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Abstract. In this paper, we examine certain geometric properties of the curva-

ture tensor for a special case of the Walker metric, assuming g33 = g44 = k 6= 0,

where k is a constant, on a 4-dimensional manifold. Finally, we investigate the

necessary and sufficient conditions for the 4-dimensional manifold with this

special case of the Walker metric to be locally symmetric.

Keywords: Curvature tensor, Einstein, Locally symmetric, Walker metric.

1. Introduction

To gain a deeper understanding of pseudo-Riemannian manifolds, it is es-

sential to study the curvature properties of specific classes of these spaces.

Consequently, comparing the results from Riemannian geometry with their

pseudo-Riemannian counterparts enhances our comprehension of which fea-

tures are more closely related to the signature of the metric tensor and which

are more general.

A Walker n-manifold is a pseudo-Riemannian manifold that admits a parallel

null r-plane field, with r ≤ n

2
. The canonical forms of the metrics were first

introduced and studied by Walker A. G. (1950) in [11]. Following this, even-

dimensional Walker manifolds (with n = 2m) that possess half-dimensional

parallel null fields (r = m) received particular attention. Specifically, a 4-

dimensional pseudo-Riemannian manifold M is called a Walker manifold if its
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metric signature is (2, 2) and it admits a parallel, totally isotropic 2-plane field

[11]. The canonical form of this metric involves three functions a(x, y, z, t),

b(x, y, z, t) and c(x, y, z, t), such that, in suitable coordinates, the metric g can

be expressed as:

g = 2dx⊗ dz + 2dy ⊗ dt+ adz ⊗ dz + 2cdz ⊗ dt+ bdt⊗ dt (1.1)

for some functions a = a(x, y, z, t), b = b(x, y, z, t) and c = c(x, y, z, t).

Recently, many authors have examined various properties of Walker mani-

folds [1, 5, 7, 8, 9, 10]. To our knowledge, much of this research has concen-

trated on the curvature properties of the Walker metric. For example, in [6],

the curvature properties of four-dimensional Walker metrics with a specific case

of (1.1) have been investigated. In [3], other geometric properties of Walker

metrics assuming that c = c(x, y, z, t) is non-zero but constant have been an-

alyzed. In [4], properties of four-dimensional manifolds with Walker metrics

were studied under the condition that a = a(x, y, z, t) and b = b(x, y, z, t) are

both zero. Furthermore, in [2], some geometric properties of the Walker metric

(1.1), where a = a(x, y, z, t) and b = b(x, y, z, t) are non-zero and equal to k,

with k being constant, were explored.

In this paper, we investigate certain characteristics of four-dimensional mani-

folds equipped with a special type of Walker metric that has not been previously

studied in [2]. Specifically, we consider Walker metrics under the condition that

a = a(x, y, z, t) and b = b(x, y, z, t) are both non-zero but equal to a constant

k, so that in suitable coordinates, the metric is expressed as:

gc(x, y, z, t) = 2(dx ◦ dz + dy ◦ dt+ cdz ◦ dt) + kdz ◦ dz + kdt ◦ dt (1.2)

and its matrix form as:

gc(x, y, z, t) =


0 0 1 0

0 0 0 1

1 0 k c

0 1 c k


where c is a smooth function on M . Additionally, the inverse matrix of the

metric form (1.2) satisfies

g−1
c

(x, y, z, t) =


−k −c 1 0

−c −k 0 1

1 0 0 0

0 1 0 0

 . (1.3)

Our main objective is to generalize the findings of the research in [4], taking

into account the metric (1.2).

This article is structured into four parts. In part 2, we will explore certain

properties of the curvature of the Walker metric (1.2). The third and fourth
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parts will examine Einstein-like and locally symmetric Walker metrics (1.2),

respectively.

2. Curvature tensor of Walker metrics (1.2)

The curvature tensor R of the pseudo-Riemannian metric g, which is defined

in terms of the Levi-Civita connection ∇, as follows:

R(X,Y ) = ∇[X,Y ] − [∇X ,∇Y ]. (2.1)

With standard calculations and utilizing (1.2) and (1.3), it is possible to ascer-

tain the non-zero components of Christoffel’s symbols Γk
ij , which are:

Γ1
14 =

1

2
{cx + ct}, Γ1

24 =
1

2
{cy + ct}, Γ1

34 =
1

2
{kcx + ccy + ct}

Γ1
43 =

1

2
{kcn + ccy − cz}, Γ1

44 = ct

Γ2
13 =

1

2
{cx + cz}, Γ2

23 =
1

2
{cy + cz},

Γ2
33 = cz, Γ2

34 =
1

2
{ccx + kcy − ct},

Γ2
43 =

1

2
{ccx + kcy + cz},

Γ3
34 = Γ3

43 = −1

2
cx, Γ4

34 = Γ4
43 = −1

2
cy.

(2.2)

Similarly, the non-vanishing covariant derivatives of coordinates vector fields

are given as follows:

∇X1X3 =
1

2
cxX2, ∇X2X3 =

1

2
cyX2, ∇X1X4 =

1

2
cxX1,

∇X2X4 =
1

2
cyX1, ∇X3X3 = czX2

∇X3X4 =
1

2
(ccy + kcx)X1 +

1

2
(kcy + ccx)X2 −

1

2
cxX3 −

1

2
cyX4, ∇X4X4 = ctX1.

(2.3)

Using (2.3) into (2.1) and from (1.2) we can completely obtain the possibly

non-vanishing components of the curvature tensor, then:

R(X3, X1)X1 =
1

2
cxxX2

R(X3, X1)X2 =
1

2
cxyX2

R(X3, X1)X3 =
1

4
(2cxz − cxcy)X2

R(X3, X1)X4 =
1

4
(2ccxy + 2kcxx − 2cxz + cxcy)X1 +

1

2
(kcxy + ccxx)X2

−1

2
cxxX3 −

1

2
cxyX4
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R(X4, X1)X1 =
1

2
cxxX1

R(X4, X1)X2 =
1

2
cxyX1

R(X4, X1)X3 =
1

2
(ccxy + kcxx)X1 +

1

4
(2kcxy + c2x + 2ccxx − 2cxt)X2

−1

2
cxxX3 −

1

2
cxyX4,

R(X4, X1)X4 =
1

4
(2cxt − c2x)X1

R(X3, X2)X1 =
1

2
cxyX1

R(X3, X2)X2 =
1

2
cyyX2

R(X3, X2)X3 =
1

4
(2cyz − c2y)X2

R(X3, X2)X4 =
1

4
(2kcxy + 2ccyy + c2y − 2cyz)X1 +

1

2
(kcyy + ccxy)X2

−1

2
cxyX3 −

1

2
cyyX4

R(X4, X2)X1 =
1

2
cxyX1

R(X4, X2)X2 =
1

2
cyyX2

R(X4, X2)X3 =
1

2
(ccyy + kcxy)X1 +

1

4
(−2cyt + 2kcyy + cxcy + 2ccxy)X2

−1

2
cxyX3 −

1

2
cyyX4

R(X4, X2)X4 =
1

4
(2cyt − cxcy)X1

R(X4, X3)X1 =
1

4
(2cxz − cxcy)X1 +

1

4
(c2x − 2cxt)X2

R(X4, X3)X2 =
1

4
(2cyz − c2y)X1 +

1

4
(cxcy − 2cyt)X2

R(X4, X3)X3 =
1

4
(2ccyz + 2kcxz − cc2y − kcxcy)X1 +

1

4
(kc2x + ccxcy

+2kcyz + 2ccxz − 4czt)X2 +
1

4
(cxcy − 2cxz)X3 +

1

4
(c2y − 2cyz)X4

R(X4, X3)X4 =
1

4
(4czt − 2ccyt − 2kcxt − ccxcy − kc2y)X1 +

1

4
(cc2x + kcxcy

−2kcyt − 2ccxt)X2 +
1

4
(2cxt − c2x)X3 +

1

4
(2cyt − cxcy)X4. (2.4)

Now, consider the metric (1.2), we determine all the nonzero components of the

(0, 4)-curvature tensor R by straightforward computations. which are given as
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follows:

R(X3, X1, X1, X4) =
1

2
cxx,

R(X3, X1, X2, X4) =
1

2
cxy,

R(X3, X2, X2, X4) =
1

2
cyy,

R(X3, X1, X4, X3) =
1

4
(cxcy − 2cxz)

R(X4, X1, X3, X4) =
1

4
(c2x − 2cxt)

R(X3, X2, X3, X4) =
1

4
(2cyz − c2y)

R(X4, X2, X4, X3) =
1

4
(2cyt − cxcy)

R(X4, X3, X3, X4) =
1

4
(kc2x + kc2y + 2ccxcy − 4czt)

R(X4, X2, X2, X4) =
1

2
cyy.

(2.5)

Now, we can calculate the components Ric(Xi, Xj) with respect to {Xi}, i =

1, 2, 3, 4 of the Ricci tensor Ric of M . We obtain

Ric =


0 0 1

2cxy
1
2cxx

0 0 1
2cyy

1
2cxy

1
2cxy

1
2cyy

1
2 (czy − c2y) 1

2A(x, y)
1
2cxx

1
2cxy

1
2A(x, y) 1

2 (2cxt − c2x)

 , (2.6)

where A(x, y) := kcxx + kcyy + 2ccxy − cxz − cyt + cxcy. Now, from (1.2) and

(2.6) also determine the component of the Ricci operator. Then we obtain

R̂ic =


1
2cxy

1
2cyy

1
2 (2cyz − c2y − kcxy − ccyy) 1

2B(x, y)
1
2cxx

1
2cxy

1
2B(x, y) 1

2 (2cxt − c2x − kcxy − ccxx)

0 0 1
2cxy

1
2cxx

0 0 1
2cyy

1
2cxy

 ,

(2.7)

where B(x, y) := kcyy+ccxy−cxz−cyt+cxcy. At this stage, it is now possible to

calculate of the covariant derivative ∇Ric of the metric (1.2). We can proceed

to compute the covariant derivative ∇Ric of the metric (1.2). By utilizing (2.3)

and (2.7) the following proposition can be proven:

Proposition 2.1. The non-vanishing components

∇XiRic(Xj , Xk) = (∇XiRic)(Xj , Xk)
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of the covariant derivative ∇Ric of Walker metric (1.2), are given by

∇X1
Ric(X1, X3) = ∇X1

Ric(X2, X4) = ∇X1
Ric(X3, X1) = ∇X1

Ric(X4, X2)

= ∇X2Ric(X1, X4) = ∇X2Ric(X4, X1) =
1

2
cxxy,

∇X1Ric(X1, X4) = ∇X1Ric(X1, X4) =
1

2
cxxx,

∇X1Ric(X2, X3) = ∇X1Ric(X3, X2) = ∇X2Ric(X1, X3) = ∇X2Ric(X3, X1)

= ∇X2
Ric(X2, X4) = ∇X2

Ric(X4, X2) =
1

2
cxyy,

∇X2
Ric(X2, X3) = ∇X2

Ric(X3, X2) =
1

2
cyyy,

∇X1
Ric(X3, X3) = cxyz − cycxy −

1

2
cxcyy,

∇X1
Ric(X3, X4) = ∇X1

Ric(X4, X3) =
1

2
(kcxxx + kcyyy − cxxz − cxyt + cycxx)

+ cxcxy + ccxxy,

∇X1Ric(X4, X4) = cxxt −
3

2
cxcxx,

∇X2Ric(X2, X3) = ∇X2Ric(X3, X2) =
1

2
cyyy,

∇X2Ric(X3, X3) = cyyz −
3

2
cycyy,

∇X2Ric(X3, X4) = ∇X2Ric(X4, X3) =
1

2
(kcxxy + kcyyy − cxxy − cyyt + cxcyy)

+ cycxy + ccxyy,

∇X2
Ric(X4, X4) = cxyt − cxcxy −

1

2
cycxx,

∇X3
Ric(X1, X3) = ∇X3

Ric(X3, X1) =
1

2
cxyz −

1

4
cxcyy,

∇X3
Ric(X1, X4) = ∇X3

Ric(X4, X1) =
1

2
cxxz +

1

4
cycxx,

∇X3
Ric(X2, X3) = ∇X3

Ric(X3, X2) =
1

2
cyyz −

1

4
cycyy,

∇X3
Ric(X2, X4) = ∇X3

Ric(X4, X2) =
1

2
cxyz +

1

4
cxcyy,

∇X3
Ric(X3, X3) = cyzz − cycyz − czcyy,

∇X3Ric(X3, X4) = ∇X3Ric(X4, X3) =
1

4
(cycxz − ccycxy − kcxcxy − ccxcyy

+ kcycxx − cycyt) +
1

2
(kcxxz + kcyyz + czcxy − cxzz − cyzt + ccycxy)

+ ccxyz + cxcyz,

∇X3
Ric(X4, X4) =

1

2
(−3cxcxz − ccycxx − kcycxy + ccxcxy + kcxcyy − cxcyt)

+ cxzt + cycxt,

∇X4
Ric(X1, X3) = ∇X4

Ric(X3, X1) =
1

2
cxyt +

1

4
cycxx,

(2.8)
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∇X4
Ric(X1, X4) = ∇X4

Ric(X4, X1) =
1

2
cxxt −

1

4
cxcxx,

∇X4
Ric(X2, X3) = ∇X4

Ric(X3, X2) =
1

2
cyyt +

1

4
cxcyy,

∇X4
Ric(X2, X4) = ∇X4

Ric(X4, X2) =
1

2
cxyt −

1

4
cycxx

∇X4
Ric(X3, X3) =

1

2
(−3cycyt + ccycxy − kcxcxy − ccxcyy + kcycxx − cxzcy)

+ cyzt + cxcyz,

∇X4
Ric(X3, X4) = ∇X4

Ric(X4, X3) =
1

4
(cxcyt − ccycxx − kcycxy + ccxcxy + kcxcyy

− cxcxz) +
1

2
(kcxxt + kcyyt + ctcxy − cxzt − cytt) + ccxyt + cycxt,

∇X4
Ric(X4, X4) = cxtt − cxcxt − ctcxx.

3. Einstein-like Walker metrics gc

Einstein-like metrics are generalization of Einstein metrics which introduced

and studied by Gray[5]. Through three interesting classes P,A, and B. Also,

in [1], some of geometric properties of Walker metrics gc, are investigated.

Therefore, according to our purpose, in this part, we focus on P-metric, A-

metric and B-metric. Suppose (M, g) be a Pseudo-Riemannian manifold:

(i) The necessary and sufficient condition for M to belong to the class

of manifolds with parallel Ricci tensor (P) is that its Ricci tensor is

parallel, i.e.

∇XRic(Y,Z) = 0 (3.1)

for all vector fields X,Y, Z tangent to M .

(ii) A necessary and sufficient condition for M to belong to class A is that

its Ricci tensor is cyclic-parallel, i.e.

∇XRic(Y,Z) +∇YRic(Z,X) +∇ZRic(X,Y ) = 0 (3.2)

for all vector fieldsX,Y, Z tangent toM . (3.2) is equivalent to requiring

that ∇ is killing tensor, that is,

∇XRic(X,X) = 0 (3.3)

(iii) A necessary and sufficient condition for M to belong to class B is that

its Ricci tensor is a Codazzi tensor, i.e.

(∇X)(Y,Z) = ∇YRic(X,Z). (3.4)

Because Einstein-like manifolds be between the classes of Pseudo-Rimannian

manifolds with parallel Ricc tensor (P) and the class of Pseudo-Rimannian

manifolds with constant scalar curvature (C), that is P = A ∩ B ⊂ A ∪ B ⊂ C.
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In [1], [3], [4], [6], Einstein-like Pseudo-Riemannian metrics have been studied

by several authors.

In this part, taking into account the metric (1.2) and force the defining

function c to be of the following special form:

c(x, y, z, t) = xp(z, t) + yq(z, t) + s(z, t), (3.5)

where p, q and s are C∞ real-valued functions, we obtain the following result

by applying (3.1), (3.3) and (3.4) respectively to the components of ∇Ric
described in proposition (2.1):

Theorem 3.1. The necessary and sufficient condition for the metric described

in (1.2)

i) to be Ricci-parallel, is that c is in the form of (3.5) and where p and q

are real-valued functions of C which in (3.6) satisfying.

p2 = 2pt + e(z), q2 = 2qz + h(t),

qpz − qqt − 2(pzz + qzt) + 4pqz = 0,

pqt − ppz − 2(pzt + qtt) + 4qpt = 0,

3ppz + pqt − 2pzt − 2qpt = 0,

3qqt + qpz − 2qzt − 2pqz = 0,

(3.6)

for two arbitrary smooth functions h and e.

ii) to belong to class A is that

p2 = 2pt + e(z), q2 = 2qz + h(t), (3.7)

for two arbitrary smooth functions h and e.

iii) belongs to class B if c is in the form of (3.5) and p and q are satisfied

in the following relations

3qpz + 5qqt − 2pzz − 6qzt = 0, 3pqt + 5ppz − 2qtt − 6pzt = 0. (3.8)

4. Locally symmetric Walker metrics (1.2)

We know that a connected pseudo-Riemannian manifold M , for it to be a

symmetric space, its geodesic symmetries must be isometric. Also, if a manifold

is isometric with a symmetric space, that manifold is called locally symmet-

ric. A Pseudo-Riemannian manifold (M, g) is locally symmetric if and only

if ∇R = 0. In particular, a locally symmetric space is Ricci-parallel. Now,

consider a Walker metric (1.2) and by straightforward calculation, we obtain

the possibly non-vanishing components ∇RRijem = (∇Xk
R)(Xi, Xj , Xe, Xm)

of the covariant derivative of R, i, j, k, l ∈ {1, 2, 3, 4}, are given by:
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∇1R3114 =
1

2
cxxx, ∇1R3124 =

1

2
cxxy, ∇1R3223 =

1

2
cxyy,

∇2R3114 =
1

2
cxxy, ∇2R3124 =

1

2
cxyy, ∇2R3223 =

1

2
cyyy,

∇3R3114 =
1

2
cxxz, ∇3R3124 =

1

2
cxyz, ∇3R3223 =

1

2
cyyz,

∇4R3114 =
1

2
cxxt, ∇4R3124 =

1

2
cxyt, ∇4R3223 =

1

2
cyyt,

∇1R3143 =
1

4
(cxxy + 2cxcxy − 2cxxz), ∇2R3143 =

1

4
(2cxycy + cxcyy − 2cxyz),

∇3R3143 =
1

2
(cxcyz − cxzz + czcxy),

∇4R3143 =
1

4
(−2cxzt + cxcyt + cxcxz + ccycxx + kcxcxx + kcycxy + ccxcxy),

∇1R4134 =
1

2
(cxcxx − cxxt), ∇2R4134 =

1

2
(cxcxy − cxyt),

∇3R4134 =
1

4
(2cxcxz − 2cxzt + cxcyt − cycxt + ccycxx + ccxcxy + kcxcxx + kcycxy),

∇4R4134 =
1

2
(cxcxt − cxtt − ctcxx),

∇1R3234 =
1

2
(cxyz − cycxy), ∇2R3234 =

1

2
(cyyz − cycyy),

∇3R3234 =
1

2
(cyzz − cycyz − czcyy),

∇4R3234 =
1

4
(2cyzt − 3cycyt − cycxz + 2cxcyz − kccyy − ccxcyy),

∇1R4243 =
1

4
(2cxyt − cxxcy − cxcxy),

∇2R4243 =
1

4
(2cyyt − 2cycxy − cxcyy + cycyy),

∇3R4243 =
1

4
(−kcxcxy − kcycyy + 2cyzt − 2cxcyz

+ 2czcyy − cxzcy + cycyt − ccxcyy − ccycxy),

∇4R4243 =
1

4
(2cytt − 2cxtcy − kcycyy + ccxcyy − 2ctcxy),

∇1R4334 = −1

2
(kcxcxx + kcycxy + ccxxcy + ccxcxy − 2cxzt + cxcyt + cxcxz),

∇2R4334 =
1

2
(kcxcxy + kcycyy + ccxycy + ccxcyy + cycyt + cycxz − 2cyzt),

∇3R4334 = kcxcxz + kcycyz + czcyt + ccxzcy + ccxcyt − cyczt − 2czzt,

∇4R4334 = kcxcxt + kcycyt + ctcxz + ccxtcy + ccxcyt − cxczt − cztt).
(4.1)

When Walker metric (1.2) is Ricci-parallel, referring to Theorem 3.1, we know

that the function c defined in (3.5) satisfies (3.6). Therefore, the non-zero

components of the covariant derivative R, from (4.1), will be as follows:
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∇4R3143 =
1

4
(2pzt − pqt − ppz) = ∇1R4334,

∇3R1334 =
1

2
(pqz − pzz),

∇3R4134 =
1

4
(2ppz − 2pzt + pqt − qpt),

∇4R4134 =
1

2
(ppt − ptt),

∇4R3234 =
1

4
(2qzt − 3qqt − qpz + 2pqz),

∇3R3234 =
1

2
(qzz − qqz),

∇3R4243 =
1

4
(2qzt − pzq − 2pqz + 2qqt),

∇4R4243 =
1

2
(qtt − ptq),

∇1R4334 =
1

2
(−2pzt + ppz + pqt),

∇2R4334 =
1

2
(kcxcxy + kcycyy + ccycxy + ccxcyy + cycyt + cycxz − 2cyzt),

∇3R3434 = x(pzzt − p(pzq + pqz) + qpzt − pzqt) + y(qzzt − q(qpz + pqz)

+ qqzt − qzqt) + szzt + qszt − szqt − spqz − sqpz − kqqz − kppz,
∇4R3434 = x(pztt − p(pqt + qpt) + pqzt − ppz) + y(qztt − q(pqt + qpt)

+ pqzt − qtpz) + sztt + pszt + spz − sqpt − spqt − kppt − kqqt.
(4.2)

Again, taking into account the fact that g is Ricci-parallel, therefore, the nec-

essary and sufficient condition for the metric (1.2) to be locally symmetric, is

that c is of the special form (3.5) and in relations (3.6) also applies.

qzz − qqz = 0, ptt − ppt = 0, qtt − qpt = 0, pzz − pqz = 0, (4.3)

2pzt − pqt − ppz = 0, 2qzt − qpz − qqt = 0, 2qzt − pzq− 2pqz + qqt = 0,

2qzt − 3qqt + 2pqz − qpz = 0, pzzt − p(pzq + pqz) + qpzt − pzqt = 0,

qzzt − q(qpz + pqz) + qqzt − qzqt = 0,

pztt − p(pqt + qpt) + pqzt − ppz = 0, qztt − q(pqt + qpt) + pqzt − qtpz = 0,

szzt + qszt − szqt − s(pqz + qpz)− kppz − kqqz = 0,

sztt + pszt + spz − s(qpt + pqt)− kppt − kqqt = 0.

Using both (3.6) and (4.3) by standard calculations we obtain the following:

Theorem 4.1. The Walker metric g, defined in (1.2), is locally symmetric if

and only if c is of the special form given in (3.5), and the functions p, q and s

which are smooth (C∞) and real-valued satisfying one of the following sets of

conditions:
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i) q = ap and

pz =
a

2
p2 + k, pt =

1

2
p2 +

k

a
,

szzt + apszt − stpz − 2appzs− ka2ppz − kppz = 0

for two real constant a 6= 0, and k.

ii) q = 0, p = p(t), szt = G(t) and sztt + pszt − kppt = 0

iii) p = 0, q = q(z), and szt = H(z) and szzt − kqqz + qszt = 0

iv) p = q = 0, and szt = γ, γ is a real constant.
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