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Abstract. In this paper, we present a coordinate-free investigation of the
generalized silver Finsler metric. Specifically, for a Finsler manifold (M, L)
and a 1-form B, we study various geometric structures associated with the
Finsler metric

L(z,y) = L$(s), where s:= %, P(s) := 8% — 25 — 1.

The function ¢(s) has roots s; = 1—+/2 and s = 1++/2, where the positive root
represents the so-called the silver ratio. Assuming that L is a Finsler metric,
we refer to L as the generalized silver Finsler metric. We derive the associated
metric and Cartan tensors, along with other fundamental geometric objects.
The non-degeneracy condition of the metric tensor of L is characterized. We
compute the geodesic spray, Barthel connection, and Berwald connection of
f, when the 1-form 9B arises from a concurrent m-vector field. Furthermore,
we determine the curvature of the Barthel connection associated with L. An

illustrative example is also provided.
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connection.

1. Introduction

Irrational numbers possess intriguing properties that rival those of rational
numbers. Among the most captivating is the golden ratio, denoted by & =
1+T\/57 which is the positive root of the quadratic equation €2 — & —1 = 0.
Motivated by this equation, Hretcanu [5] introduced a golden structure on a
manifold M through a tensor field ¢ of type (1, 1), which satisfies the identity
r=p+ 1

Similarly, another irrational number of comparable significance is the silver
ratio # = 1 4+ v/2, or known as silver mean, which is the positive root of the
equation £2 — 2¢ —1 = 0. This constant has found applications in architecture,
physics, and design. M. Ozkan and B. Peltek [3], for instance, introduced the
Silver Riemannian Manifolds.

Finsler geometry, as a natural generalization of Riemannian geometry, pro-
vides a rich and flexible framework for studying differential geometry, particu-
larly through its ability to model direction-dependent structures. Among the
many classes of Finsler metrics introduced in the literature, significant atten-
tion has been given to those defined through modifications of a base metric L
via auxiliary scalar functions or 1-forms. This allows for the construction of
new metrics with interesting geometric and physical properties.

A notable line of research in this direction involves the use of ratios or
transformations involving 1-forms. Inspired by classical number theory and
continued fraction expansions, the silver ratio s = 1 + v/2, serves as a novel
motivator for defining a new class of Finsler metrics. In this paper, we introduce
and study a Finsler metric of the form:

L(z,y) = L¢(s), where s= %, B(s) = 5% — 25 — 1.

The function ¢(s) has roots s; = 1 — V2 and sy = 1 + /2, linking the struc-
ture of the metric to the silver ratio. We refer to L as the generalized silver
Finsler metric. This study opens the door to further exploration of Finsler
metrics constructed via special number-theoretic functions and their potential
applications in both pure and applied settings.

Following the pullback formalism to Finsler geometry, we investigate a coordinate-

free study of generalized silver Finsler metric with special one 7-form. First,

by the concept of generalized silver Finsler metric we mean the deformation of

a Finsler metric L (not necessarily Riemannian) by a one form B, that is,

B2(z,y)

Liz,y) = Lo(s) = 7

—2%B(x,y) — L(x,y), (1.1)
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with s := 2, ¢(s) := s? — 2s — 1, whose roots s; = (1 —v2), s = (1+V?2)
(silver ratio), and L is Finslerian. We study the geometric objects of L, for
example, the metric and Cartan tensors. Moreover, we characterize the non-
degenerate property of the metric tensor g, that is, g is non-degenerate if and
only if

L*(1 —2p?) + 3B2 #£ 0,

where p? := g(p,p), B := g(p,n), and P is a concurrent w-vector field over
(M, L). Tt should be noted that L represents a regular Finsler structure if
the above non-degenerate property is satisfied together with the inequality
1-vV2>s>1+V2 Moreover, if the inequality 1 — V2>s>14+2is not
satisfied, then L represents a pseudo-Finsler structure (Z is negative).

When (M, L) that admits a concurrent m-vector field p, then we have the
corresponding 7-form B := iz g, where g is the metric tensor of L. Hence, we
get the associated one form B(z,y) := B(7). Within the generalized silver
Finsler metric (1.1), we calculate intrinsically the relationship between the re-
lated canonical sprays as well as the two Barthel connections I' and I. The
transformation of the curvature tensor field of the Barthel connection is ob-
tained. For example, the associated canonical sprays G and G are related by

212 (—2B3 4 3B°L + L?) c 2L
(B2 —2BL — L2) (3B2 + L2 (1 —2p?))  3B2 4 L2 (1 — 2p?)

é =G - 7}7)7
where, C is the Liouville vector field and « is the canonical inclusion map.

As an example of a Finsler metric (M, L) that admits a concurrent vector
field. Let M = {(2',2% 2%,2%) € U C R* | 2!, 22 # 0}; U is an open subset in
R* and L be a conic Finsler metric given by

L- \/ (e (CEEEEZEEN et oy,

where (z!, 22, 23, 2% 41 y?,y3,y4) € TU CR* x RY; TU :=TU \ {0}.

Moreover, the components of the corresponding 7-form B are given by B; =
2!, By = 0, By = 23, By = 0, and hence the associated one form B(z,y)
becomes B(z,y) = xly! + 23y3. Therefore, we have

~ 2yl 4 23y3)2

L(z,y) = wy y2) = 2(zly’ + 2%y’

(L‘2 2 4)\2 2,4
\/(;vl)2 (( )2(y ;2+2y y ) +(y1)2 + (y3)2

—\/ e e R Y

y2

Hence, the given Finsler structure L defines a conic Finsler structure over M ,
under the condition of non-degeneracy given by (4.1).
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2. Notations and Preliminaries

Let M be a smooth manifold of dimension n, and consider its tangent
bundle (T'M,w, M) with the corresponding tangent bundle of TM denoted
by (TTM,dr,TM). The vertical subbundle V(T M) of TM is defined by
V(T M) := ker(dr), while the pullback bundle is denoted by 7~!(T'M), and
TM :=TM \ {0} denotes the slit tangent bundle. There exists a short exact
sequence of vector bundle morphisms [3]:

0— 7 Y (TM) L TTM L 7=Y(TM) — 0,

where v is the canonical inclusion map, and p := (77, d7).

The almost tangent structure (also called the vertical endomorphism) J on
TM is given by J = v o p. We denote by C>®°(T'M) the space of smooth
functions on T'M, and let X(w(M)) denote the module of smooth sections of
7~ Y(TM). The sections in X(m(M)) are referred to as m-vector fields and
denoted by barred letters such as X.

The Liouville vector field (or fundamental m-vector field) C is defined by

C:=~7, whereTj(u)= (u,u) for all u € TM.
Let us recall some foundational concepts in the Klein-Grifone formalism of
Finsler geometry, as detailed in [3, 4, 6].

Nonlinear Connections. A nonlinear connection I" on M is a vector 1-form on
T M, which is C* on TM and continuous on T'M, satisfying:

JIT = J, rJj=-J.
This yields associated projection operators:
1 1
h:=-(I+T =—-(I-T
UIAT),  we=o(I-T),

where h and v are the horizontal and vertical projectors, respectively. The
torsion and curvature of I" are given by:

1 1
= —|J,T =—— .
ti= [T Ri= =3l

Regular Connections. For a linear connection D on 7~ !(T'M), the associated
connection map K is defined by:

K:TTM — 7 YTM), K(X):=Dx7.
The horizontal subspace at © € T M is given by:

H,(TM):={X eT,(TM) | K(X) =0}.
The connection D is called regular if:

T (TM) = V,(TM) & H,(TM), YueTM.



On generalized silver Finsler metrics 107

In such a case, the maps p|g(rary and K|y (pas) are isomorphisms, and we
define the horizontal lift £ := (p|g(rarn) ™"

Covariant Derivatives and Tensors. Let D be a regular connection on 7~ (T'M)
with horizontal lift 5. For a m-tensor field A of type (0,p), we define the h-
and v-covariant derivatives as:

(D AFE T, K,) = (D) (X Xy),
)

>

(D A)X, X1,... X,p) == (D xA)(X1, ..,
The torsion tensor T induces:
e (h)h-torsion: Q(X,Y) := T(BX,BY),
e (h)hv-torsion: T(X,Y) := T(vX, BY),
e (h)v-torsion: V(X,Y) :=T(vX,7Y).

The curvature tensor K gives rise to:

The associated (v)-torsions are defined by:

~ o~ o~

R(X,Y):=R(X,Y)y, P(X,Y):=PX,Y)y, SX,Y):=85X,Y)7
Finsler Structures and Connections.

Definition 2.1. A Finsler manifold (M, L) consists of a smooth manifold M
and a function L : TM — R satisfying:

(a) L(u) >0 foruwe TM, and L(0) =0,

(b) L is smooth on TM and continuous on TM,

(¢) L is positively homogeneous of degree one: LcL = L,

(d) The 2-form Q := dd;E is non-degenerate, where E := $L?.
The associated Finsler metric g is defined by:

g(pX,pY) =QJX,Y), foradl XY € X(TM).

In this case (M, L) is called reqular Finsler manifold, keeping in mind that the
positivity of L together with the non-degeneracy of gi; guarantee the positive-
definiteness of g;; (see [9]). If these conditions are satisfied on a conic subset
U C TM, then (M,L) is called a conic Finsler manifold. Moreover, for the
sake of applications, if the positivity condition is not satisified, then L is called
pseudo-Finlser structure.

A semispray is a vector field G on TM (smooth on TM and C! on TM)
such that JG =C. If [C,G] = G, then G is called a spray.

Proposition 2.2 ([6, 4]). For a Finsler manifold (M, L):
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(a) The canonical spray G satisfies: igdd;E = —dE.
(b) The Barthel connection T is given by: T' = [J, G].

Theorem 2.3 ([13]). Let (M, F) be a Finsler manifold with Finsler metric g.
Then there exists a unique regular connection V on m—*(TM) such that:
(i) Vg =0 (metric connection,),
(ii) The (h)h-torsion vanishes: @ =0,
(iii) The (h)hv-torsion T is symmetric with respect to g in its last two ar-
guments.

This unique connection V is referred as the Cartan connection.

Lemma 2.4 ([13]). Let (M, L) be a Finsler manifold and 5 the horizontal lift
associated with the Cartan connection V. Then:

(a) (Diyg) (§7 ?) = 2T(,\Y;?;7); and V_ g =0.

(b) (D50)(V, Z) = —2P(X, Y, Z), and V5g = 0.
Here, P is the (v)hv-torsion of type (0,3) defined by P(X,Y,Z) := g(P(X,Y), Z).

For a more comprehensive treatment of global Finsler geometry in the pull-
back setting, see [1, 7, 10, 11, 12, 15, 16].

Lemma 2.5. For a Finsler manifold (M, L), the following identities hold:
(a) djL(yX) =0, and Df{YL =dL(vX) =d;L(BX) = {(X),

(b) duL(8X) = DL =0,

)
(c) (D2O)(Y) = (V,x0)(Y) =L 'h(X,Y),
(d) deE(vX BY) =g(X,Y).

Here, g is the Finsler metric and { := L™ izg is the normalized supporting
element.

3. Generalized Silver Finsler Metric

In this section, we undertake an intrinsic analysis of the Silver Finsler metric.
Specifically, we generalize the classical construction by replacing the underlying
Riemannian metric in the silver Finsler metric with a Finslerian one. The
resulting structure will henceforth be referred to as the generalized silver Finsler
metric.

Definition 3.1. [14] Let (M, L) be a Finsler manifold and let D° denote the
Berwald connection on P. A w-vector field Y € C(w) is said to be independent
of the directional argument y if and only if

D;YY =0, VX eCl(n).
Similarly, a scalar (or vector) w-form w is independent of the directional argu-

ment y if and only if

Dzyw =0, VX el(n).
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Definition 3.2. Let (M, L) be a Finsler manifold. Consider the deformation
of the Finsler structure L defined by

T %2(x7y)

L(‘Z‘7y) = L(l‘ y) - 2%(gj7y) - L(xay)7 (31)

where B(x,y) := B(7), and B is a scalar w-form independent of the directional
argument y. If L defines a Finsler structure on M, it is called the generalized
silver Finsler metric (GSFM).

To study the geometric properties associated with E, we begin with the
following auxiliary results:

Lemma 3.3. Under the transformation L — E, the vertical component of the
Berwald connection remains invariant; that is,

ny? Y = Df,} Y.

Proof. The result follows from the observation that the change in the horizon-
tal lift, from g to B, involves only a vertical vector field. Using the identity
DSY? = p[yX,BY] (see [13]), and noting that p oy = 0 and the vertical
distribution is integrable, the vertical component remains unaffected. O

Lemma 3.4. Let (M, L) be a Finsler manifold and let B be a scalar m-form
independent of y, with associated m-vector field p defined by iz g = B. Define
B(z,y) := B(7). Then, the following properties hold:

(a): dyB(vX) =0, and

D¢ B = dB(7X) = dsB(5X) = B(X).

(b): dpB(BX) = DEY% =dB(BX) = LE(D;Y@, and
dB(G) = LL(Dgp).
(c): Dsyp =-2T(X,p).
Proof. The proof follows from the facts that po~y and K o 8 vanish identically,
pof = ’L'dx(ﬂ(M)), Kory= Z'dx(,r(M)), inP =0, Df;YB = 0 and taking into

account Lemma 2.4 and Definition 3.1. In more details, we have the following.
(a) For d;B(yX), we have

Moreover, d;B(yX) can be obtained as follows:
d;B(pX) = J(BX-B)=7(pop)X B=17X B
= (D3xB)@) +B(Dx7)
B(X).
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(b) One can see that

d,B(BX) (BopofX)-B=pX-B=dB(FX)
= BX -g9(.71) = (Dix 9)®.7) + 9(Dix b.7) + 9(p. Dix)

= —2P(X,5,7) + g(D5x ) + 0

= LZ(DZY@.
That is, we get that dB(G) = L (D p).
(c) We have
0 = (D;Y B)(Y)

= DfYYB(Y) - B(D:Y Y)

= Diyg(ﬁ7y)_g(ﬁ7D$YY)

— (D 9)B.Y) +g(Dxp.Y)

= QT(T% Y? ?) + g(D:Yﬁa ?)
Thus, we conclude that Dzyﬁ = 2T(X,D). O

Adopting to the normalized supporting element ¢ and the angular metric
tensor A, we have the following proposition.

Proposition 3.5. Under the generalized silver Finsler metric (3.1), we have

(1) The supporting form ( and { are related by

i(x) = #a@ + @B

—~

X).

(2) The angular metric tensors h and h are related by

~- 2 2\ (_p2 2 -
HEY) - (B2 +L?%) ( f4+2%L+L)h(X,Y)
2 (B2 —2BL - L?)
+ T3
282 (B2 - 2BL — L?)
+ 71 o
298 (B2 - 2BL — L?)

- e {(BX)(Y)+B(Y)(X)}.

B(X)B(Y)

X))

Proof. Under the generalized silver Finsler metric (3.1), taking Lemma 3.4 into
account, we have the following:
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(1) Due to the facts that po~y =0 and that po S =po B = idx(x(0)), it
follows that
(X)) = dsL(FX) = d;L(5X)
= 8—d L(BX) + a7d B(BX)
) o8 "’
—-B2-1? _  2(B-1L)
= o (KT
(2) Applying the previous item, Lemma 2.5, Lemma 3.3, together with
Lemma 3.4, one can show that

WXT) = LB D) = KDre DY)

= zsz {Mg(y) + Q(%_L)B(y)}

B(X)

L? L
() o s 05
L (PES) wrenm + () 0B |

- (BB { (B -Zem) av)
+(—2‘Bz( )+ 2 B )) B(Y)}

X
+<%22%L L2> {( )(L h(XY)+O)}.

Hence, the result follows. O

4. The Metric and Cartan Tensors

In this section, we calculate some geometric objects associated to Z(x, y) in
terms of the objects associated with L. The following proposition shows the
relationship between g and g.

Proposition 4.1. The Finsler metric ¢ associated with the generalized silver
Finsler metric (3.1) is given by the following relation:

(B2 4+ L?) (—B% +2BL + L?)

§(X.7) = 9(X.7)
2(382—-6BL+L%)
484 — 6B3L — 2BL3
+ T (X))

2 (2% — 3B2L — L?)
_ -

{B(X)UY)+B(Y)UX)}.
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Consequently, the Cartan torsion T of the generalized silver Finsler metric has
the form

(B2 + L?) (—B%+2BL + L?)
2 i

484 — 6B3L — 2BL°

5

2 (283 — 3B2L — L?)

_ 7

o (BEH+L?) (—B*+2BL+L%)\ _ _
ny? J 9(X,Y)

. <D322 (3% — 6BL + L2)> B(X)B(F)

oT(X,Y,Z) = T(X,Y,Z)

(WX, Z)0Y)+hY,Z)U(X)}

(B(X) (Y. Z) + B(Y) (X, Z)}

L2

L 4B 6B3L - 2BL3\
e = el

_ 3 _ 27 _ 713
+<D§z 2 (28 1?3%L L)){B(X)e(Y)+B(y)4(X)},

Proof. In view of the generalized silver Finsler metric (3.1), using Proposition
3.5, we have the following:

X = #K(YH@B(Y).

- 2 L2 M2 28 L2 _
ixy) = EHL( “Z* BLAL) % v
2(B2-2BL-L?)

( Iz )B(X)B(Y)
2982 (B2 - 2BL — L?)
+ T

_|_

(X)L(Y)

CIREEBECL) (5(x) ) + BV AR}

Hence, using the definition of the angular metric tensor h= g - {® Z, the
expression of g is obtained. Moreover, using the expression of the metric g,
taking into account the fact that (Dfﬁg)(Y, Y) =2T(X,Y,Z) (Lemma 2.4),

it follows the expression of the Cartan torsion T of the generalized silver Finsler
metric. (]

Theorem 4.2. The metric tensor g ofz 18 non-degenerate if and only if
L*(1 —2p%) + 382 £0. (4.1)

That is, the generalized Silver Finsler metric is a Finsler structure (or, conic
Finsler structure) if and only if the condition (4.1) is satisfied.
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Before going through the proof, we have the following remark.

Remark 4.3. The generalized silver Finsler metric L(x,y) = L ¢(s) with the
condition (4.1) together with the inequality 1 — /2 > s > 1+ /2 represents
a reqular Finsler structure. That is, if s does not satisfy this inequality, then

L(z,y) can be negative and hence it represents a pseudo-Finsler structure.

Proof. Assume that g be the Finsler metric associated with the generalized
Silver Finsler metric, defined by (3.1). To prove the non-degenerate property
of g. Suppose that §(X,Y) = 0 for all X € X(x(M)). By using Proposition
4.1, we obtain

0— (B2 +L?) (—?z +2BL + L?) (X7

e G 52% L+ B(X)B(Y) (4.2)
LA - 6%L34L “2BL

2B i?zL mEld) {B(X)((Y)+B(Y)(X)}.

From which, by substituting X = P, noting that £(p) = % and B(p) =
g(p,p) =: p?, one can show that

GLY)+GB(Y) =0, (4.3)
where
2 (_2%3 + 3%2[/ + L3) (L2p2 _ %2)
Cl = L5 )
; —5B4 + 8B3L + 6B2L2p? — 12BL3p? + 4BL3 + 2L4p2 + L4
2 = .
L4

Similarly, by substituting X = 7, taking into account the facts that ¢(7) = L
and B(7) = B, we obtain

GLY)+GBY) =0, (4.4)
with
=B+ 2B3L +2BL3 + LY
<3 = 3 )
2 (B - 3B2L+ BL> + L?)
C4 = L2 .

Now, the system of the algebraic equations (4.3) and (4.4) has non-trivial
solution (i.e. £(Y) # 0 or B(Y) # 0) if and only if

(B2 — 2BL — 12)° (382 + L2 (1 — 2p?))

17 =0.
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Now, keeping in mind that L # 0 over M, then if 382 + L? (1 — 2p?) # 0
then ¢(Y) = B(Y) = 0. By substituting by ¢(Y) =0 and B(Y) = 0 into (4.2),
we obtain

g(X,Y)=0.
Making use of the fact that g is non-degenerate, then we get Y = 0. This

means that g is non-degenerate. Conversely, if g is non-degenerate, then by the
same way we get £(Y) = 0 and B(Y) = 0. That is, 382+ L? (1 — 2p?) #0. O

Form now on, we consider that the generalized Silver Finsler metric L sat-
isfies the condition (4.1).

5. Geodesic Spray and Berwald Connection

To avoid the complications of the formalae and to be able to find the geodesic
spray of the generalized Silver Finsler metric, we restrict ourselves to a special
1-form. Precisely, we have the following definition.

Definition 5.1. [14] Assume (M, L) is a Finsler manifold. A m-vector field
D € X(w(M)) is called a concurrent w-vector field if it satisfies the following
conditions

VexD= —X:D;Yﬁ, VvyﬁzozDsyﬁ. (5.1)
Moreover, if B is the w-form associated with p under the duality defined by the

metric g: B = i3 g, then the m-form B has the properties

(VaxB)(Y) = —g(X,Y) = (DixB)(Y), (V,xB)(Y)=0=(DxB)(Y).

If the m-vector field p(z, y) associated with the given scalar 7-form B, means
that B is a concurrent vector field over (M, L), then L(x,y) will be called a
special generalized Silver Finsler metric.

In [14], Nabil et al. investigated an intrinsic study of concurrent m-vector
fields in Finsler geometry. Moreover, they characterized the concurrent 7-vector
fields. That is, we have the following.

Lemma 5.2. Let (M, L) be a Finsler manifold equipping a scalar w-form B
which is independent of the directional argument y, and P its the associated
m-vector field is concurrent w-vector field. Then dB(G) = —L?.

Proof. The proof follows by applying Lemma 3.4 (b) and taking Definition 5.1
into account. U

Theorem 5.3. [14] A concurrent w-vector field p and its associated w-form B
are independent of the directional argument y.

In this section, we find the relationship between the canonical (geodesic)
spray G corresponding to the special generalized silver Finsler metric L, in
terms of the geodesic spray G of L. Precisely, we have the following theorem.
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Theorem 5.4. The canonical spray G associated with the special generalized
silver Finsler metric (3.1), is given by

G- 217 (—2%B% 4+ 3B%L + L?) c 2L*
B (B2 —2BL — L2) (3B2 + L2 (1 — 2p?)) 3B2 + L2 (1 — 2p?)

VDPs

where C is the Liouville vector field defined by C := 7 and p?> = B(p) =
9(p.p)-

Proof. Due to the special generalized silver Finsler metric (5.1), taking into
account the expression of the exterior m-form Q= %dd J EQ, the fact that the
difference between two sprays is a vertical vector field (i.e. G=0G+ v, for
some 7-vector field ir) and using Proposition 2.2, one can show that

~dE(X) = igQX) =gy (§dd;L?)(X) (5.2)
= 3igdd;L*(X) + i dd;L*(X). ’

Therefore, after some computation together the fact thats g7 = G and X =
hX +vX = BpX + vK X, together with Lemmas 2.5, 3.4 and 5.2, we have

dE(X) =
= %dP(X) = LdL(X)

_ (‘32 - Q‘fL - L2> {(‘B; L2> dL(X) + (2(Y‘BLL)) dSB(X)}

—Bt 4 2B3L 4+ 283 + L4 2(B3 —3B2L +BL%2+ L3
= + L;’ + dL(X) + ( L; +1%)

dB(X).

Also, we have

SigddsTA(X) = S{dd,T*(5m, X)}
% [G-d,T2(X) - X -d,12(0) — 4,170, X1}

= {6 @lpx) - X - Iim) - 2EplC, X))}

— (G- D)Upx)+ LG U(pX)) - (X - I?) — LT[, X]).
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From which taking into account Lemmas 3.4, 5.2 and the following facts

G-L = dL(G)=2L*—-2BL
X-L = dL(X)= (_%QL;LQ) dL(X) + (Q(%L_L)) dB(X),
i - (ZEE) a0+ (2B e,
plG,X] = p|G,hX +vX] = DgpX — KX,
(DgB)(X) = —g(X,7) =-LUX),
(DgOH)(X) = (VeOH(X) =0,
dB(X) B(KX) — L{(pX),
dL(X) = dL(vKX)={((KX).

Using the above identities, then straightforward calculations imply the above
relation reduces to

% igdd;L*(X) =
= (2L* - 2%L) ((_%;_LQ) LpX) + (2(%L_L)) B(pX)>

(o () (22 )
i (%2 - Q?L— L2> <(—%2LQ— L2) JL(X) + <2<“BL—L)> d%(X))
7 <W> <<%2L2L2) UplG, X)) + (Q(%LL)> B(p[GvX])>

L
2 (283 — 3B2L - L3
- ( 3 )> U(pX) — (2 (3B — 6BL + L)) B(pX)
Bt — 283 — 2812 - L* 2 (B3 —-3B2L+BL2+ L3
+ s dL(X) — ( 72 ) dB(X).
On the other hand, using Proposition 4.1, we have
1. ~ o
5 by dd s L7(X) = g(, pX)
B2+ L?) (-B*+2BL+ L) 2(3B2—-6BL+L%) _
_ | A 7 )g(u,pX)Jr ( I )B(M)B(PX)
2 (2283 —3B2L — L3)

73 {B() L(pX) + B(pX) £(1)}

434 — 6B3L — 2BL3
+ i () L(pX).
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Plugging the last two relations into Equation (5.2), after some calculation, it
follows that

Bt~ 2%3LL_3 Bl L dL(X) — s S%ZEJ B dB(X)

_ (2 (2% — 3L%2L - L3)> U(pX) — (2(3B% — 6BL + L?)) B(pX)
LB 2%3LL_3 2L L dL(X) — 2B 3%2§2+ pL) dB(X)
(B2 +17) (—fz +2BL+ L?) o, pX) + 2 (3% _S?L +2) B(n) B(pX)
2(2%° - i?gL — %) {B(m) £(pX) + B(pX) ((7)}
A5 6%;L 2Bl £(7) £(pX).

Adopting to the non-degenerate property of the Finsler metric g, the above
relation reduces to

(B2 + L?) (—B*+2BL + L?)

It H
—2 (2983 — 3%B2L — L3 2 (283 — 3B2L — L3
= { ( e ) 2 N ) B(m)  (5.3)

4934 — 6B3L — 2BL?
AP0 B E(u)}n+{2(3%2—6%L+L2)

L5

2 (382 — 6BL + L? 2 (283 — 3B2L — L3

where (1) and B(f) are geometric quantities given by the following system

Ay L(m) + B1 B(R) Ch,
A l(p) + B2 B(r) = (o, (5.4)

with coefficients determined by

—B* 4+ 283 + 2BL% + L4

A1 = L4 5
2 (B - 3B2L+ BL* + L)

By = 3 ,
o 2 (‘33 — 3B2L +BL? + L3)

1 = )

L
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2 (—2B% + 3B2L + L%) (L?p* — B?)

A2 = 15 5
B —5B4 4+ 8B3L + 6B2L2p? + 4BL* (1 - 3p?) + L* (2p* + 1)
2 = ,
L4
2 (—2%B* + 3B3L + 3B2L%p? — 6BL3p? + BL3 + Lp?)
02 = )
L2
p? = B(D).

Making use of the condition (4.1), the system (5.4) has the following solution
—2L3 (=83 + B2L — BL* + L?)
(B2 —2BL — L?) (3B2+ L2 (1 —2p?))’
212 (2B* — 3B3L — B2L2p? + BL3 (2p* — 1) + L*p?)
(B2 —2BL — L?)(3B2+ L% (1 —2p?))

Consequently, in view of Equation (5.3) taking into account the assumption
G = G + v, it follows that the canonical sprays G and G, are related by

~ 217 (—2B° + 3B2L + L?) 2L* _
G=G- C— vD.
(B2 —2BL — L?) (3B2+ L2 (1 — 2p?)) 3B2 + L2 (1 —2p?)
This completes the proof. O

Theorem 5.5. The Barthel connection I associated with the special Silver
Finsler metric (3.1), is given by

T=T-X\J—ds\ @7 +dsrs ®P,
where A1 and Ao are scalar functions determined by
217 (—2B% 4+ 3B%L + L?)
(B2 —2BL — L2)(3B2+ L2 (1 —2p?))’

—2L4
382+ L2(1—2p%)

/\1 =

)\2 =

Consequently, the horizontal map 5 associated with the special generalized first
approzimation Matsumoto metric has the form

- 1 _ _ _
BX = BX — 3 {MAX +dy)(BX) 47 — dsro(BX) P}
Proof. The proof follows from I' = [J, G], Theorem 5.4, the formula [2]:
[FX,J] = fIX, ]+ df NixJ —dsf @ X,
taking into account the given expressions of A\; and \s, and the facts that

dip> = 0, iy =0=1i5J, [y, J]X = 0.
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Theorem 5.6. The Barthel curvature tensor R associated with the special
generalized second approzimation Matsumoto metric (3.1) is determined by

R=%R—[hL]— N,
where N, := %[]L,]L] is the Nijenhuis torsion of a vector 1-form L defined by

1
L:= —5{/\1J+dj)\1®’yﬁ—dj)\2®’}/]7}. (5.5)

Proof. The proof follows from Theorem 5.5, together with the fact that R =
— % [h, ], and taking into account the proprties of the Frolicher-Nijenhuis bracket.
|

The Berwald vertical counterpart is given by Lemma 3.3 and the Berwald
horizontal counterpart is given by the following result.

Proposition 5.7. For the special generalized silver Finsler metric (3.1), the
Berwald horizontal counterpart is given by

N o A 1 o 3/ B o 3
D°~—Y = D Byy—i{Al DixY +d;M(BX) DY
—d; M (BX)Y —ds i (BY) X — dyha(8X) D5 Y}

1 . .
+5 {dds (Y, BX) 7 — dd Ao (1Y, 5X)) B

Proof. The proof follows from the fact that v := yo K, h := Bop, yD°,x Y :=
v[hX,JY] and D° 5 pY := plvX, BY] ([13, Proposition 4.4]), taking into ac-
count Theorem 5.6, and the facts that the map v : 7= 1(TM) — VT M is an
isomorphism, the Berwlad (v)v-curvature §° = 0, [JX,JY] = J[X,JY] +
JJX, Y], vJ =J and Jv =0. O

We now introduce an example of a conic Finsler metric that admits a con-
current m-vector field. Following this, we derive the associated w-form corre-
sponding to the given structure. Comprehensive computations related to this
example are provided in the supplementary PDF and Maple files based on the
Finsler package [17], available at:
https://github.com/salahelgendi/Silver_Finsler_metrics

Example 5.8. Let M = {(z%,22,23,2%) € U C R* | 2!, 22 # 0} and L be a
conic Finsler metric given by
22)2(y4)2 + 242 y4\ 2
L=¢mw(()@22 L) )+ 7,
where (', 22,23, 2% y', 2,93, y*) € TU C R* x R*,
The metric tensor has the following non-vanishing components g;;:

- 17 o = (.’I]l)2 ($2)2 (y4)32<34(x2)2y4 + 4y2>7
(¥?)
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2(z')? (22)2(y*)? (2(2?)%y* + 3y?)

24 = — (12)3 )
2(")? (3(2?)*(y")* + 6(=?)*y’y* +2(y*)*)
g33 =1, gaa = 5 ~
(¥?)

The inverse metric tensor has the following non-vanishing components g% :
gt =1 g¥=1

2 = (! B(=*) (y")* + 6(=?)*y*y" + 2(y*)*)

(@1)2(22)2(y*)? ((22)8(y*)? + 6(22)*y2 (y*)? + 12(22)2(y?)*y* + 8(y?)%)’

924 _ (2(x2)2y4 + 3y2) (y2)3
(@1)?y* ((22)5(y*)? + 6(22)*y?(y*)? + 12(22)2(y2)%y* + 8(y?)?)
g44 _ 1 (3($2)2y4 + 4y2) (y2)2
2 (z1)? ((22)0(y*)? + 6(2?) 1y (y*)? + 12(22)2(y?)?y* + 8(y%)*)
The Cartan tensor has the following non-vanishing components Cjj:

oy — 8@ @) ()" +9?)

(y?)°

e — @2 @2 W2 (@)% +y?)

(y?)* ’

61‘12562241‘224 2

@M:—(><)é#>y+yl
o @) @) (@) + )
444 — N2

(v?)

The coeflicients G* of the geodesic spray are given by
o) (@) )7 + 4@ +40%)°) L, @y -ty

Gl = - ) 9
2(y2)2 ol 2
1,4
4_ Y'Y 3 _
G" = et G =0.

By performing direct computations, or alternatively using the Finsler pack-
age [17], one can obtain the coefficients of the Cartan connection. For instance,

1 1

2 4 1 i
F12—§, F14—§7 'y =0, Isg;=0.

It is evident that this metric supports a concurrent m-vector field of the form
P = p' 0;, where 0; are the local basis vectors of the fibers of 7~1(T'M), with
components defined by p?(z) = p*(z) = 0 and p'(z) = 2!, p*(x) = 23. In this
case, it follows that p’Cyj = 0, and for instance, we compute

pl; = 0;p" +p"T}; = 6;p" +p'T; + p°T;.
ph=0p' +p' T =1, ph=0p* +p'TT =1,
p% =0sp° +p' T3 =1, P?4 =dupt +p'TH = 1.
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While all other components of p‘ij vanish. In addition, the corresponding
form B has components B2 = B* = 0, B! = 2!, B? = 22, which implies the

associated 1-form is given by B = z'y' + z313.

Therefore, we have

L(z,y) = L¢(s)
= L(s?—2s—1)
_ B(z,y)
= W —2%B(x,y) — L(=,y)

zlyl + 2343)2
_ (z'y y’) —2(m1y1+x3y3)

2)2 2 2 2
N e

_ (x1)2 (($2)2<y4>;2+ 2y? y4> + (y1)2 + (y3)2.

Hence, the given Finsler structure L defines a conic Finsler structure over M,

under the condition of non-degeneracy given by (4.1).
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