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Abstract. In this paper, we examine certain geometric properties of the curva-
ture tensor for a special case of the Walker metric, assuming gs3 = g44 = k # 0,
where k is a constant, on a 4-dimensional manifold. Finally, we investigate the
necessary and sufficient conditions for the 4-dimensional manifold with this
special case of the Walker metric to be locally symmetric.
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1. Introduction

To gain a deeper understanding of pseudo-Riemannian manifolds, it is es-
sential to study the curvature properties of specific classes of these spaces.
Consequently, comparing the results from Riemannian geometry with their
pseudo-Riemannian counterparts enhances our comprehension of which fea-
tures are more closely related to the signature of the metric tensor and which
are more general.

A Walker n-manifold is a pseudo-Riemannian manifold that admits a parallel
null r-plane field, with r < 2. The canonical forms of the metrics were first

introduced and studied by Walker A. G. (1950) in [11]. Following this, even-
dimensional Walker manifolds (with n = 2m) that possess half-dimensional
parallel null fields (r = m) received particular attention. Specifically, a 4-
dimensional pseudo-Riemannian manifold M is called a Walker manifold if its
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metric signature is (2,2) and it admits a parallel, totally isotropic 2-plane field
[L1]. The canonical form of this metric involves three functions a(z,y, z,t),
b(z,y, z,t) and c(x,y, z,t), such that, in suitable coordinates, the metric g can
be expressed as:

g=2dx ®dz+ 2dy @ dt + adz ® dz + 2cdz ® dt + bdt ® dt (1.1)

for some functions a = a(z,y, z,t), b = b(z,y, z,t) and ¢ = ¢(z,y, 2, 1t).

Recently, many authors have examined various properties of Walker mani-
folds [1, 5, 7, 8, 9, 10]. To our knowledge, much of this research has concen-
trated on the curvature properties of the Walker metric. For example, in [6],
the curvature properties of four-dimensional Walker metrics with a specific case
of (1.1) have been investigated. In [3], other geometric properties of Walker
metrics assuming that ¢ = ¢(z,y, z,¢) is non-zero but constant have been an-
alyzed. In [4], properties of four-dimensional manifolds with Walker metrics
were studied under the condition that a = a(z,y, z,t) and b = b(z,y, 2,t) are
both zero. Furthermore, in [2], some geometric properties of the Walker metric
(1.1), where a = a(x,y, z,t) and b = b(x,y, 2,t) are non-zero and equal to k,
with k being constant, were explored.

In this paper, we investigate certain characteristics of four-dimensional mani-
folds equipped with a special type of Walker metric that has not been previously
studied in [2]. Specifically, we consider Walker metrics under the condition that
a = a(z,y, z,t) and b = b(x,y, z,t) are both non-zero but equal to a constant
k, so that in suitable coordinates, the metric is expressed as:

ge(z,y,2,t) =2(dxodz+dyodt+ cdzodt) + kdzodz + kdtodt  (1.2)

and its matrix form as:

0 01 0
0 0 0 1
gC(‘T7y7 Z7t) = 1 0 k C
01 ¢ k

where ¢ is a smooth function on M. Additionally, the inverse matrix of the
metric form (1.2) satisfies

-k —c 1 0
—1 —c -k 0 1
t) = 1.
9. (z,y,2,1) 1 0 0 0 (1.3)
0 1 0 0
Our main objective is to generalize the findings of the research in [1], taking

into account the metric (1.2).
This article is structured into four parts. In part 2, we will explore certain
properties of the curvature of the Walker metric (1.2). The third and fourth
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parts will examine Einstein-like and locally symmetric Walker metrics (1.2),
respectively.

2. Curvature tensor of Walker metrics (1.2)

The curvature tensor R of the pseudo-Riemannian metric g, which is defined
in terms of the Levi-Civita connection V, as follows:

R(X,Y) =Vixy, — [Vx, Vyl. (2.1)

With standard calculations and utilizing (1.2) and (1.3), it is possible to ascer-

tain the non-zero components of Christoffel’s symbols I'*;, which are:

50

1 1 1
ri, = 5{01 +cy, Tay= §{cy +c¢), Ti = §{kcm +cey + ¢}

1
F}Lg = §{kcn +ccy —c.}, F}M = ¢
2 1 2 1
I3 = s{ce + e}, 53 = 5{ey + e,
2 2
1 (2.2)
F§3 =c,, F§4 = E{ccw—kkcy—ct},

1
FZ?, = E{ccl« +key + e},
1 1

I3, =T = — 5 Iy =Ty = 9%

Similarly, the non-vanishing covariant derivatives of coordinates vector fields
are given as follows:

1 1 1
Vx, X3 = §CIX2’ Vx,X3= ichz, Vx, Xy = §CxX1,

1
VX2X4 = ichl’ VX3X3 = CZXQ

1 1 1 1
Vx, X4 = i(ccy + ke,)Xq + i(kcy + ccp)Xo — icng — §ch4’ Vx, X4 = X1,
(2.3)

Using (2.3) into (2.1) and from (1.2) we can completely obtain the possibly
non-vanishing components of the curvature tensor, then:

1
R(X33X1)X1 - Qcma:XQ
1
R(X3,X1)Xs = §Cwa2
1
R(X3, Xl)Xg = 1(20%3 — CICy)XQ
1 1
R(X3,X1)Xy = Z(Qcczy + 2kcgy — 2¢5, + czcy) X1 + §(kcmy + CCyz )Xo
1
*7csz3 - 7CmyX4

2 2
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R(X2, X)X = e Xy

R(X4,X1)Xo = %cmyXl

R(X4,X1)X5 = %(cczy + kcpr) X1 + i(2kcxy + ci + 2¢Cpq — 2¢41) X2
*%CMX?, - %nysz,

R(X4,X1)Xy = 3(2% —2)X,

R(X3,X2)X1 = %cwal

R(Xs5, X2)Xs = 0, X

R(X3,X5)X3 = i(zcyz — )X,

R(X3,X02) Xy = i(ZkCzy + 2ceyy + ci — 2¢y2) X1 + %(kcyy + CCay) X2
f%czng — icyyX4

R(X4, X)X = %cmyXl

R(X4, X2)Xs = %cyng

R(X4,X2) X3 = %(ccyy + kegy) X1 + i(—Qcyt + 2keyy + cpey + 2cc4y) Xo
—%Cwag — §cyyX4

R(X4, X2) Xy = i(%m — CzCy) X1

R(X4, X3)X; = %(2% — cpey) X1 + %(ci — 2¢4¢) X2

R(X4,X3)Xy = %(2%2 — ) X1+ i(cxcy —2¢,) X2

R(X4, X3) X5 = i(?ccyz + 2kcy, — ccj — kegey) Xy + i(k’ci + cegey

1 1
+2key, + 2ccy, — 4eq) Xo + Z(cwcy —2¢.,) X3+ i(ci — 2¢y2) X4

1 1
R(X4, X3) Xy = 1(40,3,5 — 2ceyp — 2kcyy — ey — k:cZ)Xl + Z(cci + kegey

1 1
—2kcyr — 2cca) Xo + 1(20‘” — ci,)X;; + Z(%yt —Cay) Xy, (24)

Now, consider the metric (1.2), we determine all the nonzero components of the
(0,4)-curvature tensor R by straightforward computations. which are given as
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follows:
1
R(X3, X1, X1,Xy) = 5 Caas
1
R(X3aX17X27X4) = §Cry7
1

R(X3, X2, X5, Xy) = 3>
1
R(X3, X1, X4, X3) = i(cwcy —2¢,2)
1
R(X4, X1, X3, X4) = i(c2 — 2Cyt) (2.5)

1
R(X3, X2, X3, X,) = i(zcyz —c;)

1

R(X47X27X4»X3) = E(QCyt - C:I:Cy)
1

R(Xy4, X3,X3,Xy) = i(kci + kci + 2ccgey — 4est)
1

R(X4, XQ, XQ, X4) = §ny.

Now, we can calculate the components Ric(X;, X;) with respect to {Xi}, i =
1,2, 3,4 of the Ricci tensor Ric of M. We obtain

0 0 %cwy écm
0 0 Le Le
Ric = 2 20y (2.6)
%Cry %ny %(Czy - C?J) %A(az,y) 7
%cm %cxy %A(w, Y) %(2cm —c2)

where A(z,y) := kcgy + keyy + 2¢Cpy — Coz — €yt + €20y Now, from (1.2) and
(2.6) also determine the component of the Ricci operator. Then we obtain

%cwy %Cyv %(QCyz - 612; — kcgy — ceyy) %B(w, Y)
Fic — %cm %cxy %Bi z,Y) %(2096,5 - cﬁl— kcyy — ccun)
0 0 ?cmy ?cm
0 0 3Cyy 3Cay

(2.7)
where B(x,y) := kcyy+ccpy—Cypz—Cyrt+cpcy. At this stage, it is now possible to
calculate of the covariant derivative V Ric of the metric (1.2). We can proceed
to compute the covariant derivative V Ric of the metric (1.2). By utilizing (2.3)
and (2.7) the following proposition can be proven:

Proposition 2.1. The non-vanishing components

Vx, Rie(Xj, X) = (Vx, Ric)(X;, Xx)
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of the covariant derivative VRic of Walker metric (1.2), are given by
leRiC(Xl,Xg) == leRiC(XQ,X4) == VXlRiC(Xg,Xl) == leRiC(X4,X2)

. . 1
= Vx,Ric(X1,X4) = Vx,Ric(Xy4, X1) = icmy,

1
leRiC(Xl,X4) = VXlRiC(X17X4) = §mew,
leRiC(XQ,Xg) = VXlRiC(Xg,XQ) = VXQRiC(Xl, Xg) = VX2RiC(X3,X1)

. . 1
= Vx,Ric(Xa,X4) = Vx,Ric(Xy, X5) = iczyy,

. . 1
Vx,Ric(Xa, X3) = Vx, Ric(X3, Xo) = icyyy,

. 1
V x, Ric(X3, X3) = Cayz — CyCay — icggcyy7

Vx, Ric(X3, X4) = Vx, Ric(Xy, X3) = %(kcajzmc + kcyyy — Camz — Cayt + CyCaz)
+ CxCay + CCry,s

Vx, Ric(X4, X4) = Cout — gcwcm

Vx,Ric(Xa, X3) = Vx, Ric(X3, Xa) = %cyyy,

Vx, Ric(X3, X3) = cyy> — gcycyy,

. . 1
Vx,Ric(X3, X4) = Vx, Ric(Xy, X3) = §(kcmy + kcyyy — Cazy — Cyyt + CaCyy)

+ CyCay + CCryy,

V x,Ric(Xa, X4) = oyt — CaCay — %cycm,

Vx,Ric(X1, X3) = Vx, Ric(X3,X1) = %cwz — icmcyy,
Vx,Ric(X1, X4) = Vx, Ric(Xy, X1) = %cmz + icycm,
Vx,Ric(Xa, X3) = Vx, Ric(X3, X2) = %cyyz - icycyy,
Vx,Ric(Xa, X4) = Vx, Ric(Xy, X2) = %cmyz + icmcyy,

Vx,Ric(Xs, X3) = ¢yzz — CyCys — C2Cyy,

1
Vx,Ric(X3, X4) = Vx, Ric(Xy, X3) = Z(cycm — CCyCay — kCyCay — CCpCyy

+ keycan — cycy) + 5(/{01;“ + keyys + CoCay — Cazz — Cyst + CCyCay)

+ CCryz + CxCyz,
. 1
Vx,Ric(Xy, X4) = 5(—36550,02 — CCyCpg — kCyCay + CCuCoy + kCypCyy — CuCyr)

+ Crzt + CyCurt,

. ) 1 1
Vx,Ric(X1,X3) = Vx,Ric(X3,X1) = 5 Cayt + 7 CyCaz:
(2.8)
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1 1
Vx,Ric(X1,X4) = Vx, Ric(Xy, X1) = 5Crat = 4 CaCan;
1

. . 1
VX4RZC(X2,X3) = VX4RZC(X3,X2) = §nyt + Zcmcyy,

1 1
Vx,Ric(Xa, X4) = Vx,Ric(Xy4, Xo) = icxyt — chcm
1
Vx,Ric(X3,X3) = §(f3cycyt + cCyCay — kCyCpy — CCxCyy + kCyCry — CpzCy)

+ Cyzt + chyza

1
Vx,Ric(X3,X4) = Vx, Ric(Xy, X3) = Z(czcyt — CCyCaz — kCyCay + CCxCry + kCyCyy

1
- Czczz) + i(kcxxt + kcyyt + thzy — Cyat — Cytt) + Cca:yt + Cycxtv

vXALZ'—L)'L.C(AX% X4) = Cgtt — CxCqt — CtCqpy-

3. Einstein-like Walker metrics g,

Einstein-like metrics are generalization of Einstein metrics which introduced
and studied by Gray[5]. Through three interesting classes P,.A, and B. Also,
in [1], some of geometric properties of Walker metrics g., are investigated.
Therefore, according to our purpose, in this part, we focus on P-metric, A-
metric and B-metric. Suppose (M, g) be a Pseudo-Riemannian manifold:

(i) The necessary and sufficient condition for M to belong to the class
of manifolds with parallel Ricci tensor (P) is that its Ricci tensor is
parallel, i.e.

VxRic(Y,Z)=0 (3.1)

for all vector fields X,Y, Z tangent to M.

(ii) A necessary and sufficient condition for M to belong to class A is that
its Ricci tensor is cyclic-parallel, i.e.

VxRiclY,Z) + VyRic(Z,X) + VzRic(X,Y) =0 (3.2)

for all vector fields X, Y, Z tangent to M. (3.2) is equivalent to requiring
that V is killing tensor, that is,

VxRic(X,X) =0 (3.3)

(iii) A necessary and sufficient condition for M to belong to class B is that
its Ricci tensor is a Codazzi tensor, i.e.

(Vx)(Y, Z) = VyRic(X, Z). (3.4)

Because Einstein-like manifolds be between the classes of Pseudo-Rimannian
manifolds with parallel Ricc tensor (P) and the class of Pseudo-Rimannian
manifolds with constant scalar curvature (C), that is P=ANBC AUBCC.
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In [1], [3], [4], [6], Einstein-like Pseudo-Riemannian metrics have been studied
by several authors.

In this part, taking into account the metric (1.2) and force the defining
function ¢ to be of the following special form:

c(z,y, z,t) = xp(z,t) + yq(z,t) + s(z, t), (3.5)

where p,q and s are C* real-valued functions, we obtain the following result
by applying (3.1), (3.3) and (3.4) respectively to the components of VRic
described in proposition (2.1):

Theorem 3.1. The necessary and sufficient condition for the metric described
in (1.2)

i) to be Ricci-parallel, is that ¢ is in the form of (3.5) and where p and q
are real-valued functions of C' which in (3.6) satisfying.

PP =2p+e(z), ¢ =2q+h(t),

ap= — qqr — 2(P2z + qz1) + 4pg. = 0,

g — PPz — 2(Pzt + @) + 4qpe = 0, (3.6)
3ppz + pgr — 2p2e — 2qpr = 0,

399t + qp= — 2¢zt — 2pg, =0,

for two arbitrary smooth functions h and e.
ii) to belong to class A is that

P> =2p +e(z), ¢ =2q +h(t), (3.7)

for two arbitrary smooth functions h and e.
iii) belongs to class B if c is in the form of (3.5) and p and q are satisfied
in the following relations

3qp. +5qq; — 2p.. —6¢¢ =0, 3pg; + 5pp. — 2qi — 6p = 0. (3.8)

4. Locally symmetric Walker metrics (1.2)

We know that a connected pseudo-Riemannian manifold M, for it to be a
symmetric space, its geodesic symmetries must be isometric. Also, if a manifold
is isometric with a symmetric space, that manifold is called locally symmet-
ric. A Pseudo-Riemannian manifold (M, g) is locally symmetric if and only
if VR = 0. In particular, a locally symmetric space is Ricci-parallel. Now,
consider a Walker metric (1.2) and by straightforward calculation, we obtain
the possibly non-vanishing components Ve R;jem = (Vx, R)(Xi, X, Xe, Xim)
of the covariant derivative of R, i, ], k,l € {1,2,3,4}, are given by:
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1 1 1
ViR3114 = 5 Caaa ViR3124 = 5 Caay: V1R3223 = 3 Coyys
1 1 1
VaoR3114 = 5 Coays VaR3124 = 5 Couy> V2R3223 = 3 Cuwy:
1 1 1
V3R3114 = 5Craz; V3R3124 = 5Coyzs V3R3203 = 5 Cuyz
1 1 1
V4R3114 = 5Coats V4R3124 = 5Coyts V4R3203 = 5 Cuyts
1 1
V1R3143 = Z(mey + 2cxcazy - 2Cxxz)7 V2-Rl’>143 = Z(2Cmycy + CyCyy — QC:cyz)a
1
v3R3143 = i(crcyz — Cgzz Tt Czczy)7
ViR3143 = Z(_chzt + CxCyt + CxCyz + CCyCry + kcyCon + kcycxy + chcxy)7
1
ViR434 = §(Czcxw — Cant), VaoR4134 = i(cxcwy — Cayt),
v3R4134 = Z(2cwcwz - 2szt + CqyCyt — CyCyt + CCyCox + CCxCqy + kcwcww + kcycwy)y
1
V4R4134 = i(ca:cmt — Cgtt — thza:)a
1 1
V1R3234 = §(Ca:yz - Cyczy)7 VaR3234 = §(nyz - Cycyy)a
1
V332314 = 5( yzz = CyCyz — CzCyy),
V4R3934 = Z(2Cy2t — 3CyCyt — CyCasr + 2¢4Cy, — kceyy — ccplyy),
1
v1R4243 = Z(2Cwyt — CpgCy — ca:ca:y)a
VaRyou3 = Z(chyt — 2¢yCy — CaCyy + CyCyy),
1

V3Riou3 = Z(—kc$cmy — keycyy + 2¢y2 — 2ca0y,
+2¢,Cyy — CpzCy + CyCyp — CCxCyy — CCyYCay),

1

VaRaou3 = Z(chtt — 2510y — keyCyy + cCpCyy — 2¢1Cay),
1

v1R4334 = _i(kcxcmw + kcyca:y + CCqxCy + CCxCqy — 2C:Ezt + CyCyt + chxz)7

1
VR334 = 5(
v3R4334 = kcrcxz + kcycyz + C2Cyt + CCqr2Cy + CCxCyt — CyCat — 2szta

kcgCry + keyCyy + CCuyCy + CCrCyy + CyCyt + CyCaz — 2cyzt)7

ViRy334 = kcgCar + kcyCyr + C1Cpz + CCapCy + CCoCyt — CoCat — Capt).
(4.1)

When Walker metric (1.2) is Ricci-parallel, referring to Theorem 3.1, we know
that the function c¢ defined in (3.5) satisfies (3.6). Therefore, the non-zero
components of the covariant derivative R, from (4.1), will be as follows:
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VaRs143 = —(2p2t — pgt — pp-) = V1Ras34,

— |

V3Ri334 = =(pqz — p22),
V3Ry134 = —(2pp. — 2pzt + pa: — qpt)s
ViRy134 = - (PP — Pie),

VaR3234 = —(2q2¢ — 3qq: — qp- + 2pq.),

[ N I T = N TSN

V3R3234 = Q(QZZ —qq2),

1
V3R4243 = 1(2612:1: —P.q — 2pq. + 2qq¢),

1
ViR4243 = 5(%5 — Deq),

1
V1R4334 = 5(_2pzt +pp= + Pa1),

1
VoRy334 = i(kzczcmy + keyeyy + ceyCay + CCpCyy + CyCyr + CyCaz — 2¢y1),

ViaR3434 = ©(Pzzt — P(P2q + qz) + qPzt — P2qt) + Y(@z2e — q(qp= + pq2)
+qq.t — QZQt) + S22t +qS2t — S2q1 — SPq; — SQP, — quz - kppza
ViR3434 = ©(pzie — p(PG: + qpt) + @zt — PP2) + Y(Gzee — 9(Pqe + qpe)

+ PGzt — =) + Sae0 + DSz + 5D — 5qpy — 5pqr — kppe — kqqy.
(4.2)

Again, taking into account the fact that g is Ricci-parallel, therefore, the nec-
essary and sufficient condition for the metric (1.2) to be locally symmetric, is
that ¢ is of the special form (3.5) and in relations (3.6) also applies.

Q= —qq:=0,  pu—ppe=0, qu—qpe=0,  p..—pg.=0, (43)
2pzt — pqe — pp= = 0, 2024 — qp= — qq: = 0, 2¢zt —P=q — 2pq= +q4: = 0,
2¢:t — 3qqt +2pg: — qp> =0, Pzt — P(P2q +Pg2) + g2t — P2qe = 0,
Gzt — q(qp= + paz) + qq=t — 429 = 0,
patt — p(PG: + qpe) +Pezt — P2 =0, et — q(pat + qpt) + pgat — = = 0,

Szt + 48zt — $2qr — $(pgz + qp2) — kpp: — kqq. =0,
Szt + DSzt + 8P — s(qpe + pgr) — kppe — kqgy = 0.
Using both (3.6) and (4.3) by standard calculations we obtain the following:
Theorem 4.1. The Walker metric g, defined in (1.2), is locally symmetric if
and only if ¢ is of the special form given in (3.5), and the functions p,q and s

which are smooth (C*) and real-valued satisfying one of the following sets of
conditions:
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i) ¢ =ap and
pz:gpzﬂf, pt:%p2+§,
Sazt + QPSat — 4P, — 2aPP.S — ka2ppz —kpp. =0
for two real constant a # 0, and k.
i) g=0, p=p(t), st = G(t) and sz4t + psst — kppr =0
iii) p=0, ¢=q(2), and s, = H(2) and $,.1 — kqq. + qs,: =0
iv) p=q=0, and s,; =y, v is a real constant.
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