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Abstract. In this research paper, we have considered the various type of -
change in Finsler metric F' such as square change Finsler metric, cubic change
Finsler metric, quartic change Finsler metric and obtained fundamental metric
tensor, Cartan’s tensor of these metrics. Further, we obtained the necessary
and sufficient conditions under which said metrics are projectively flat and also
given a example to support our results.
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1. Introduction

An smooth manifold M together with Finsler structure F, ie., (M, F) is
called Finsler space and corresponding geometry is called Finsler geometry.
Then, Shibata in [15] introduced the notion of S-change for general Finsler
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metric F, i.e., F* = f(F,B). A Finsler metric F' on an open subset U of "
is called projectively flat if and only if all the geodesics are straight lines in U
(see [3]).

The idea of («, 8)-metrics was given by Matsumoto [5]. An («, 8)-metric
on a connected smooth manifold M is a Finsler metric F' constructed from a
Riemannian metric a = y/a;j(z)y'y’ and one form 8 = b;(z)y" on M and is of
the form F = agf)(g), where ¢ is a smooth function on M. («, )-metrics are
generalization of Randers metrics. Many researchers such as [1], [2], [8], [9],[12],
[13],[16], [17] and [19] have been carried out various results on («, 3)-metrics.
There are so many classical examples of («, 3)-metrics such as Randers metric,
Kropina metric, Matsumoto metric, square metric, cubic metric, exponential
metric, infinite series metric.

1.1. Definition. : Let (M, F) be an n-dimensional Finsler space and 8 =
b;(z)y® be a 1-form on M, then the metric

F*=F + 8, (1.1)

is called Randers changed Finsler metric, and the change given by (1.1) is called
Randers change [6].

1.2. Definition. :Let (M, F) be an n-dimensional Finsler space and 3 = b;(z)y"
be a one form on M. Then the change F' — F* = f(F, () is called S-change of
Finsler metric F', where f(F, ) is a positively homogeneous function of F and
B of degree one. [15]

1.3. Definition. : Let (M, F') be an n-dimensional Finsler space. The function

F2
9ij = (7)9121] =FFyiyi + FiFyi = hij + il

is called fundamental metric tensor of the metric F' [7].

1.4. Definition. : Let (M, F) be an n- dimensional Finsler space, then its
Cartan’s tensor is defined as

Cijk(y) = 5 aykj: = Z(Fz)yiyjyh

which is symmetric in all the three indices i, j, k [7].

From above definitions, we propose some special Finsler metrics via S-change
of Finsler metric. Our further studies will be based on these metrics. Let (M, F)
be an n- dimensional Finsler space and 3 = b;(x)y’ be a one form on M. Then,
we propose the following

(F+B)? .
F , 7= F?

(F+B)° o _ (F+B)

Fr = T
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which are called square change, cubic change and quartic change of the Finsler
metric F.

Here, we shall try to obtain the fundamental metric tensor, Cartan’s tensor
and further necessary and sufficient condition for projectively flatness of the
said metrics.

2. Fundamental metric tensor and Cartan’s tensor for square g-change
Finsler metric

The square S-change of Finsler metric F is

«_ (F+p)?
= 2.1
-~ (21)
Differentiating (2.1) with respect to y, we have
. AP+ B)(Fy+b) | (F+ PR,
Again differentiating (2.2) with respect to y7, we have
32 28 2p?
Eri= (1~ E)Fyyj — (b Fyi +0;F,;) + Fb b; + 7 —a FyiFy (2.3)
Now,
g:] :F*F*yj +F*F*
(F+B8)° B 28 28
= {2 H 0= )P — 5 By +0,F) + Fblb] + 5 FyFy
2(F+6)(Fyi+bi) (FJrﬂ) yt (F+B)( yJ +b )
e e At
(F + B)*F,
I &
(2.4)
After simplifying, we get
N F* 4+ 28F% — g* —2B3F 44 —28F3 + 683 F
o (T, (M,
2F3 — 63°F — 433 612 + 83F + 632 '
+( - )(b.Fjer-Fi) ( = )b-bj,

Hence, we have the following

Theorem 2.1. Let (M,F*) be an n-dimensional Finsler space with F* =
(F + B)?/F as a square change of F. Then its fundamental metric tensor is
given by (2.5).

Next, we find Cartan’s tensor for square S-change of Finsler metric F. By
definition, we have
9gi
Ayk”

2C7.jk(y) (26)
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From equation (2.5), we get

F* 4 28F% — g* —233F YilY;
k= ( 7 )(2Cijk) + (hig + 57)
A4F3 4 6F23 — 283 —AF* — 8BF3 + 4532 + 883 F
2F* —4p% — 68%F —68F3 4+ 66°F — 166* + 83F3 — 243°F
(—= Jbe| + [( o Jurt
1663 — 2F4 + 1862F2 yiyj 4F3 — QBF:S =+ GﬂBF yzhjk + yjhik
( = Jbu| 25+ ( i )+
[(GF3 — 6B%F — 6F3 + 18B%F + 1253) B (1252F +12/32 b Kbiyj + bjyi)
F5 Yk F3 k F
2F3 — 68%F — 433 bihj + bjhiy 12F% 4 186F — 12F3 — 168F?% — 128%F
(— (R 4 ( = )
8F? + 128F
(2.7)
After simplification, we get
. 2(F*+2BF3 - p*—2B3F 6F23 + 233
ik = ( Jal )(Cijk) + hij[(T)ylﬂL
2F3 — 4% — 63%F 63* — 2BF3 +6B3F
2F3 — 65%F — 433 4B% — 2BF3 + 683 F
2F3 — 6B%2F — 433 Yiyjyk  1ABF3 + 163 + 28F? + 2433 F
1283 + 188%F — 63°F 8F +2
( fm‘ )(biyyr + bjyryi + bryiy;) + (Tﬁ)bibjbk—k
188 — 16F 3 — 1232
( o Fgﬁ o )(bibjyk + bibry: + bibry;).
(2.8)

Hence, we have the following

Theorem 2.2. Let (M, F*) be an n-dimensional Finsler space with F* =
(F + B)2?/F as a square change of F, then its Cartan’s tensor is given by (2.8).

3. Fundamental metric tensor and Cartan’s tensor for cubic g-change
Finsler metric

The cubic S-change of Finsler metric F is

. (F£B)°
PO
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Differentiating (3.1) with respect to y*, we have

(F + B)*(F — 2B)F,: N 3(F + B)2b;

FZ; e F3 F2 5 (32)
Again differentiating (3.2) with respect to y7, we have
F3 —3Fp?% — 333 668(8+ F)
.;'yj = ( F3 )Eyiys = (T(biij +0;Fys) (3.3)
6(F + B) 68(BF +5°) '
+ 72 blbj + Jal FyszJ
Now, we have
(F+pB)3, F3—-3FpB?—33° 68(8+F)
g:j = { F2 }{( 3 )F‘ylyi - 7F3 (biEJj + bijj)
6(F" +B) 68(BF + %) (F + B)*(F — 2B)Fys
+ Tbibj + TFyszj} + { S Y
3(F + B)%b;, (F+B)*(F—2B8)F,; 3(F+B)%b,
+ ( F2) }{ F3 Y 4 ( F2) J}'
(3.4)
After simplifying, we get
L FS—385 —1183F3 — 128°F — 11B4F? + 38F5
955 =( 76 )Gij+
48FB5 — 3BF5 + 5543 F3 + 1385 — 1034 F?
(JBFD AR 4 S 4130 MO
. 3.5
3F5 —123° — 33B4F — 3082 F3 — 643%F3 (3:5)
( Yo )(b»Lij + biji)
15F* + 158* + 905%2F2 + 606F3 + 308°F
+( i )bibj,

Hence, we have

Theorem 3.1. Let (M,F*) be an n-dimensional Finsler space with F* =
(F+ B)3/F? as a cubic change of F, then its fundamental metric tensor is

given by (3.5).
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From equation (3.5), we get

F6 336 —11683F3 —12B85F — 11384F? 4 3BF°
i = ( Ja )(2C5jk) + (hij +
1835 — 5F% + 33F33% + 608°F — 3F°B + 4434 F? 3F6 —183°F

336%2F* + 6084 F? + 44F 33 —240F 3% + 3F53 — 16583 F3
7836 — 40F2 34 2408%F — 3F% + 16582 F* + 788°F — 4083 F3
(T)yk +( Jag
A8F 35 — 3BF5 + 5533 F3 + 13685 — 108*F?  yihir + yihik 6032
( F5 )( : F2 ! )+[( F4 )yk+
1328*F + 603° + 12833 F3 608* + 13233 F2 + 608F* + 19232 F3
biyj + bjyl- 3F5 — 1255 — 3354 — 30ﬂ2F3 — 6453F2 bihjk + bjhik:

3083F — 180F232 — 6F33 — 6034 6083 F — 1808F3 + 60F4 + 9032 F2
( = Yo+ - Jorlbib;.

(3.6)

YilY; )
F2

YiYj
)bk] FQJ +

After simplification, we get
2(F% — 365 — 1183 F3 — 1285F — 1134 F? + 33F?)
ik = 76 )(Ciji) + hij
1836 — 5F% + 33F383 + 608°F — 3F5 + 4434 F? 3F6 — 188°F

338%2F* + 603 F? + 44F3° 3F5 —123° — 33B4F — 3082 F3 — 6433 F?
Vi Jox] + B [( 76

)
48F 35 — 3BF5 + 5533 F3 + 1385 — 10384 F? 3F5 —123° — 33B4F
yi + ( fa )bi] + hik( 76 )bj—
3082 F3 — 6433 F? 48F 35 — 3BF® + 5533 F3 + 1385 — 1054 F? YiYiYk
( 6 )bj + ( 6 )y]] - 2
1835 — 5F% + 33F333 + 608°F — 3F°B.  vyiy;yr 4481 F — 2408° — 16583 F?
7836 — 40F2p4 608%2F3 4+ 13264 F + 603° + 12833 F3
( )+ ( ) (biyiyn + bjyeyi + bryiyi)+
F8 F8
608°F — 1808F3 + 60F* + 9032 F* 6031 + 13283 F% + 608F* + 19232 F3
(bibjyr + bjbry; + bibry;).

hijl

)bibjby, — (

(3.7)
Hence, we have

Theorem 3.2. Let (M, F*) be an n-dimensional Finsler space with F* =
(F + B)%/F? as a cubic change of F, then its Cartan’s tensor is given by (3.7).



72 P. K. Dwivedi, Sachin Kumar, Ashsish Kumar Pandey and C. K. Mishra

4. Fundamental metric tensor and Cartan’s tensor for quartic -
change Finsler metric

The quartic S-change of Finsler metric F is

(F +B)*
F* - T, (41)
Differentiating (4.1) with respect to y*, we have
(F+B)*(F—2B)F,  3(F+5)%;
Fy = 73 et (4.2)
Again differentiating (4.2) with respect to 37, we have
. F3 —3FpB% —3p3 68(8 + 1)
yiyd = ( 3 )Fyzy] — 7}73 (bleg -+ bJFU’)+ (4 3)
6(F+5),, , 6BBF+8%) - ‘
2 ij + 4 y iyl
Now,
(F+B)3,  F3—3Fp%—383 68(8+F)
g:’(j = { 2 }{( 3 )Fyiyj - T(biFyf"i'
6(F + ) 68(BF + 5°) (F + B)*(F = 2B)F:
3(F + B)b;, (F+B)*(F—2B)F,; 3(F+pB)%;
F2 }{ F3 + F2 }'
(4.4)
After simplifying, we get
. F6 336 —1183F3 —12B85F — 1134F? 4 3BF° 48F 3% — 3BF°
g = = i + (R
5533 F3 41335 — 1054 F? 3F> —123° — 33B4F — 308%2F3 — 6433 F3
+ 76 )Fyiij + ( 5 )
15F* +158% 4+ 9082 F2 + 608 F2 + 308°F
(biFys +bjFyi) + ( o 5F4 B P )bib;.
(4.5)

Hence, we have

Theorem 4.1. Let (M,F*) be an n-dimensional Finsler space with F* =
(F + B)*/F? as a quartic change of F, then its fundamental metric tensor is

given by (4.5).
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Next, we find Cartan’s tensor for quartic S-change of Finsler metric F. From
equation (4.5), we get

. 2(F7 — 2833 F* — 67B4F3 — 383% — 8387 — 728°F? — 43F°)

ik = Yol (Cijr)
84F4B33 + 26834 F3 + 22830 F + 3608° F2 + 5657 + 43F6
+ hi;( 7 )Yk

N (8452F5 1+ 26833 F* + 22885 F2 + 563°F + 3608 F6 + 36054 F3 + AF7 o]
I k

AFT —12B7 — 27233 F* — 8432 F5 — 2763° F? — 3843 F3 — 96°F
N (46F7 — 4832 F% — 10483 F> — 584F* 4 33635 F3 4 2063°F2 + 8037 F + 12,88> |
Yi
FS
4F7T — 1287 — 27233 F* — 8432 F5 — 2763° F? — 3843 F3 — 9653 F
+ hi[( fai )b;
4BF7 — 482 F5 — 10433 F5 — 584 F* 4 336° F2 + 20685 F2 + 8037 F + 1238 o
Fs J
Yiyiyk 39633 F5 4 28834 F4 — 10083° F2 — 13208° F3 — 504387 F — 963% + 96 F'6 32
T2 ( 10 )
81643 F* + 8487 4+ 168 F° 3% + 1380F23° + 153634 F3 4 5763 F
+ ( 7% )by vk + bjyryi

16885 F + 168033 F + 8408F° + 168F6 + 168032 F* + 840F2 3
+ bkyiy;) + ( 7

(84B6F + 81682 F5 — 1688 4 138054 F2 + 15363 F* + 576/3° F2 \(bibsy
- Fg iViYk

+ bibry; + bibry;).

+

)bibjby

(4.6)

Hence, we have the following

Theorem 4.2. Let (M, F*) be an n-dimensional Finsler space with F* =

4
(F;Cf) as a quartic change of F, then its Cartan’s tensor is given by (4.6).

5. Projective flatness of square, cubic and quartic Finsler metrics

In [4], Hamel found the necessary and sufficient conditions in order that a
space satisfying a system of axioms, be projectively flat. After Hamel, many re-
searchers such as [2], [10] ,[11], [14] and [18] have worked on this topic. Here we
find necessary and sufficient conditions for S-change of («, §)-metrics, namely
square change, cubic change and quartic change Finsler metrics to be projec-
tively flat. For this we have used some definitions and results related to be
projectively flatness.

5.1. Definition. : Two Finsler metric F' and F* on a manifold M are called
projectively equivalent if they have same geodesics as point sets [7].



74 P. K. Dwivedi, Sachin Kumar, Ashsish Kumar Pandey and C. K. Mishra

Theorem 5.1. Let F' and F* be two Finsler metrics on a manifold M. Then
F' is projectively equivalent to F* if and only if

Fwiyjyi - FIj =0.
Here, the spray’s coefficients of both the metrics are related by G* = G** 4+ Py,

k
F ry
2F

where P = is called projective factor of F [3], [4].

5.2. Definition. : For a Finsler metric F' on an open subset U of R", the
geodesic of F are straight lines if and only if the spray’s coefficients satisfy

G' =Py,
where P is same as defined in theorem (5.1) [7].

5.3. Definition. : A Finsler metric F' on an open subset U of R" is called
projectively flat iff all the geodesics are straight lines in ¢/, and a Finsler metric
F on a manifold M is called locally projectively flat, if at any point, there is a
local co-ordinate system (z°) in which F is projectively flat [3]. Therefore, by
theorem 5.1 and definition 5.3, we have

Theorem 5.2. A Finsler metric ' on an open subset U of R™ is projectively
flat iff it satisfies the following system of differential equations [7]

FTiy;yZ - FTJ =0. (51)

Now, we find necessary and sufficient conditions for F*, square change of
square root of Finsler metric F, i.e.,

(F+B)?
="
F
to be projectively flat. Let us put F? = A in F*. Then
. B2
F*= A2 + — + 2. (5.2)
Az
Differentiating (5.2) w.r.t 2%, we get
. 1 = -1 1 o5 =3
o= §A T A +2BA7 B — 55 A7 AL + 26, (5.3)

Again differentiating (5.3) w.r.t 3/, we get
N 1 -1 1 -s -1 -1
= 5./4 2 szy7 — Z.A 2 A:ElAJ +26A72 /3I1y7 + 2ﬂj.,4 2 [Bi—

ziyd

-3 1 —3 —1 3 —5
BAZ A;Byi — 552-'47-/41@1 - BBAZ Ay + ZﬁzATAjAwi + 2Bpiyi-



Projectively Flat Finsler spaces with Some special Transformed Metrics 75
Contracting (5.4) with y?, we get
Fry' = EA? [2A2Ag; — AA; Ao + 8BA2Bo; + 88,428y — 4BAA; By
—28% AAy; — 48B; AAg + 3B%A; Ay + 8A% By,
From equation (5.3), we get
Fly = (AT DA Ay + 8048, — 267 Ad, +8ARG,0)

Substituting the values of F;,;y_,. y' and F?; in equation (5.1) and simplifying,
we get
382 A; A0 + 2AB% (A — Aoj) — 28(A;jBo + BjAo) — Aj Ao + 24% Ay
— Ay + 48,80+ 4B(Bo; — Bas) + 8A3{Boj — B} = 0.

From the above equation, we conclude that F* is projectively flat if and only
if following equations are satisfied

A;Ag = 0. (5.6)

Boj = Bui- (5.7)

B (Ays — Aoj) = 28(A; B0 + B Ao) = 0. (5.8)
Ao — Agi + 48,80 = 0. (5.9)

Hence, we have the following

Theorem 5.3. Let (M,F*) be an n-dimensional Finsler space with F* =

% as a square change of square root Finsler metric F = /A, then F is
projectively flat if and only if the equations (5.6), (5.7), (5.8) and (5.9) are
satisfied.

Further, we shall find necessary and sufficient conditions for F*, cubic change
of square root of Finsler metric F, i.e.,

. F+p)°
="
to be projectively flat. Let us put F2 = A in F*. Then
1 /83 2 —1
F*= A2 4+ a1 +38° A= 4+ 35. (5.10)

Differentiating (5.10) w.r.t %, we get

Fi= %A%l Agi + 332 A7 B — BPAT2 A +6BAT By — 252,4%3 At + 3B,
(5.11)
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Again differentiating (5.11) w.r.t 3/, we get
1 - 1 -
S = AT Agiy = 7AT At Ay + 688,47 By — 387 AT, A,
BB A By — 3628, A2 A + 268 A A A — BPAR A,
+ 6[‘3]./4%1 By — 3@./4%%/%59“ + 6,6A%1b6taxiyj
- 9 -5 3 -
— 3653-/473-/4951 + Z/BQ.ATAIL.AJ — iﬁQ.ATs.Any + 3ﬁ$iyj.

Contracting the above equation with 3%, we get

Fryi = iA%S 4P Aoy — A, Ag + 2488, o AY — 128245 By A,

x

+128260;A% — 12828, Ag A% + 83 A Ag A=
—4ﬁ3./40j./4% + 24ﬂjﬂ0./42 - 126%1]‘50./4 + 24,80j./42

—128; A0 A + 982 Ao A; — 682 AAy, + 1243 5()]-] .
From equation (5.11), we get
Fly = JAT 200 Ay 41907 A2 s — 45° Ay A + 2084%5,,
—682AA, + 12A% 5301} .

(5.12)

Substituting the values of F;yJ y" and F%; in equation (5.1) and simplifying,

we get

962./4]‘./40 - 6./452(./43;7' + .Aoj) - Gﬁ(Ajﬁo + Bj-AO) — Aj.Ao + 4A2Aoj — A,

+128;80 + 128(Boj — Bus) + 1243 (Boj — Bui) + 2A2 8(128;50)
+682(Bo; — Bas) — 2A268%(BoA;j + B;.A0) + 28%(Agj + Ayi) = 0.

(5.13)

From the above equation, we conclude that F* is projectively flat if and only

if following equations are satisfied:

A Ay = 0.
50]‘ = Bw-j .
BB;iBo = 0.

367 (Ays + Aoj) — 68(A; B0 + BjAo) = 0.
2~AOj - Azj + IQB(ﬁOJ + ﬂzJ) = 0.
Gﬁz(ﬁoAJ‘ + BjAO) + Qﬂg(.Aoj + .Azj) =0.

Hence, we have the following
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Theorem 5.4. Let (M,F*) be an n-dimensional Finsler space with F* =

(F';izﬁ)g as a cubic change of square root Finsler metric F = /A, then F is
projectively flat if and only if the equations (5.14), (5.15), (5.16), (5.17), (5.18)
and (5.19) are satisfied.

Next, we find necessary and sufficient conditions forF*, quartic change of
square root of Finsler metric F, i.e.,

(F + B)*
F3

to be projectively flat. Let us put F? = A in F*. Then

F* =

F*=A> 4+ B*A™ £ 68247 + 483471 + 48, (5.20)
Differentiating (5.20) w.r.t %, we get

Bl = S AT Ay 4 4B AT B — SPAT A 4 12847 B 3PAT A,

+ 1282 A6, + 4B, — 4B A2 AL
(5.21)

Again differentiating (5.21) w.r.t 7, we get

1 1 -3 -3 -3
i = 5/47./4@11}7 — EATAMA] + 12ﬁ2¢47ﬂjﬂ$7‘, + 4ﬁ3¢47ﬂ$1‘,yj

ziyd
3 432 15 -7 4 3 =5 4
— 65 AT By + AT B A = SAT B Ay
68°B;A7 Ay + 128;A7 By — 68A7 A;jByi +12BA7 By — 688, Ap AT
+ gﬁu%sAjAmi — 382AT Agiys + 1282 A7 By + 24BA7 B Agi — 1282 A% A; By

— 12ﬁ2ﬁj¢4_2¢4xi + 853./4_3.,4961'.,4]* — 4ﬁ3¢4_2¢4xiy7‘ + 4By,
(5.22)

Contracting the above equation with 3°, we get

R
F;iyjyz = ZAT 2A3.A0j — A2./4j./40 + 4852A2ﬂj50 + 16ﬂ3u4250j

—24,83./4./4]'50 + 15ﬁ4./4j./40 — 6A,84Aoj — 2463Ajﬁo
+480;80.A% — 24BA,; B A* + 488.A%By; — 2438,;A% Ag
+1882AAGA; — 128242 Ag; + 4862.A3 By, + 9655;A% 5y

—488% A% A; By — 48525, A% Ay + 3283 A% A; Ay — 1683A% Ag; + 1680; |-
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From equation (5.21), we get
1
EY = ZAT? [2A3 A, + 1633 A8, — 6AB* Ays + 48BA3 B, — 128° A% A,
14832 A% B, — 1683 A% A, + 168, A3].

Substituting the values of F; ; y" and F in equation (5.1) and simplifying,
we get

15814540 — 2A{38% (Ao; — Aus) +126° (A0 + B;Ao)
+2(Aj Ao — 6A0;) } + 242682 (4508; — Aos + Aus) — A Ao
+85% (B0 — Bor) — 128(A;80 — B;A0) | + 24° {248,
+24B(Boj — Bui) — Aws + Aoj} +2A% {24ﬁ2(50j

~Bue) + 488(8;B0) | + 243 {2467 (4,80 + B, Ag

+86°(Ao; — Ap) | + 1645 {Bo; — Bus} + 243 {168° A4 Ag} = 0.

From the above equation, we conclude that F™* is projectively flat if and only
if following equations are satisfied:

A;Ag =0, (5.23)

Ay — Ag; =0, (5.24)

Boj = Bei =0, (5.25)

BiBo =0, (5.26)

128(A;80 — B;Ag) = 0, (5.27)
1233(A; 80 + BjAo) — 682 Ag; = 0. (5.28)

Hence, we have the following

Theorem 5.5. Let (M,F*) be an n-dimensional Finsler space with F* =
(F + B)*/F? as a quartic change of square root Finsler metric F = /A, then
F' is projectively flat if and only if the equations (5.23), (5.24), (5.25), (5.26),
(5.27) and (5.28) are satisfied.

6. Examples for support to the said metrics

In this section, we have given examples for support to given results. From
[7] we have the following example:
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6.1. Example. Let M be a plane embedded in the Euclidean space R2, i.e.,
M — R3 by

€T = (331,562) - (331,56272 = f(xl,xZ)), (61)
where f: R2 — R is a smooth function given by
f(z',2?) = Pz' + Q2* + R.

Here, P,@Q and R are real constants. M is the graph of z = f(z!,2?) with
Riemann metric [20] a = /A = \/a;j(x)y'y’ induced from R? defined as follows

1+ f2 forfee
(aij) - |:1 I ?EZZ §I1§$2:|

Choose a 1-form 3 = foiy' + fi2y? on M.

where
a=/([1+ Py +2PQy'y* + (1 + Q) (y?)?,
B =Py +Qy’

From above, the entities required to check projective flatness of F'* is given by
A=a® = F* = (14 P*)(y')’ +2PQy'y’ + (1+ Q*)(v)*,
B=Py +Qy Ay = 0,4 = Ay’ =0,
Agj = Agiyiy' =0,

) ) (6.2)
Bacj = 0750 = Bziyl = OaBOj = Axiyjyz =0,
Aj = Ayi, B = Byi, b1 = Byr = P,
62 = ﬁyz = Qa
and
A=Ay =201+ Q*)y' +2PQy?, 63)

As = A =2(14 Q*)y* +2PQy".

Now, take surface M, Riemannian metric o and 1-form 3 as given in example
(6.1). We obtain square change of square root of Finsler metric F' = /A, as
follows:
oo FA0)? (A4 B2 +2A) o+ 5% +2af
F VA e
This is square («, 3)-metric obtained from Finsler metric F', the conditions
(5.6), (5.7), (5.8) and (5.9) are clearly satisfied by the equation (6.2) and (6.3).

Therefore, the surface M with square change of Finsler square root metric is

projectively flat.
Further, we consider surface M, Riemannian metric o and 1-form 3 as given
in example (6.1). We obtain cubic change of square root of Finsler metric
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F = /A, as follows:

. (F +5)°
F 22

(A% 4 B° +3A43 8% + 3AB)
B A

((0%)% + 3° +3(0%)2 5 + 30°5)
- y .

After solving, we get
o @ +25)3.
(6%

This is cubic («, 8)-metric obtained from Finsler metric F' and it is seen that
conditions (5.14), (5.15), (5.16), (5.17), (5.18) and (5.19) are clearly satisfied
by the equation (6.2) and (6.3). Therefore, the surface M with cubic change
of Finsler square root metric is projectively flat.

Next, we take surface M, Riemannian metric o and 1-form § as given in
example (6.1). We obtain quartic change of square root of Finsler metric F' =
VA, as follows:

(F+B)*  (F*+B*4+6F23% 4 4FB3 4 4F33)

(A% + B+ 6AB? + 443 5% + 4A2B)
A2 '
After solving, we get
. _ (ot p)

This is quartic («, 8)-metric obtained from Finsler metric F' and it is easily
seen that conditions (5.23), (5.24), (5.25), (5.26), (5.27) and (5.28) are clearly
satisfied by the equation (6.2) and (6.3). Therefore, the surface M with quartic
change of Finsler square root metric is projectively flat.
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