following identity:

gεf (SX, Y ) = h(X,Y )ε1 = gεf (∇XY, ξ)· (3.3)

Furthermore, if RM and R represent the curvature tensors of (M, g) and

(Σ, i∗g) respectively, they satisfy the Gauss and Codazzi equations:

〈RM (X,Y )Z,W 〉 = 〈R(X,Y )Z,W 〉+ ε1

(
h(Y,Z)h(X,W )

− h(X,Z)h(Y,W )
) (3.4)

〈RM (X,Y )Z, ξ〉 = ε1

(
(∇h)(Y,X,Z)− (∇h)(X,Y, Z)

)
(3.5)

where the covariant derivative of the second fundamental form is defined as:

(∇h)(X,Y, Z) = X(h(Y, Z))− h(∇XY,Z)− h(Y,∇XZ). (3.6)

3.1. Parametrized Surfaces and Isometric Immersions. We now con-

sider the classical formulation of equation (3.4) for surfaces in (M, gεf ) viewed

as isometric immersions. Let D ⊂ R2 be an open region where any horizon-

tal or vertical line intersects D in at most a single interval. A two-parameter

map ϕ : D → M generates two families of parameter curves: the u-curves

u 7→ ϕ(u, v0), and the v-curves v 7→ ϕ(u0, v).

The partial velocities are given by ϕu = dϕ(∂u) and ϕv = dϕ(∂v). For a

smooth vector field Z defined along ϕ, its partial covariant derivatives Zu = DZ
∂u

and Zv = DZ
∂v represent the covariant rates of change. In a local coordinate

system, Zu is expanded as:

Zu =
∑
k

∂Zk∂u
+
∑
i,j

ΓkijZ
i ∂x

j

∂u

 ∂k. (3.7)

The second-order partial derivatives ϕuu and ϕvv represent the accelerations,

while the mixed derivative is:

ϕuv =
∑
k

 ∂2xk

∂v∂u
+
∑
i,j

Γkij
∂xi

∂u

∂xj

∂v

 ∂k· (3.8)

3.2. Geometric Curvatures. For an isometric immersion ϕ, the coefficients

of the first fundamental form are:

E = gf (ϕu, ϕu), F = gf (ϕu, ϕv), G = gf (ϕv, ϕv) (3.9)

The second fundamental form coefficients are defined by:

L = ε1gf (ϕuu, ξ), M = ε1gf (ϕuv, ξ), N = ε1gf (ϕvv, ξ) (3.10)

The mean curvature H is computed as:

H =
ε1
2

(
LG− 2MF +NE

EG− F 2

)
. (3.11)
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The sectional curvature K of the surface ϕ relates to the sectional curvature

KM of the ambient manifold via:

K(ϕu, ϕv) = KM (ϕu, ϕv) + ε1
LN −M2

EG− F 2
(3.12)

The Gauss-Codazzi relations (see [9]) can also be expressed as:

ϕuuv − ϕuvu = RM (ϕu, ϕv)ϕu

ϕvuv − ϕvvu = RM (ϕv, ϕu)ϕv·
(3.13)

Finally, for the Walker metric, a curve γ(t) is a geodesic if it satisfies the

following system derived from (2.4):
d2γ1
dt2 = fy

dγ2
dt

dγ3
dt + 1

2fz

(
dγ3
dt

)2
,

d2γ2
dt2 = − ε

2fy

(
dγ3
dt

)2
,

d2γ3
dt2 = 0.

(3.14)

4. Ruled surfaces in Walker 3-Manifold

In this section, we give the geometry of ruled surfaces in a strict Walker

3-manifold.

Definition 4.1. Let α and β be two solutions of the geodesic equations (3.14).

A ruled surface in the Walker manifold (M, gεf ) is defined by

R(s, t) = α(s) + tβ(s). (4.1)

Let S be a surface parametrized by the equation (4.1). To calculate the

coefficients of the second fundamental form, let us first determine the following

derivation of R:

Rs = α
′
(s) + tβ

′
(s) = ((α

′

1(s) + tβ
′

1), (α
′

2(s) + tβ
′

2), (α
′

3(s) + tβ
′

3))

and

Rt = β(s) = (β1(s), β2(s), β3(s)) (4.2)

Then, one has:

E = gεf (Rs, Rs)

= α′1α
′
3 + tα′1β

′
3 + tα′3β

′
1 + t2β′1β

′
3

+ε
(
(α′2)2 + 2tα′2β

′
2 + t2(β′2)2

)
+α′3α

′
1 + tα′3β

′
1 + tα′1β

′
3 + t2β′1β

′
3

+f
(
(α′3)2 + 2tα′3β

′
3 + t2(β′3)2

)
.

Since β
′

3 and α
′

3 constant, one can put :

a = α
′

3, b = β
′

3
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and we have

E = E2t
2 + E1t+ E0

where

E2 = 2β′1b+ ε(β′2)2 + fb2,

E1 = 2(α′1b+ α′3β
′
1) + 2εα′2β

′
2 + 2fab,

E0 = 2α′1α
′
3 + ε(α′2)2 + fa2.

The same computation gives the second and third coefficients:

F = β1bt+ εβ′2β2t+ β′1β3t+ fbβ3t︸ ︷︷ ︸
F1t

+ faβ3 + β3α
′
1 + εα′2β2 + β1a︸ ︷︷ ︸
F0

= F1t+ F0,

where
F1 = β1b+ εβ′2β2 + β′1β3 + fbβ3

F0 = faβ3 + β3α
′
1 + εα′2β2 + β1a,

and

G = εβ2
2 + fβ2

3 + 2β1β2 = G0.

To calculate the coefficients of the second fundamental form, we first calculate

the following second partial derivative:

By putting Rst =

 R1
st

R2
st

R3
st

 we have:

R1
st = β

′

1 +
1

2
(a+ tb)(fyβ2 + fzβ3),

R2
st = β

′

2 −
ε

2
fy(aβ3 + tbβ3),

R3
st = β

′

3 = b.

Then we have

Rst =

 β
′

1 + 1
2 (a+ tb)(fyβ2 + fzβ3)

β
′

2 − ε
2fy(aβ3 + tbβ3)

b

 . (4.3)

Similary computation gives

Rtt =

 1
2fyβ3β2 + 1

2fy(β3)2

− ε
2fy(β3)2

0

 (4.4)
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and

Rss =

 α
′′

1 + tβ
′′

1 + (a+ tb)(fy + 1
2 fza+ 1

2 fztb)

α
′′

2 + tβ
′′

2 + (a+ tb)2

a+ tb

 . (4.5)

To determine the normal vector of the surfaces, we need to compute the fol-

lowing product:

Rs ×Rt =

(∣∣∣∣∣α
′

1 + tβ
′

1 β
′

1

α
′

2 + tβ
′

2 β
′

2

∣∣∣∣∣− f
∣∣∣∣∣α

′

2 + tβ2 β
′

2

α
′

3 + tβ
′

3 β
′

3

∣∣∣∣∣
)
e1 − ε

∣∣∣∣∣α
′

1 + tβ
′

1 β
′

1

α
′

3 + tβ
′

3 β
′

3

∣∣∣∣∣ e2 +

∣∣∣∣∣α
′

2 + tβ
′

2 β
′

2

α
′

3 + tβ
′

3 β
′

3

∣∣∣∣∣ e3
Rs ×Rt =

(
(α

′

1 + tβ
′

1)β
′

2 − β
′

1(α
′

2 + tβ
′

2)− fβ
′

3(α
′

2 + tβ
′

2) + fβ
′

2(α
′

3 + tβ
′

3))
)
e1

− ε
(

(α
′

1 + tβ
′

1)β
′

3 − (α
′

3 + tβ
′

3)β
′

1

)
e2

+
(

(α
′

2 + tβ
′

2)β
′

3 − (α
′

3 + tβ
′

3)β
′

2

)
e3.

After some simplification, we have

Rs ×Rt =
(
α

′

1β
′

2 − β
′

1α
′

2 − fbα
′

2 + fβ
′

2a)
)
e1

+
(
−bεα

′

1 + aβ
′

1

)
e2

+
(
α

′

2b− aβ
′

2

)
e3

where

e1 = ∂y, e2 =
2− f
2
√

2
∂x +

1√
2
∂z, e3 =

2 + f

2
√

2
∂x −

1√
2
∂z,

constitute a local pseudo-orthonormal frame field on M , satisfying:

gεf (e1, e1) = ε, gεf (e2, e2) = 1, and gεf (e3, e3) = −1. (4.6)

Thus, the signature of the metric gεf is (ε, 1,−1). By putting: A1 = α
′

1β
′

2 −
β

′

1α
′

2 − fbα
′

2 + fβ
′

2a , A2 = −bεα′

1 + aβ
′

1 and A3 = α
′

2b− aβ
′

2 we have:

Rs ×Rt = A1e1 +A2e2 +A3e3.

Using the equations (4.6), we get

||Rs ×Rt|| =
√
|εA2

1 +A2
2 −A2

3|

and the unit normal vector is given by:

ξ =
A1e1 +A2e2 +A3e3√
|εA2

1 +A2
2 −A2

3|
. (4.7)

With ∆ =
√
|εA2

1 +A2
2 −A2

3|, and an easy computation, the coefficients L, M

and N of the second fundamental form are:

L = L2t
2 + L1t+ L0
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where

L2 =
ε1
∆

(
εb2A2 +

1

2
b2A3

)
,

L1 =
ε1
∆

(
bA1 + εβ”

2A2 + 2aεbA2 + β”
1A3 +

1

2
fzabA3 + bfyA3 +

1

2
fzabA3 + bfA3

)
,

L0 =
ε1
∆

(
aA1 + εα”

2A2 + εa2A2 + α”
1A3 + afyA3

)
,

M = M1t+M0,

where

M1 =
ε1
2∆

(
− ε2fybβ3A2 + b(fyβ2 + fzβ3)A3

)
,

M0 =
ε1
2∆

(
2β′2A2 − ε2fyaβ3A2 + a(fyβ2 + fzβ3)A3 + 2bA1 + 2(β′1 + bf)A3

)
,

and

N = −ε
2

2
fyβ

2
3A2 +

1

2
fyA3

(
β3β2 + β2

3

)
= N0.

Using the above equations, we get

EG− F 2 = (E2G0 − F 2
1 )t2 + (E1G0 − 2F1F0)t+ (E0G0 − F 2

0 ). (4.8)

Theorem 4.2. The ruled surface in the Walker manifold (M, gεf ) defined by

(4.1) is non-degenerate if{
E2G0 6= F 2

1

(E1G0 − 2F0F1)
2
< 4

(
E2G0 − F 2

1

) (
E0G0 − 2F 2

0

)
.

(4.9)

Proof. The expression EG − F 2 is quadratic in t. For it to be non-zero, its

discriminant must be negative, and the coefficient of t2 must be non-zero. �

Now, let us calculate the mean curvature. We have

LG− 2MF +NE = (L2G0t
2 + L1G0t+ L0G0)− 2(M1F1t

2 + (M1F0 +M0F1)t+M0F0)

+(E2N0t
2 + E1N0t+ E0N0)

= (L2G0 − 2M1F1 + E2N0)t2

+(L1G0 − 2(M1F0 +M0F1) + E1N0)t

+(L0G0 − 2M0F0 + E0N0).

Now using the formula (3.11), one can get Finally, the mean curvature:

H =
ε1
2

(L2G0 − 2M1F1 + E2N0)t2 + (L1G0 − 2(M1F0 +M0F1) + E1N0)t+ (L0G0 − 2M0F0 + E0N0)

(E2G0 − F 2
1 )t2 + (E1G0 − 2F1F0)t+ (E0G0 − F 2

0 )
.
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Theorem 4.3. The ruled surface in a Walker manifold (M, gεf ) defined by

(4.1) is minimal if we have the following
L2G0 − 2M1F1 + E2N0 = 0,

L1G0 − 2(M1F0 +M0F1) + E1N0 = 0,

L0G0 − 2M0F0 + E0N0 = 0.

For the Gauss curvature, we need to calculate LN and M2. And we have

LN =
(
L2t

2 + L1t+ L0

)
N0

= L2N0t
2 + L1N0t+ L0N0

and

M2 = (M1t+M0)
2

= M2
1 t

2 +M2
0 + 2M1M0t.

Then using the formula (3.12), we have the Gauss curvature as

K(Xs, Xt) = KM (X,Y ) + ε1
(L2N0 −M2

1 ) t2 + (L1N0 − 2M1M0) t+ (L0N0 −M2
0 )

(E2G0 − F 2
1 ) t2 + (E1G0 − 2F1F0) t+ (E0G0 − F 2

0 )
.

Let us compute KM (X,Y ). We put

X = X1∂x +X2∂y +X3∂z, Y = Y 1∂x + Y 2∂y + Y 3∂z.

By the equations (2.5) and the bilinearity, we have

R(X,Y ) = (X2Y 3 −X3Y 2)R(∂y, ∂z)

and

RM (X,Y )X = (X2Y 3 −X3Y 2)R(∂y, ∂z)X

= (X2Y 3 −X3Y 2)
(
X2R(∂y, ∂z)∂y +X3R(∂y, ∂z)∂z

)
= − 1

2fyy (X2Y 3 −X3Y 2)
(
X2∂x + εX3∂y

)
.

Then we have by using the metric that

g(∂x, Y ) = Y 3 et g(∂y, Y ) = εY 2 and we obtain

g
(
RM (X,Y )X, Y

)
= − 1

2fyy (X2Y 3 −X3Y 2)
(
X2g(∂x, Y ) + εX3g(∂y, Y )

)
= − 1

2fyy (X2Y 3 −X3Y 2)
(
X2Y 3 +X3Y 2

)
= − 1

2fyy

(
(X2Y 3)2 − (X3Y 2)2

)
.

The sectional curvature of the ambient space is

KM (X,Y ) = −fyy
2
× (X2Y 3)2 − (X3Y 2)2

g(X,X)g(Y, Y )− g(X,Y )2
·
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Recall the following notations.

Rs = (α′1 + tβ′1, α
′
2 + tβ′2, a+ tb), Rt = (β′1, β

′
2, b),

where a = α′3, b = β′3. If we put X = Rs and Y = Rt then we have

X2 = α′2 + tβ′2, X3 = a+ tb,

Y 2 = β′2, Y 3 = b.

And then we have

X2Y 3 −X3Y 2 = (α′2 + tβ′2)b− (a+ tb)β′2

= bα′2 − aβ′2.

Similarly we have

X2Y 3 +X3Y 2 = (α′2 + tβ′2)b+ (a+ tb)β′2 = bα′2 + aβ′2 + 2tbβ′2.

We found,

KM (Rs, Rt) = −fyy
2

(bα′2 − aβ′2)
(
bα′2 + aβ′2 + 2tbβ′2

)
(E2G0 − F 2

1 ) t2 + (E1G0 − 2F1F0) t+ (E0G0 − F 2
0 )
.

If we put

η =
fyy
2

(
(bα′2)2 − (aβ′2)2 + 2tbβ′2(bα′2 − aβ′2)

)
we obtain

K(Xs, Xt) =
−η + ε1

(
(L2N0 −M2

1 )t2 + (L1N0 − 2M1M0)t+ (L0N0 −M2
0 )
)

(E2G0 − F 2
1 )t2 + (E1G0 − 2F1F0)t+ (E0G0 − F 2

0 )
.

Then we have the following theorem.

Theorem 4.4. The ruled surface in the Walker manifold (M, gεf ) defined by

(4.1) is flat if and only if 

η = 0

L2N0 −M2
1 = 0,

L1N0 − 2M1M0 = 0,

L0N0 −M2
0 = 0.

(4.10)

Example 4.5. Let M a Walker 3-manifold where f 6= 2. Consider the follow-

ing geodesic system

d2α1(t)

dt2
= fy

dα2

dt

dα3

dt
+

1

2
fz

(
dα3

dt

)2

,

d2α2(t)

dt2
= −ε

2
fy

(
dα3

dt

)2

,

d2α3(t)

dt2
= 0.

(4.11)
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We have

d2α3

dt2
= 0 =⇒ dα3

dt
= C3 (constant).

By integration, we have,

α3(t) = C3t+ C ′3,

where C ′3 is constant.

If we replace
dα3

dt
= C3 the second equation we have:

d2α2

dt2
= −ε

2
fy
(
C3

)2
= −ε

2
fyC

2
3 (constant).

By integration, we have

α2(t) = −ε
4
fyC

2
3 t

2 + C2t+ C ′2,

with C2 and C ′2 are constants. We have
dα3

dt
= C3 and

dα2

dt
= − ε

2fyC
2
3 t+C2.

Therefore

d2α1(t)

dt2
= fy

(
− ε

2
fyC

2
3 t+ C2

)
C3 +

1

2
fzC

2
3

Let’s integrate once D1 and we have:

dα1

dt
= −ε

4
f2yC

3
3 t

2 +
(
fyC1C3 + 1

2fzC
2
3

)
t+D1.

d2α1(t)

dt2
= fy

(
− ε

2
fyC

2
3 t+ C2

)
C3 +

1

2
fzC

2
3

= − ε
2
f2yC

3
3 t+ C2fyC3 +

1

2
fzC

2
3 ,

dα1(t)

dt
= − ε

4
f2yC

3
3 t

2 + C2fyC3t+
1

2
fzC

2
3 t+ C4,

α1(t) = − ε

12
f2yC

3
3 t

3 +
1

2
C2fyC3t

2 +
1

4
fzC

2
3 t

2 + C4t+ C5

α3(t) = C3t+ C2,

α2(t) = −ε
4
fyC

2
3 t

2 + C1t+ C0,

α1(t) = − ε

12
f2yC

3
3 t

3 +
1

2
C2fyC3t

2 +
1

4
fzC

2
3 t

2 + C4t+ C5

where C3, C2, C4, C5 are constants.
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By analogy, we find the solutions of the system

d2β1(t)

dt2
= fy

dβ2
dt

dβ3
dt

+
1

2
fz

(
dβ3
dt

)2

,

d2β2(t)

dt2
= −ε

2
fy

(
dβ3
dt

)2

,

d2β3(t)

dt2
= 0.

(4.12)

β3(t) = D3t+D2,

β2(t) = −ε
4
fyD

2
3 t

2 +D1t+D0,

β1(t) = − ε

12
f2yD

3
3t

3 +
1

2
D2fyD3t

2 +
1

4
fzD

2
3t

2 +D4t+D5

where D3, D2, D4, D5 constants of integration.

If we take C1 = D2 = D5 = 1 and C0 = C2 = C3 = C4 = C5 = D1 = D3 =

D4 = D0 = 0, then we get two geodesics given by

α(s) = (0, s, 0), β(s) = (1, 0, 1),

and the corresponding ruled surface is

R(s, t) = α(s) + t β(s) = (t, s, t).

The tangent vectors to this surface are

Rs = (0, 1, 0), Rt = (1, 0, 1).

The coefficients of the first fundamental form are then.

E = g(Rs, Rs) = ε,

F = g(Rs, Rt) = 0,

G = g(Rt, Rt) = 2 + f.

Therefore

EG− F 2 = (2 + f)ε 6= 0, since f is not constant

which shows that the surface is non-degenerate. We have

Rss = Rst = 0 and Rtt =
(
1
2fy,−

ε
2fy, 0

)
. It follows that the coefficients of

the second fundamental form are

L = M = 0.

and

N = N0 6= 0.
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By the Gauss equation, the Gauss curvature of the surface is given by

K(Xs, Xt) = KM (Xs, Xt) + ε1
LN −M2

EG− F 2
.

Since LN −M2 = (2 + f)ε 6= 0,

KM (Xs, Xt) = 0

we conclude that

K(Xs, Xt) = 0.

Hence, the ruled surface

R(s, t) = (t, s, t)

is a flat surface in the strict Walker 3-manifold M .
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