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Abstract. In this research paper, we have considered the various type of β-

change in Finsler metric F such as square change Finsler metric, cubic change

Finsler metric, quartic change Finsler metric and obtained fundamental metric

tensor, Cartan’s tensor of these metrics. Further, we obtained the necessary

and sufficient conditions under which said metrics are projectively flat and also

given a example to support our results.
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1. Introduction

An smooth manifold M together with Finsler structure F , i,e., (M,F ) is

called Finsler space and corresponding geometry is called Finsler geometry.

Then, Shibata in [15] introduced the notion of β-change for general Finsler
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metric F , i.e., F ? = f(F, β). A Finsler metric F on an open subset U of <n
is called projectively flat if and only if all the geodesics are straight lines in U
(see [3]).

The idea of (α, β)-metrics was given by Matsumoto [5]. An (α, β)-metric

on a connected smooth manifold M is a Finsler metric F constructed from a

Riemannian metric α =
√
aij(x)yiyj and one form β = bi(x)yi on M and is of

the form F = αφ(βα ), where φ is a smooth function on M . (α, β)-metrics are

generalization of Randers metrics. Many researchers such as [1], [2], [8], [9],[12],

[13],[16], [17] and [19] have been carried out various results on (α, β)-metrics.

There are so many classical examples of (α, β)-metrics such as Randers metric,

Kropina metric, Matsumoto metric, square metric, cubic metric, exponential

metric, infinite series metric.

1.1. Definition. : Let (M,F ) be an n-dimensional Finsler space and β =

bi(x)yi be a 1-form on M , then the metric

F ? = F + β, (1.1)

is called Randers changed Finsler metric, and the change given by (1.1) is called

Randers change [6].

1.2. Definition. :Let (M,F ) be an n-dimensional Finsler space and β = bi(x)yi

be a one form on M . Then the change F → F ? = f(F, β) is called β-change of

Finsler metric F , where f(F, β) is a positively homogeneous function of F and

β of degree one. [15]

1.3. Definition. : Let (M,F ) be an n-dimensional Finsler space. The function

gij = (
F 2

2
)yiyj = FFyiyj + FyiFyj = hij + lilj

is called fundamental metric tensor of the metric F [7].

1.4. Definition. : Let (M,F ) be an n- dimensional Finsler space, then its

Cartan’s tensor is defined as

Cijk(y) =
1

2

∂gij
∂yk

=
1

4
(F 2)yiyjyk ,

which is symmetric in all the three indices i, j, k [7].

From above definitions, we propose some special Finsler metrics via β-change

of Finsler metric. Our further studies will be based on these metrics. Let (M,F )

be an n- dimensional Finsler space and β = bi(x)yi be a one form on M . Then,

we propose the following

F ? =
(F + β)2

F
, F ? =

(F + β)3

F 2
, F ? =

(F + β)4

F 3
,
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which are called square change, cubic change and quartic change of the Finsler

metric F .

Here, we shall try to obtain the fundamental metric tensor, Cartan’s tensor

and further necessary and sufficient condition for projectively flatness of the

said metrics.

2. Fundamental metric tensor and Cartan’s tensor for square β-change

Finsler metric

The square β-change of Finsler metric F is

F ? =
(F + β)2

F
. (2.1)

Differentiating (2.1) with respect to yi, we have

F ?yi =
2(F + β)(Fyi + bi)

F
+

(F + β)2Fyi

F 2
. (2.2)

Again differentiating (2.2) with respect to yj , we have

F ?yiyj = (1− β2

F 2
)Fyiyj −

2β

F 2
(biFyj + bjFyj ) +

2

F
bibj +

2β2

F 3
FyiFyj , (2.3)

Now,

g?ij = F ?F ?yiyj + F ?yiF
?
yj

=
{ (F + β)2

F

}{
(1− β2

F 2
)Fyiyj −

2β

F 2
(biFyj + bjFyj ) +

2

F
bibj +

2β2

F 3
FyiFyj

}
+
{2(F + β)(Fyi + bi)

F
+

(F + β)2Fyi

F 2

}{2(F + β)(Fyj + bj)

F

+
(F + β)2Fyj

F 2

}
.

(2.4)

After simplifying, we get

g?ij =
(F 4 + 2βF 3 − β4 − 2β3F

F 4

)
gij +

(4β4 − 2βF 3 + 6β3F

F 4
)FyiFyj

+
(2F 3 − 6β2F − 4β3

F 3

)(
biFyj + bjFyi

)
+
(6F 2 + 8βF + 6β2

F 2

)
bibj ,

(2.5)

Hence, we have the following

Theorem 2.1. Let (M,F ?) be an n-dimensional Finsler space with F ? =

(F + β)2/F as a square change of F . Then its fundamental metric tensor is

given by (2.5).

Next, we find Cartan’s tensor for square β-change of Finsler metric F . By

definition, we have

2Cijk(y) =
∂gij
∂yk

. (2.6)
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From equation (2.5), we get

2C?ijk =
(F 4 + 2βF 3 − β4 − 2β3F )

F 4
(2Cijk) + (hij +

yiyj
F 2

)[
(
4F 3 + 6F 2β − 2β3 − 4F 4 − 8βF 3 + 4β3 + 8β3F

F 6
)yk+

(
2F 4 − 4β3 − 6β2F

F 5
)bk

]
+
[
(
−6βF 3 + 6β3F − 16β4 + 8βF 3 − 24β3F

F 6
)yk+

(
16β3 − 2F 4 + 18β2F 2

F 5
)bk

]yiyj
F 2

+ (
4F 3 − 2βF 3 + 6β3F

F 4
)(
yihjk + yjhik

F 2
)+[

(
6F 3 − 6β2F − 6F 3 + 18β2F + 12β3

F 5
)yk − (

12β2F + 12β2

F 3
)bk](

biyj + bjyi
F

)+

(
2F 3 − 6β2F − 4β3

F 3
)(
bihjk + bjhik

F
)
]

+
[
(
12F 2 + 18βF − 12F 3 − 16βF 2 − 12β2F

F 4
)

yk + (
8F 2 + 12βF

F 3
)bk

]
bibj .

(2.7)

After simplification, we get

2C?ijk =
2(F 4 + 2βF 3 − β4 − 2β3F )

F 4
(Cijk) + hij [(

6F 2β + 2β3

F 6
)yk+

(
2F 3 − 4β3 − 6β2F

F 5
)bk] + hjk[(

6β4 − 2βF 3 + 6β3F

F 6
)yi+

(
2F 3 − 6β2F − 4β3

F 4
)bi] + hik[(

4β4 − 2βF 3 + 6β3F

F 6
)yj+

(
2F 3 − 6β2F − 4β3

F 4
)bj ]−

yiyjyk
F 5

(
14βF 3 + 16β4 + 2βF 2 + 24β3F

F 3
)+

(
12β3 + 18β2F − 6β2F

F 6
)(biyjyk + bjykyi + bkyiyj) + (

8F + 2β

F 2
)bibjbk+

(
18β − 16Fβ − 12β2

F 3
)(bibjyk + bjbkyi + bibkyj).

(2.8)

Hence, we have the following

Theorem 2.2. Let (M,F ?) be an n-dimensional Finsler space with F ? =

(F + β)2/F as a square change of F , then its Cartan’s tensor is given by (2.8).

3. Fundamental metric tensor and Cartan’s tensor for cubic β-change

Finsler metric

The cubic β-change of Finsler metric F is

F ? =
(F + β)3

F 2
. (3.1)
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Differentiating (3.1) with respect to yi, we have

F ?yi =
(F + β)2(F − 2β)Fyi

F 3
+

3(F + β)2bi
F 2

, (3.2)

Again differentiating (3.2) with respect to yj , we have

F ?yiyj = (
F 3 − 3Fβ2 − 3β3

F 3
)Fyiyj −

6β(β + F )

F 3
(biFyj + bjFyj )

+
6(F + β)

F 2
bibj +

6β(βF + β2)

F 4
FyiFyj .

(3.3)

Now, we have

g?ij = { (F + β)3

F 2
}{(F

3 − 3Fβ2 − 3β3

F 3
)Fyiyj −

6β(β + F )

F 3
(biFyj + bjFyj )

+
6(F + β)

F 2
bibj +

6β(βF + β2)

F 4
FyiFyj}+ {

(F + β)2(F − 2β)Fyi

F 3

+
3(F + β)2bi

F 2
}{

(F + β)2(F − 2β)Fyj

F 3
+

3(F + β)2bj
F 2

}.
(3.4)

After simplifying, we get

g?ij =(
F 6 − 3β6 − 11β3F 3 − 12β5F − 11β4F 2 + 3βF 5

F 6
)gij+

(
48Fβ5 − 3βF 5 + 55β3F 3 + 13β6 − 10β4F 2

F 6
)FyiFyj+

(
3F 5 − 12β5 − 33β4F − 30β2F 3 − 64β3F 3

F 5
)(biFyj + bjFyi)

+ (
15F 4 + 15β4 + 90β2F 2 + 60βF 3 + 30β3F

F 4
)bibj ,

(3.5)

Hence, we have

Theorem 3.1. Let (M,F ?) be an n-dimensional Finsler space with F ? =

(F + β)3/F 2 as a cubic change of F , then its fundamental metric tensor is

given by (3.5).



Projectively Flat Finsler spaces with Some special Transformed Metrics 71

From equation (3.5), we get

2C?ijk = (
F 6 − 3β6 − 11β3F 3 − 12β5F − 11β4F 2 + 3βF 5

F 6
)(2Cijk) + (hij +

yiyj
F 2

)

[(
18β6 − 5F 6 + 33F 3β3 + 60β5F − 3F 5β + 44β4F 2

F 8
)yk + (

3F 6 − 18β5F

F 7
)bk

− (
33β2F 4 + 60β4F 2 + 44Fβ3

F 7
)bk] + [(

−240Fβ5 + 3F 5β − 165β3F 3

F 8
)yk−

(
78β6 − 40F 2β4

F 8
)yk + (

240β4F − 3F 6 + 165β2F 4 + 78β5F − 40β3F 3

F 7
)bk]

yiyj
F 2

+

(
48Fβ5 − 3βF 5 + 55β3F 3 + 13β6 − 10β4F 2

F 5
)(
yihjk + yjhik

F 2
) + [(

60β2

F 4
)yk+

(
132β4F + 60β5 + 128β3F 3

F 7
)yk − (

60β4 + 132β3F 2 + 60βF 4 + 192β2F 3

F 6
)bk]

(
biyj + bjyi

F
) + (

3F 5 − 12β5 − 33β4 − 30β2F 3 − 64β3F 2

F 5
)(
bihjk + bjhik

F
)+

[(
30β3F − 180F 2β2 − 6F 3β − 60β4

F 6
)yk + (

60β3F − 180βF 3 + 60F 4 + 90β2F 2

F 5
)bk]bibj .

(3.6)

After simplification, we get

2C?ijk = (
2(F 6 − 3β6 − 11β3F 3 − 12β5F − 11β4F 2 + 3βF 5)

F 6
)(Cijk) + hij

[(
18β6 − 5F 6 + 33F 3β3 + 60β5F − 3F 5β + 44β4F 2

F 8
)yk + (

3F 6 − 18β5F

F 7
)bk]−

hij [
33β2F 4 + 60β4F 2 + 44Fβ3

F 7
)bk] + hjk[(

3F 5 − 12β5 − 33β4F − 30β2F 3 − 64β3F 2

F 6
)

yi + (
48Fβ5 − 3βF 5 + 55β3F 3 + 13β6 − 10β4F 2

F 7
)bi] + hik[(

3F 5 − 12β5 − 33β4F

F 6
)bj−

(
30β2F 3 − 64β3F 2

F 6
)bj + (

48Fβ5 − 3βF 5 + 55β3F 3 + 13β6 − 10β4F 2

F 6
)yj ]−

yiyjyk
F 2

(
18β6 − 5F 6 + 33F 3β3 + 60β5F − 3F 5β

F 8
) +

yiyjyk
F 2

(
44β4F − 240β5 − 165β3F 2

F 7
)−

(
78β6 − 40F 2β4

F 8
) + (

60β2F 3 + 132β4F + 60β5 + 128β3F 3

F 8
)(biyjyk + bjykyi + bkyiyj)+

(
60β3F − 180βF 3 + 60F 4 + 90β2F 2

F 5
)bibjbk − (

60β4 + 132β3F 2 + 60βF 4 + 192β2F 3

F 6
)

(bibjyk + bjbkyi + bibkyj).

(3.7)

Hence, we have

Theorem 3.2. Let (M,F ?) be an n-dimensional Finsler space with F ? =

(F + β)3/F 2 as a cubic change of F , then its Cartan’s tensor is given by (3.7).



72 P. K. Dwivedi, Sachin Kumar, Ashsish Kumar Pandey and C. K. Mishra

4. Fundamental metric tensor and Cartan’s tensor for quartic β-

change Finsler metric

The quartic β-change of Finsler metric F is

F ? =
(F + β)4

F 3
, (4.1)

Differentiating (4.1) with respect to yi, we have

F ?yi =
(F + β)2(F − 2β)Fyi

F 3
+

3(F + β)2bi
F 2

, (4.2)

Again differentiating (4.2) with respect to yj , we have

F ?yiyj = (
F 3 − 3Fβ2 − 3β3

F 3
)Fyiyj −

6β(β + F )

F 3
(biFyj + bjFyj )+

6(F + β)

F 2
bibj +

6β(βF + β2)

F 4
FyiFyj .

(4.3)

Now,

g?ij = { (F + β)3

F 2
}{(F

3 − 3Fβ2 − 3β3

F 3
)Fyiyj −

6β(β + F )

F 3
(biFyj+

bjFyj ) +
6(F + β)

F 2
bibj +

6β(βF + β2)

F 4
FyiFyj}+ {

(F + β)2(F − 2β)Fyi

F 3
+

3(F + β)2bi
F 2

}{
(F + β)2(F − 2β)Fyj

F 3
+

3(F + β)2bj
F 2

}.
(4.4)

After simplifying, we get

g?ij = (
F 6 − 3β6 − 11β3F 3 − 12β5F − 11β4F 2 + 3βF 5

F 6
)gij + (

48Fβ5 − 3βF 5

F 6
)FyiFyj

+
55β3F 3 + 13β6 − 10β4F 2

F 6
)FyiFyj + (

3F 5 − 12β5 − 33β4F − 30β2F 3 − 64β3F 3

F 5
)

(biFyj + bjFyi) + (
15F 4 + 15β4 + 90β2F 2 + 60βF 3 + 30β3F

F 4
)bibj .

(4.5)

Hence, we have

Theorem 4.1. Let (M,F ?) be an n-dimensional Finsler space with F ? =

(F + β)4/F 3 as a quartic change of F , then its fundamental metric tensor is

given by (4.5).



Projectively Flat Finsler spaces with Some special Transformed Metrics 73

Next, we find Cartan’s tensor for quartic β-change of Finsler metric F . From

equation (4.5), we get

2C?ijk =
2(F 7 − 28β3F 4 − 67β4F 3 − 38β6 − 8β7 − 72β5F 2 − 4βF 6)

F 7
(Cijk)

+ hij [(
84F 4β3 + 268β4F 3 + 228β6F + 360β5F 2 + 56β7 + 4βF 6

F 9
)yk

+ (
84β2F 5 + 268β3F 4 + 228β5F 2 + 56β6F + 360βF 6 + 360β4F 3 + 4F 7

F 8
)bk]

+ hjk[(
4F 7 − 12β7 − 272β3F 4 − 84β2F 5 − 276β5F 2 − 384β4F 3 − 96β6F

F 7
)bi

+ (
4βF 7 − 48β2F 6 − 104β3F 5 − 5β4F 4 + 336β5F 3 + 206β6F 2 + 80β7F + 12β8

F 8
)yi]

+ hik[(
4F 7 − 12β7 − 272β3F 4 − 84β2F 5 − 276β5F 2 − 384β4F 3 − 96β6F

F 7
)bj

+ (
4βF 7 − 48β2F 6 − 104β3F 5 − 5β4F 4 + 336β5F 3 + 206β6F 2 + 80β7F + 12β8

F 8
)yj ]

− yiyjyk
F 2

(
396β3F 5 + 288β4F 4 − 1008β6F 2 − 1320β5F 3 − 504β7F − 96β8 + 96F 6β2

F 10
)

+ (
816β3F 4 + 84β7 + 168F 5β2 + 1380F 2β5 + 1536β4F 3 + 576β6F

F 9
)(biyjyk + bjykyi

+ bkyiyj) + (
168β5F + 1680β3F 3 + 840βF 5 + 168F 6 + 1680β2F 4 + 840F 2β4

F 7
)bibjbk

− (
84β6F + 816β2F 5 − 168βF 6 + 1380β4F 3 + 1536β3F 4 + 576β5F 2

F 9
)(bibjyk

+ bjbkyi + bibkyj).

(4.6)

Hence, we have the following

Theorem 4.2. Let (M,F ?) be an n-dimensional Finsler space with F ? =
(F+β)4

F 3 as a quartic change of F , then its Cartan’s tensor is given by (4.6).

5. Projective flatness of square, cubic and quartic Finsler metrics

In [4], Hamel found the necessary and sufficient conditions in order that a

space satisfying a system of axioms, be projectively flat. After Hamel, many re-

searchers such as [2], [10] ,[11], [14] and [18] have worked on this topic. Here we

find necessary and sufficient conditions for β-change of (α, β)-metrics, namely

square change, cubic change and quartic change Finsler metrics to be projec-

tively flat. For this we have used some definitions and results related to be

projectively flatness.

5.1. Definition. : Two Finsler metric F and F ? on a manifold M are called

projectively equivalent if they have same geodesics as point sets [7].
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Theorem 5.1. Let F and F ? be two Finsler metrics on a manifold M . Then

F is projectively equivalent to F ? if and only if

Fxiyjy
i − Fxj = 0.

Here, the spray’s coefficients of both the metrics are related by Gi = G?i+Pyi,

where P =
F

xky
k

2F is called projective factor of F [3], [4].

5.2. Definition. : For a Finsler metric F on an open subset U of <n, the

geodesic of F are straight lines if and only if the spray’s coefficients satisfy

Gi = Pyi,

where P is same as defined in theorem (5.1) [7].

5.3. Definition. : A Finsler metric F on an open subset U of <n is called

projectively flat iff all the geodesics are straight lines in U , and a Finsler metric

F on a manifold M is called locally projectively flat, if at any point, there is a

local co-ordinate system (xi) in which F is projectively flat [3]. Therefore, by

theorem 5.1 and definition 5.3, we have

Theorem 5.2. A Finsler metric F on an open subset U of <n is projectively

flat iff it satisfies the following system of differential equations [7]

Fxiyjy
i − Fxj = 0. (5.1)

Now, we find necessary and sufficient conditions for F ?, square change of

square root of Finsler metric F , i.e.,

F ? =
(F + β)2

F

to be projectively flat. Let us put F 2 = A in F ?. Then

F ? = A 1
2 +

β2

A 1
2

+ 2β. (5.2)

Differentiating (5.2) w.r.t xi, we get

F ?xi =
1

2
A

−1
2 Axi + 2βA

−1
2 βxi − 1

2
β2A

−3
2 Axi + 2βxi . (5.3)

Again differentiating (5.3) w.r.t yj , we get

F ?xiyj =
1

2
A

−1
2 Axiyj −

1

4
A

−3
2 AxiAj + 2βA

−1
2 βxiyj + 2βjA

−1
2 βxi−

βA
−3
2 Ajβxi − 1

2
β2A

−3
2 Axiyj − ββjA

−1
2 Axi +

3

4
β2A

−5
2 AjAxi + 2βxiyj .

(5.4)
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Contracting (5.4) with yi, we get

F ?xiyjy
i =

1

4
A

−5
2 [2A2A0j −AAjA0 + 8βA2β0j + 8βjA2β0 − 4βAAjβ0

−2β2AA0j − 4ββjAA0 + 3β2AjA0 + 8A 5
2 β0j ].

From equation (5.3), we get

F ?xj =
1

4
A

−5
2 [2A2Axj + 8βA2βxj − 2β2AAxj + 8A 5

2 βxj ].

Substituting the values of F ?xiyjy
i and F ?xj in equation (5.1) and simplifying,

we get

3β2AjA0 + 2Aβ2(Axj −A0j)− 2β(Ajβ0 + βjA0)−AjA0 + 2A2A0j

−Axj + 4βjβ0 + 4β(β0j − βxj ) + 8A
5
2 {β0j − βxj} = 0.

(5.5)

From the above equation, we conclude that F ? is projectively flat if and only

if following equations are satisfied

AjA0 = 0. (5.6)

β0j = βxj . (5.7)

β2(Axj −A0j)− 2β(Ajβ0 + βjA0) = 0. (5.8)

A0j −Axj + 4βjβ0 = 0. (5.9)

Hence, we have the following

Theorem 5.3. Let (M,F ?) be an n-dimensional Finsler space with F ? =
(F+β)2

F as a square change of square root Finsler metric F =
√
A, then F is

projectively flat if and only if the equations (5.6), (5.7), (5.8) and (5.9) are

satisfied.

Further, we shall find necessary and sufficient conditions for F ?, cubic change

of square root of Finsler metric F , i.e.,

F ? =
(F + β)3

F 2
.

to be projectively flat. Let us put F 2 = A in F ?. Then

F ? = A 1
2 +

β3

A
+ 3β2A

−1
2 + 3β. (5.10)

Differentiating (5.10) w.r.t xi, we get

F ?xi =
1

2
A

−1
2 Axi + 3β2A−1βxi − β3A−2Axi + 6βA

−1
2 βxi − 3

2
β2A

−3
2 Axi + 3βxi .

(5.11)
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Again differentiating (5.11) w.r.t yj , we get

F ?xiyj =
1

2
A

−1
2 Axiyj −

1

4
A

−3
2 AxiAj + 6ββjA−1βxi − 3β2A−2βxiAj

+ 3β2A−1βxiyj − 3β2βjA−2Axi + 2β3A−3AxiAj − β3A−2Axiyj

+ 6βjA
−1
2 βxi − 3βA

−3
2 Ajβxi + 6βA

−1
2 betaxiyj

− 3ββjA
−3
2 Axi +

9

4
β2A

−5
2 AxiAj −

3

2
β2A

−3
2 Axiyj + 3βxiyj .

(5.12)

Contracting the above equation with yi, we get

F ?xiyjy
i =

1

4
A

−5
2

[
4A2A0j −AAjA0 + 24ββjβ0A

3
2 − 12β2A 1

2 β0Aj

+12β2β0jA
3
2 − 12β2βjA0A

1
2 + 8β3AjA0A

−1
2

−4β3A0jA
1
2 + 24βjβ0A2 − 12βAjβ0A+ 24β0jA2

−12βjA0A+ 9β2A0Aj − 6β2AA0j + 12A 5
2 β0j

]
.

From equation (5.11), we get

F ?xj =
1

4
A

−5
2

[
2A2Axj + 12β2A 3

2 βxj − 4β3AxjA 1
2 + 24βA2βxj

−6β2AAxj + 12A 5
2 βxj

]
.

Substituting the values of F ?xiyjy
i and F ?xj in equation (5.1) and simplifying,

we get

9β2AjA0 − 6Aβ2(Axj +A0j)− 6β(Ajβ0 + βjA0)−AjA0 + 4A2A0j −Axj

+ 12βjβ0 + 12β(β0j − βxj ) + 12A 5
2 (β0j − βxj ) + 2A 3

2 β(12βjβ0)

+ 6β2(β0j − βxj )− 2A 1
2 6β2(β0Aj + βjA0) + 2β3(A0j +Axj ) = 0.

(5.13)

From the above equation, we conclude that F ? is projectively flat if and only

if following equations are satisfied:

AjA0 = 0. (5.14)

β0j = βxj . (5.15)

ββjβ0 = 0. (5.16)

3β2(Axj +A0j)− 6β(Ajβ0 + βjA0) = 0. (5.17)

2A0j −Axj + 12β(β0j + βxj ) = 0. (5.18)

6β2(β0Aj + βjA0) + 2β3(Aoj +Axj ) = 0. (5.19)

Hence, we have the following
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Theorem 5.4. Let (M,F ?) be an n-dimensional Finsler space with F ? =
(F+β)3

F 2 as a cubic change of square root Finsler metric F =
√
A, then F is

projectively flat if and only if the equations (5.14), (5.15), (5.16), (5.17), (5.18)

and (5.19) are satisfied.

Next, we find necessary and sufficient conditions forF ?, quartic change of

square root of Finsler metric F , i.e.,

F ? =
(F + β)4

F 3

to be projectively flat. Let us put F 2 = A in F ?. Then

F ? = A 1
2 + β4A

−3
2 + 6β2A

−1
2 + 4β3A−1 + 4β, (5.20)

Differentiating (5.20) w.r.t xi, we get

F ?xi =
1

2
A

−1
2 Axi + 4β3A

−3
2 βxi − 3

2
β4A

−5
2 Axi + 12βA

−1
2 βxi − 3β2A

−3
2 Axi

+ 12β2A−1βxi + 4βxi − 4β3A−2Axi .

(5.21)

Again differentiating (5.21) w.r.t yj , we get

F ?xiyj =
1

2
A

−1
2 Axiyj −

1

4
A

−3
2 AxiAj + 12β2A

−3
2 βjβxi + 4β3A

−3
2 βxiyj

− 6β3A
−5
2 βxiAj +

15

4
A

−7
2 β4AjAxi − 3

2
A

−5
2 β4Axiyj−

6β3βjA
−5
2 Axi + 12βjA

−1
2 βxi − 6βA

−3
2 Ajβxi + 12βA

−1
2 βxiyj − 6ββjAxiA

−3
2

+
9

2
β2A

−5
2 AjAxi − 3β2A

−3
2 Axiyj + 12β2A−1βxiyj + 24βA−1βjAxi − 12β2A−2Ajβxi

− 12β2βjA−2Axi + 8β3A−3AxiAj − 4β3A−2Axiyj + 4βxiyj ,

(5.22)

Contracting the above equation with yi, we get

F ?xiyjy
i =

1

4
A

−7
2

[
2A3A0j −A2AjA0 + 48β2A2βjβ0 + 16β3A2β0j

−24β3AAjβ0 + 15β4AjA0 − 6Aβ4A0j − 24β3Ajβ0
+48βjβ0A3 − 24βAjβ0A2 + 48βA3β0j − 24ββjA2A0

+18β2AA0Aj − 12β2A2A0j + 48β2A 5
2 β0j + 96ββjA

5
2 β0

−48β2A 3
2Ajβ0 − 48β2βjA

3
2A0 + 32β3A 1

2AjA0 − 16β3A 3
2A0j + 16β0j

]
.
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From equation (5.21), we get

F ?xj =
1

4
A

−7
2 [2A3Axj + 16β3A2βxj − 6Aβ4Axj + 48βA3βxj − 12β2A2Axj

+48β2A 5
2 βxj − 16β3A 3

2Axj + 16βxjA 7
2 ].

Substituting the values of F ?xiyjy
i and F ?xj in equation (5.1) and simplifying,

we get

15β4AjA0 − 2A
{

3β4(A0j −Axj ) + 12β3(Ajβ0 + βjA0)

+β2(AjA0 − 6A0j)
}

+ 2A2
{

6β2(4β0βj −A0j +Axj )−AjA0

+8β3(β0j − βxj )− 12β(Ajβ0 − βjA0)
}

+ 2A3
{

24βjβ0

+24β(β0j − βxi)−Axj +A0j

}
+ 2A 5

2

{
24β2(β0j

−βxi) + 48β(βjβ0)
}

+ 2A 3
2

{
24β2(Ajβ0 + βjA0

+8β3(A0j −Axj )
}

+ 16A 7
2 {β0j − βxj}+ 2A 1

2 {16β3AjA0} = 0.

From the above equation, we conclude that F ? is projectively flat if and only

if following equations are satisfied:

AjA0 = 0, (5.23)

Axj −A0j = 0, (5.24)

β0j − βxj = 0, (5.25)

βjβ0 = 0, (5.26)

12β(Ajβ0 − βjA0) = 0, (5.27)

12β3(Ajβ0 + βjA0)− 6β2A0j = 0. (5.28)

Hence, we have the following

Theorem 5.5. Let (M,F ?) be an n-dimensional Finsler space with F ? =

(F + β)4/F 3 as a quartic change of square root Finsler metric F =
√
A, then

F is projectively flat if and only if the equations (5.23), (5.24), (5.25), (5.26),

(5.27) and (5.28) are satisfied.

6. Examples for support to the said metrics

In this section, we have given examples for support to given results. From

[7] we have the following example:
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6.1. Example. Let M be a plane embedded in the Euclidean space <3, i.e.,

M → <3 by

x = (x1, x2)→ (x1, x2, z = f(x1, x2)), (6.1)

where f : <2 → < is a smooth function given by

f(x1, x2) = Px1 +Qx2 +R.

Here, P,Q and R are real constants. M is the graph of z = f(x1, x2) with

Riemann metric [20] α =
√
A =

√
aij(x)yiyj induced from <3 defined as follows

(aij) =

[
1 + f2x1 fx1fx2

1 + f2x2 fx1fx2

]
Choose a 1-form β = fx1y1 + fx2y2 on M .

where

α =
√

(1 + P 2)(y1)2 + 2PQy1y2 + (1 +Q2)(y2)2,

β = Py1 +Qy2

From above, the entities required to check projective flatness of F ? is given by

A = α2 = F 2 = (1 + P 2)(y1)2 + 2PQy1y2 + (1 +Q2)(y2)2,

β = Py1 +Qy2,Axj = 0,A0 = Axiyi = 0,

A0j = Axiyjy
i = 0,

βxj = 0, β0 = βxiyi = 0, β0j = Axiyjy
i = 0,

Aj = Ayj , βj = βyj , β1 = βy1 = P,

β2 = βy2 = Q,

(6.2)

and

A1 = Ayi = 2(1 +Q2)y1 + 2PQy2,

A2 = Ay2 = 2(1 +Q2)y2 + 2PQy1.
(6.3)

Now, take surface M , Riemannian metric α and 1-form β as given in example

(6.1). We obtain square change of square root of Finsler metric F =
√
A, as

follows:

F ? =
(F + β)2

F
=

(A+ β2 + 2
√
A)√

A
=
α2 + β2 + 2αβ

α

This is square (α, β)-metric obtained from Finsler metric F , the conditions

(5.6), (5.7), (5.8) and (5.9) are clearly satisfied by the equation (6.2) and (6.3).

Therefore, the surface M with square change of Finsler square root metric is

projectively flat.

Further, we consider surface M , Riemannian metric α and 1-form β as given

in example (6.1). We obtain cubic change of square root of Finsler metric
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F =
√
A, as follows:

F ? =
(F + β)3

F 2

=
(A 3

2 + β3 + 3A 1
2 β2 + 3Aβ)

A

=
((α2)

3
2 + β3 + 3(α2)

1
2 β2 + 3α2β)

α2
.

After solving, we get

F ? =
(α+ β)3

α2
.

This is cubic (α, β)-metric obtained from Finsler metric F and it is seen that

conditions (5.14), (5.15), (5.16), (5.17), (5.18) and (5.19) are clearly satisfied

by the equation (6.2) and (6.3). Therefore, the surface M with cubic change

of Finsler square root metric is projectively flat.

Next, we take surface M , Riemannian metric α and 1-form β as given in

example (6.1). We obtain quartic change of square root of Finsler metric F =√
A, as follows:

F ? =
(F + β)4

F 3
=

(F 4 + β4 + 6F 2β2 + 4Fβ3 + 4F 3β)

F 3

=
(A2 + β4 + 6Aβ2 + 4A 1

2 β3 + 4A 3
2 β)

A 3
2

.

After solving, we get

F ? =
(α+ β)4

α3
.

This is quartic (α, β)-metric obtained from Finsler metric F and it is easily

seen that conditions (5.23), (5.24), (5.25), (5.26), (5.27) and (5.28) are clearly

satisfied by the equation (6.2) and (6.3). Therefore, the surface M with quartic

change of Finsler square root metric is projectively flat.
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