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Abstract. Given any Finsler metric F' on a smooth manifold, its symmetrized
metric F(m, y) = %(F(a:, y)+ F(x, —y)) may inherit some geometric properties
of F. We examine this fact for the Matsumoto metric F = o?/(a — ) and
prove that if the Matsumoto metric is locally projectively flat then, so is its
symmetrized metric F' = /(o — 42). In particular, the converse result also

holds.
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1. Introduction

The solutions to Hilbert’s fourth problem in the regular distance functions
with straight geodesics are projectively flat Finsler metrics on a convex open
set in R™[9]. A natural question arises, if a given Finsler metric F' possesses a
certain property, does its symmetrized metric also share that same property?
This fundamental question can be posed for a wide array of geometric proper-
ties. In the present work, we are going to investigate this question specifically
for the property of projective flatness. It is known that if a Randers metric
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a + B, is locally projectively flat then, so is its symmetrized metric, namely,
the Riemannian metric «. A similar result holds for the Berwald metric

F:LJ;ﬂ)Q.

The locally projectively flat Berwald metric was studied in following theorem.

Theorem 1.1. (¢f. [3]) Let k #0. Then F = a+ €8+ %ﬁz is projectively flat
if and only if

(Z) bz|j = T((k‘_l + 2b2)aij - 3bibj),

(ii) G, = 0y — 12V,

where T = 7(x) and 6 = a;(x)y". In this case,

G' = {6+ Txa}yi,

where
(€ + 2ks)(1 — 2ks?)

= — S5, §=

2k(1 + es + ks?) ’

el

It not a hard stuff to see that ifF:%:a+2ﬁ+%, (e=2,k=1)

is locally projectively flat then, so is its symmetrized metric Fo= o8

a+ (e=0,k=1).

o ?

The locally projectively flat Matsumoto metrics have been studied through
a series of works [2, 11, 12, 13] where, the main proven fact is that the locally
projectively flat Matsumoto metrics are locally Minkowskian. Our objective is
to analyze this same characterization for the symmetrized Matsumoto metric
to determine the resulting conclusions. We prove the following theorem.

Theorem 1.2. The symmetrized Matsumoto metric F' = (12%3&2 18 locally pro-
jectively flat if and only if

(i) B is parallel with respect to a,

(#) « is locally projectively flat, i.e., of constant curvature.

We apply Theorem 1.2 to prove that the local projective flatness is logically
equivalent for both Matsumoto and symmetrized Matsumoto metrics.

2. Preliminaries

Let M be an n-dimensional C'* connected manifold. The tangent space of
M at x € M is denoted by T, M and the tangent manifold of M is the disjoint
union of tangent spaces TM := J,c,; T-M. Every element of TM is a pair
(z,y) where x € M and y € T, M. Denote the slit tangent manifold by T My =
TM\{o}, where o denotes the zero section of the tangent bundle. The natural
projection 7 : TM — M given by 7(x,y) := x makes TM a vector bundle of
rank n over M and T'Mj a fiber bundle over M with fiber type R™\{o}.
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A Finsler metric on M is a function F' : TM — [0, 00) satisfying following
conditions: (i) F'is C* on T'My, (ii) F(z,y) is positively 1-homogeneous y and
(iii) for each y € Tx M, the following quadratic form g, on T, M is positive
definite,

1 02
gy(u,v) == 2 5e51 [Fz(y—F su 4 tv) ||s =0, u,v € Ty M.

For a given Finsler metric F' = F(x,y), the geodesic equations are given by:
i+ 2G N (z, 1) = 0,

where G are the spray coefficients, computed from F.

Finsler geometry generalizes Riemannian geometry by replacing the qua-
dratic form defining the metric with a more general norm on each tangent
space. Among the diverse classes of Finsler metrics, («, 5)-metrics constitute
a fundamental family, defined in the form

_ _8
F—OéQS(S), S_Oé

where « is a Riemannian metric, 5 is a 1-form, and ¢ : R — R is a smooth
function. The spray coefficients of F' and «, respectively, G* and G?, are given
by:

; il ; ail
G' = gZ {[F2]a:kylyk - [Fz]a:l} ’ Ga = Z {[QZ]wkylyk - [a2]xl} s

where: ¢% and a” are the inverse matrices of gi; and a;;, respectively ,
(9i7) = (3[F?]y1ys) and (a¥) = (az;) "

In Finsler geometry, the study of projectively flat provides deep insights into the
geodesic structure of spaces that generalize Riemannian manifolds. A Finsler
metric F' on a smooth manifold M is called projectively flat if its geodesics co-
incide with straight lines in some local coordinate system, meaning the geodesic
spray coefficients G satisfy

G'(z,y) = P(z,y)y’,

where P(x,y) is a 1-homogeneous function in y. This condition ensures that
the space is locally projectively flat equivalent to a Minkowski space. We have
the following.

Lemma 2.1. The spray coefficients G* of a Finsler metric F are related to
Riemannian (G°,) by:

. . . i . i
G'=G + aQs) + J{—2Qasy + Too}% + H{—2Qasqy + roo }{b" — syg},
(2.1)



4 Mahdi Tavakkoli and Mehdi Rafie-Rad

where:
¢/
Q= 7
¢ —s9
L @6~ s6)
- 20((6 = s¢f) + (07 — s2)¢")’
(b//
H := ,
20((¢ — s¢') + (b° — s%)¢")
s = Bla, b = ||e]la sij = L(bi; — bj), s10 = suy', so = swb', rij =
L(biyj + bjyi) and rog = rijy'y.
The formula (2.1) was given in [7, 4] and a different version of its was given

in [5, 8].
Also Hamel in [6] due that a Finsler metric F' on & C R"™ is projectively flat
if and only if

Foyy® — Fu = 0. (2.2)
From the above equation, We have the following lemma.

Lemma 2.2. (Shen-Yildrim,[3]) An («, B)-metric F' = a¢(s), where s = f/«
is projectively flat on an open subset U C R™ if and only if the following con-
dition holds:

(ami0® = ymy)) GO + o®Qsio + Ha(—20Qs0 + roo) (bier — syy) =0, (2.3)

where:

1 . 1 o
8ij = §(bi;j_bj;i)a si0 = sy, so = swb', ;= §(bi;j+bj;i)a Too = Ti; Y'Y’ .

3. Proof of Main Theorems
In this section, we consider the symmetrized Matsumoto metric

a? 1 I}
P=mmm = =12 5=y (3:-1)
where s < 1, so that ¢ must be a positive function.
By Lemma 2.1, the spray coefficients G* of F' are given by (2.1) with

25 2ap
@= 1—-3s2 o2—362’
g s — 383 B a’p — 383
1— 652 —3s* + 60252 + 262 (1 + 2b%)a* — 3846(b% — 1)a?p?’
" 1+ 3s2 _ ot +38%a2

T 1652 — 35+ 60252+ 202 (1 +2b62)at — 3B% + 6(b% — 1)a2B2’
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Equation (2.3) is reduced to the following equation:

200
2 m 3
(amia” = ymy)Ga' + msm
at + 30252 203 B
T AT 2)at =35+ 602 — D 20 G g0 Troo)bia = Ju) =0

(3.2)
Lemma 3.1. [2] If (amia® — ymy)G™ = 0, then « is projectively flat.
By (3.2), Li in [2] proved the following.

Theorem 3.2. The Matsumoto metric F = aa—jﬁ is locally projectively flat if
and only if

(i) B is parallel with respect to a,

(i) « is locally projectively flat, i.e., of constant curvature.

Now we can establish this condition for the symmetrized Matsumoto metric.

3.1. Proof of Theorem 1.2.

Proof. Suppose that the symmetrized Matsumoto metric F = af‘ijﬁz is locally

projectively flat. Now, we rewrite (2.3) as a polynomial in 3* and . We obtain
(@® = 3B8%)((1 +2b%)a* — 38% +6(b* — 1)a?B?) (amia® — ymyr)G™
+28a*((1 4 2b%)a — 38* + 6(b* — 1)a?5?)s10
+ (o + 3a”8%)(—4aBso + (a® = 38%)ro0) (bia® — Byr) = 0. (3.3)

Simplifying the above equation yields

{(4slob2 — 450Dy + 2510)B + @i (20% + 1)G™ + blroo}as

+ {(1281052 — 12s0b; — 12510) 8% + (=G ami + 4soy1) B2 — Byiroo

— YGE (26 + Dy pa® = {68810 + (am (185 — 15)G — 125031 + 9rro0) 3

— 9y G B fat + {982 Gl amt + 9Byiron + yym G (186 — 15) fa?

— 9GBSy = 0. (3.4)

From (3.4), we can see that 9G™ 3%y, has the factor o and since a? does
not divide A%y;4,, then we have

G = pma, (3.5)

where p™ (m =1,...,n) is a function of .
Substituting (3.5) into (3.4), we can get the following equation

a10a® + aga® + aga* + asa® + as = 0, (3.6)
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where
ao = (20* + Daypu™,
ag = (=9B%am1 — ym (20* + D)y ™ + (4siob® — 4soby + 2510)3 + biroo,
ag = —B8U™ anib? B — 154 anu B> — 125100° 6 — 9™ Byrym + 12505°b;
— 4508y + 125108 + T00y1),
ag = ((98%ami + yiym (18b% — 15)) ™ — 9byrog — 68510 + 125071) 8%,
az = 98°yi(ro0 — Ymp™ B).

From (3.6), we see that as has the factor o and since a? does not divide 3%y,
then we get

roo = ()’ + ymp™ B, (3.7)

where ¢(x) is a function of z.
Substituting (3.5) and (3.7) into (3.3) and contracting with b yields

(a? = 36%)((1 + 2b%)a* — 38% + 6(b* — 1)a?B%) (bma® — ym B) ™
+ 280 (1 4 26%)a* — 381 +6(b% — 1)a?5%)so
+ (a* + 302 B?)(—40?Bso + (a? — 382)(c(z)a® + ymp™B)) (b*a? — %) = 0.

Simplifying the above equation, we can get
miga® + mga + mga? +my =0, (3.9)
where
mig = c(x)b* + (26 + )b, ™,
mg = —B(0*ymp™ + 9Bbpup™ + ymp™ + c(x)8 — 2s9),
me = — (b (186% — 15) 8 — 8y, )™ + 9c(2)b?B + 8s0),
my = 3° B b Ym + 31" bm B + 3¢(x)B — 5™ Ym + 250).

From the above equation, we can see that m4 has the factor o?. The fact

that a? does not divide 3%, implies that o must divide 3b%u™y,, — 5™ Ym +
3u™bym B + 3c(x) B + 2s¢ which is of degree one polynomial and conclude that

302 U™ Y — B Y + 3 by B + 3c() B + 250 = 0, (3.10)
then
my = 0. (3.11)
Substituting (3.11) in (3.9) and simplifying, we get

mipa + mga® + me = 0. (3.12)
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Note that mg has the factor o and we know that a? does not divide 53, implies
that o must divide (b, (186 — 15)8 — 8y )u™ + 9c(z)b?B + 8s¢ which is of
degree one polynomial and yields

(b (18b% — 15)3 — 8y )™ + 9c(z)b?B + 8s = 0, (3.13)
then
me = 0. (3.14)
Substituting (3.14) in (3.12) and simplifying, we have
mipa® +mg = 0. (3.15)

Thus mg has the factor a. Since a? does not divide 3, it must divide b2 ™y, +
WY 9™ by, B+c(x) f—280, which is of degree one polynomial. Consequently,

we obtain
V2™ Y A+ 1 Y+ O by B 4 ()3 — 250 = 0, (3.16)
thus
mg = 0. (3.17)
Substituting (3.17) in (3.15) yields
mipa’ = 0, (3.18)
then we get
c(x)b? 4+ (20* + )by, u™ = 0. (3.19)
From (3.16), we have
250 = b2 U™ Y + (1" Y+ O b B + () 8. (3.20)
Substituting (3.20) into (3.10), we obtain
V2 1" Y — 1" Yy + b ™ B + c(z)B =0 (3.21)
From the above equation we get
1" Ym = X5, (3.22)
where
~ Bbpp™ 4 c(x)
1-02
Substituting (3.22) into (3.20) yields
so =170, (3.23)
where

(0% + 1)x + 9™ by, + ()
. :
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By differentiating (3.23) with respect to y*, we have

s; =Tb; (3.24)
By contracting the above equation with b’ yields
sib' = 5,00 =787 (3.25)
Note that s;;b°67 = 0, thus 7 = 0 and
so = 0. (3.26)

By multiplying equation (3.16) by 3 and then subtracting it from equation
(3.10), we obtain

1 (Yo + 3 B) = 0. (3.27)

Let us for a while that (u!,...,u") # (0,...,0); replacing ™ by ™ in (3.27)
yields

L™ (fm + 3bmbip®) = 0. (3.28)
After simplifying the above equation, we get
il + 3(brp*)? = 0, (3.29)

where H,qu = pmp™, thus (pt,...,u") = (0,...,0) that contradicts with the
assumption (ut, ..., u™) # (0, ...,0). Thus, (u!,...,u™) = (0, ...,0) and it follows
from the equation (3.19) that

202 +1, .
c(z) = Tbmu =0, (3.30)

and following (3.7) it results:

ro0 = 0. (3.31)
Substituting roo = 0 and g™ =0, (m =1,...,n) in ay in (3.6) yields

as = 0.

Then by substituting rop = 0, g™ = 0,(m = 1,...,n) and sp = 0 in a4 in (3.6)
and taking into account that a4 has the factor a? and the fact that a? does
not divide 3%s;g, it results that

B°s10 =0, (3.32)
thus
s10 = 0. (3.33)

Then, by (3.26) and (3.33) we get b;;; = 0. Thus 3 is parallel with respect to
a.

Also by Lemma 2.1 and according to equations (3.26), (3.33) and (3.31), we
have

G'=G' = Py, (3.34)
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and by Lemma 3.1 satisfying, « is projectively flat.

Conversely, suppose that § is parallel with respect to « and « is locally
projectively flat, then by Lemma 2.1, we can easily conclude that F' is locally
projectively flat. O

Remark 3.3. Comparing conditions (i) and (ii) in Theorem 1.2 and Theorem
3.2, we can conclude that the Matsumoto metric is projectively flat if and only
if its symmetrized metric is projectively flat. This stands in contrast to the
behavior of Randers-type metrics, for which this equivalence does not hold in
general.
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