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Abstract. In this paper, we investigate the geometric structure of the tangent

bundle of a warped product of two pseudo-Riemannian manifolds. Let (M, g)

and (M, g) be smooth pseudo-Riemannian manifolds, and consider the warped

product manifold (M ×f M, g + e2fg), where f is a smooth warping function.

We construct a Sasaki-Matsumoto type lift of the warped metric to define a

pseudo-Riemannian metric on the tangent bundle, which depends on a pair

of smooth scalar functions and related to the total kinetic energy. We derive

necessary and sufficient conditions under which the lifted metric on is Ricci-

flat, expressed in terms of the curvature properties of the base manifold and

the structure functions. Furthermore, we prove that, equipped with the metric,

admits a one-parameter family of shrinking Ricci solitons.

Keywords: Ricci flat, warped pseudo Riemannian manifold, Ricci soliton.

1. Introduction

Ricci solitons, originally introduced in the context of Ricci flow by Hamilton,

serve as self-similar solutions and provide a natural generalization of Einstein
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metrics. A Ricci soliton on a pseudo-Riemannian manifold (Mn, g) is a triple

(X, ε), where X is a vector field and ε a real constant, satisfying the equation:

LXg + 2 Ric(g) + 2εg = 0. (1.1)

Such solitons are classified as shrinking, steady, or expanding depending on the

sign of ε. In particular, if X is a Killing vector field and Ric(g) = 0, the soliton

reduces to a homothetic Einstein manifold (see [2]). Warped product manifolds

are essential tools in differential geometry and mathematical physics, partic-

ularly in general relativity. Given two pseudo-Riemannian manifolds (M, g)

and (M, g) and a smooth warping function f : M → R, the warped product

M̃ = M ×f M carries the metric g̃ = g + e2fg. The curvature and geometric

behavior of M̃ are closely tied to the properties of f , g, and g′. In this paper,

we consider the complete lift of a warped product metric to the tangent bundle

TM̃ and analyze the resulting warped pseudo-Riemannian metric G on TM̃ .

Using a Sasaki-Matsumoto type lift and a suitable energy-based deformation,

we define a new metric G depending on functions φ(t) and ψ(t) of the kinetic

energy t. We then derive necessary and sufficient conditions under which the

tangent bundle manifold (TM̃,G) is Ricci-flat. Furthermore, we show that TM̃

admits a one-parameter family of shrinking Ricci solitons under certain geo-

metric constraints. Our approach also relates the warped pseudo-Riemannian

metric G to a Lagrangian formulation, enriching the geometric framework with

variational principles. This study contributes to the interplay between warped

products, tangent bundle geometry, and Ricci soliton theory, and may be rele-

vant to mathematical models in geometry and physics.

2. Preliminaries

Let (M, g) and (M, g) be two smooth manifolds with dimM = m and

dimM = n, respectively, and let M̃ = M ×M be the product of manifolds.

Then a local coordinates system in M̃ is denoted by xa = (xi, uα), where

(xi) and (uα) are local coordinates system in M and M , respectively. In this

paper, the indexes {i, j, · · · }, {α, β, · · · } and {a, b, · · · } run over the ranges

{1, 2, · · · ,m}, {1, 2, · · · , n} and {1, 2, · · · ,m,m+ 1, · · · ,m+ n}, respectively.

Suppose that (M̃, g̃ = g + e2fg) is warped product Riemannian manifolds

with the warped function f : M → R. If we denote the Christoffel symbols of

M̃ , M and M by Γ̃ab c, Γij k and Γ
α

β γ , respectively, then we have

Γ̃ab c =
(

Γ̃ij k, Γ̃
i
j γ , Γ̃

i
β γ , Γ̃

α
j k, Γ̃

α
j γ , Γ̃

α
β γ

)
,

where {
Γ̃ij k = Γij k, Γ̃ij γ = 0, Γ̃iβ γ = −(e2f )igβγ
Γ̃αj k = 0, Γ̃αj γ = fjδ

α
γ , Γ̃αβ γ = Γ

α

β γ .
(2.1)

Here, fi := ∂f
∂xi and (e2f )i := gij ∂e

2f

∂xj .
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Suppose that, x ∈ M̃ and y ∈ TxM̃ , where x = (x, u) and y = (y, v) and

TxM̃ = TxM ⊕ TuM . Then, the warped Levi-Civita connection (Γ̃ab c) of g̃

defines a splitting

T (TM̃) = V (TM̃)⊕H(TM̃), (2.2)

into vertical and horizontal sub bundles respectively. Locally, the integrable

vertical distribution V (TM̃) is spanned by { ∂
∂yi ,

∂
∂vα }, while the horizontal

distribution H(TM̃) is spanned by { δ
∗

δxi ,
δ∗

δuα }, where (see [1]),

δ∗

δxi
:=

∂

∂xi
− Γ̃ji 0

∂

∂yj
− Γ̃βi 0

∂

∂vβ

δ∗

δuα
:=

∂

∂uα
− Γ̃jα 0

∂

∂yj
− Γ̃βα 0

∂

∂vβ
,

and ([3, 5])

Γ̃ji 0 = Γji 0, Γ̃βi 0 = fiδ
β
γ v

γ ,

Γ̃jα 0 = −(e2f )jgα0, Γ̃βα 0 = Γ
β

α 0 + fjy
jδβα.

Here, Γji 0 = Γji ky
k, Γ

β

α 0 = Γ
β

α γv
γ , gα0 = gαβv

β and gi0 = gijy
j .

3. Sasaki-Matsumoto type Lift on Tangent Bundle

Let (M̃ = M ×f M, g̃) be the warped product Riemannian manifolds and

g̃ab = gij + e2fgαβ be the warped metric. We define the warped kinetic energy

(or warped energy density) by

t(x, u, y, v) :=
1

2
‖y‖2g̃ =

1

2

(
gij(x)yiyj + e2fgαβ(u)vαvβ

)
, (3.1)

where y ∈ T(x,u)M̃ ∼= TxM ⊕ TuM . Certainly, t = t̃ + e2f t where t̃(x, y) :=
1
2gij(x)yiyj and t(u, v) := 1

2gαβ(u)vαvβ . Also, we have

∂t

∂yk
= gk0 &

∂t

∂vγ
= e2fgγ0 (3.2)

Suppose, the functions ϕ,ψ : [0,∞) → R are smooth such that, ϕ(t) > 0 and

ϕ(t)+2tψ(t) > 0 for every t (see [7]). Then, the warped Sasaki-Matsumoto type

lift of the g̃ab (the symmetric M̃ -tensor on TM̃) can be introduced as follows

Gab := ϕ(t)(gij + e2fgαβ) + ψ(t)(gi0 + e2fgα0)(gj0 + e2fgβ0).

Now, the following warped pseudo Riemannian metric will be considered on

TM̃ :

G = 2(ϕgij + ψgi0gj0)δ∗yi ⊗ dxj + 2(ϕe2fgαβ + e4fgα0gβ0)δ∗vα ⊗ duβ

+2ψe2fgi0gβ0δ
∗yi ⊗ duβ + 2ψe2fgj0gα0δ

∗vα ⊗ dxj (3.3)

where

δ∗yi := dyi + Γ̃ij 0dx
j + Γ̃iβ 0du

β , δ∗vα := dvα + Γ̃αj 0dx
j + Γ̃αβ 0du

β
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and {dxi, duα, δ∗yi, δvα} is the dual basis of adapted basis { δ
∗

δxi ,
δ∗

δuα ,
∂
∂yi ,

∂
∂vα }.

Therefor

G
( δ∗
δxi

,
∂

∂yj

)
= ϕgij + ψgi0gj0,

G
( δ∗

δuα
,
∂

∂vβ

)
= ϕe2fgαβ + ψe4fgα0gβ0,

G
( δ∗
δxi

,
∂

∂vβ

)
= ψe2fgi0gβ0,

G
( δ∗

δuα
,
∂

∂yj

)
= ψe2fgj0gα0,

and

G
( δ∗
δxi

,
δ∗

δxj

)
= G

( δ∗

δuα
,
δ∗

δuβ

)
= G

( δ∗
δxi

,
δ∗

δuβ

)
= G

( δ∗

δuα
,
δ∗

δxj

)
= 0,

G
( ∂

∂yi
,
∂

∂yj

)
= G

( ∂

∂vα
,
∂

∂vβ

)
= G

( ∂

∂yi
,
∂

∂vβ

)
= G

( ∂

∂vα
,
∂

∂yj

)
= 0.

Hence we have

(G) =


0 0 Gij Giβ
0 0 Gαj Gαβ
Gij Giβ 0 0

Gαj Gαβ 0 0

 (3.4)

where

Gij := ϕgij + ψgi0gj0,

Giβ := ψe2fgi0gβ0 =: Gβi,

Gαβ := ϕe2fgαβ + ψe4fgα0gβ0.

The following Proposition is a direct result of the above relations.

Proposition 3.1. The matrix (G) is the positive definite symmetric, and has

an inverse with the entries

(H̃) =


0 0 H̃ij H̃iβ

0 0 H̃αj H̃αβ

H̃ij H̃iβ 0 0

H̃αj H̃αβ 0 0

 (3.5)

where,

H̃ij :=
1

ϕ
gij − ψ

s(t)
z(t)yiyj

H̃iβ :=
ψ

s(t)

(−1

ϕ
+

2e2fϕψ

r(t)
tp(t)

)
yivβ =: H̃βi,

H̃αβ :=
e−2f

ϕ
gαβ − ψ

r(t)
p(t)vαvβ .
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Here,

s(t) := ϕ(t)
(
ϕ(t) + 2t̃ψ(t)

)
,

r(t) := ϕ(t)
(
ϕ(t) + 2e2f tψ(t)

)
,

p(t) := 1 +
2t̃ψ(t)

4e2fψ2t̃t− s(t)r(t)
,

z(t) := 1 +
2te2fψ(t)

4e2fψ2t̃t− s(t)r(t)
.

Therefore, H̃ab(x, u, y, v) is a symmetric M̃ -tensor on TM̃ .

Remark 3.2. [3, 5] Let ∇̃, ∇ and ∇ be the Levi-Civita connections of M̃ , M

and M with respect to the metrics g̃ = g + e2fg, g and g respectively. Also,

the components of curvature tensors of M̃ , M and M will be denoted by R̃abcd,

Rijkl and R
α

βγλ respectively. Then, the warped Riemannian tensors are



R̃hijk = Rhijk

R̃hiβγ = ghl(∇i(fl) + fifl)e
2fgβγ = −R̃hβiγ

R̃λijk = R̃hαjk = R̃hiβk = R̃hijγ = 0

R̃λijγ = R̃hαβk = 0

R̃hαβγ = R̃λαβk = R̃λiβγ = R̃λαjγ = 0

R̃λiβk = (∇i(fk) + fifk)δγβ = −R̃λβik
R̃λαβγ = R

λ

αβγ + e2fgijfifj(gβγδ
λ
α − gαγδλβ)

In the following we determine the warped Levi-Civita connection ∇G of the

warped pseudo Riemannian metric G defined by (3.3). First, the Lie brackets

of the above vector fields are stated as follows.

Lemma 3.3.[ ∂

∂yi
,
∂

∂yj

]
=
[ ∂

∂yi
,
∂

∂vβ

]
=
[ ∂

∂vα
,
∂

∂yj

]
=
[ ∂

∂vα
,
∂

∂vβ

]
= 0, (3.6)



[
∂
∂yi ,

δ∗

δxj

]
= −Γki j

∂
∂yk[

∂
∂yj ,

δ∗

δuβ

]
=
[
∂
∂vα ,

δ∗

δxj

]
= −Γ̃γj α

∂
∂vγ[

∂
∂vα ,

δ∗

δuβ

]
= −Γ̃kα β

∂
∂yk
− Γ

γ

α β
∂
∂vγ ,

(3.7)
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[
δ∗

δxi ,
δ∗

δxj

]
= −Rhij0 ∂

∂yh[
δ∗

δxi ,
δ∗

δuβ

]
= −R̃hiβλvλ ∂

∂yh
− R̃λiβkyk ∂

∂vλ[
δ∗

δuα ,
δ∗

δxj

]
= −R̃hαjλvλ ∂

∂yh
− R̃λαjkyk ∂

∂vλ[
δ∗

δuα ,
δ∗

δuβ

]
= −Rγαβ0

∂
∂vγ ,

(3.8)

where, Rhij0 = Rhijky
k and R̃γαβ0 = R̃γαβλv

λ.

Proposition 3.4. Let (M̃ = M×fM, g+e2fg) be a warped Riemannian man-

ifold. Then, the Levi-Civita connection ∇G of the warped pseudo Riemannian

metric G defined by (3.3) on TM̃ has the following expression


∇G∂/∂yi

∂
∂yj = Akij

∂
∂yk

,

∇G∂/∂yi
∂
∂vβ

= Âkiβ
∂
∂yk

∇G∂/∂vα
∂
∂yj = B̂γαj

∂
∂vγ ,

∇G∂/∂vα
∂
∂vβ

= Bγαβ
∂
∂vγ

(3.9)


∇G∂/∂yi

δ∗

δxj = Ckij
δ∗

δxk
,

∇G∂/∂yi
δ∗

δuβ
= Ĉkiβ

δ∗

δxk

∇G∂/∂vα
∂
∂yj = D̂γ

αj
δ∗

δuγ ,

∇G∂/∂vα
∂
∂vβ

= Dγ
αβ

δ∗

δuγ

(3.10)



∇Gδ∗
δxi

∂/∂yj = Γki j
∂
∂yk

+ Ckij
δ∗

δxk
,

∇Gδ∗
δxi

∂/∂vβ = Γ̃γi β
∂
∂vγ + Ĉkiβ

δ∗

δxk

∇Gδ∗
δuα

∂
∂yj = Γ̃γα j

∂
∂vγ + D̂γ

αj
δ∗

δuγ ,

∇Gδ∗
δuα

∂
∂vβ

= Γ̃kα β
∂
∂yk

+ Γ
γ

α β
∂
∂vγ +Dγ

αβ
δ∗

δuγ

(3.11)



∇Gδ∗
δxi

δ∗

δxj = Ekij
∂
∂yk

+ Γki j
δ∗

δxk
,

∇Gδ∗
δxi

δ∗

δuβ
= F kiβ

∂
∂yk

+ Γ̃γi β
δ∗

δuγ ,

∇Gδ∗
δuα

δ∗

δxj = P γαj
∂
∂vγ + Γ̃γα j

δ∗

δuγ ,

∇Gδ∗
δuα

δ∗

δuβ
= Qγαβ

∂
∂vγ + Γ̃kα β

δ∗

δxk
+ Γ

γ

α β
δ∗

δuγ ,

(3.12)
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where the components Akij, Â
k
iβ, · · · , D̂γ

αj, D
γ
αβ, Ekij, F

k
iβ, P γαj and Qγαβ define

M̃ -tensor fields on TM̃ and are given by



Akij = ϕ′+ψ
2ϕ

(
gi0δ

k
j + gj0δ

k
i

)
+
[
ψ′

ϕ −
ψz(t)
s(t) (ϕ′ + ψ + 2ψ′t̃)

]
gi0gj0y

k

+
(
ψ
ϕ −

2ψψ′ t̃
s(t) z(t)

)
gijy

k,

Âkiβ = e2fgβ0

[
ϕ′+ψ

2ϕ δki +
(
ψ′

ϕ − ψ
4ψ′e2f t+ϕ′+ψ

2r(t) p(t)
)
gi0y

k
]
,

B̂γαj = e2fgj0

[
ϕ′+ψ
2e2fϕ

δγα +
(
ψ′

ϕ − ψ
4ψ′ t̃+ϕ′+ψ

2s(t) z(t)
)
gα0v

γ
]
,

Bγαβ = e2f ϕ
′+ψ
2ϕ

(
gα0δ

γ
β + gβ0δ

γ
α

)
+ e4f

(
ψ
ϕ −

2e2fψ2t
r(t) p(t)

)
gαβv

γ

+e4f
(
ψ′

ϕ −
ψ(ϕ′+ψ)−2e2fψ′ψt

r(t) p(t)
)
gα0gβ0v

γ + ψp(t)
r(t)

(
ϕ′ + ψ − 2e2fψt

)
,

Ckij = ϕ′−ψ
2ϕ

(
gi0δ

k
j − (1 + 2ϕψt̃

s(t) z(t))gijy
k − ϕψ

s(t)z(t)gi0gj0y
k
)
,

Ĉkiβ = e2f (ϕ′−ψ)ψ
2s(t)

(
−1
ϕ + 2ϕψe2f t

r(t) p(t)gi0gβ0y
k
)
,

D̂γ
αj = e2f (ϕ′−ψ)ψ

2s(t)

(
−1
ϕ + 2ϕψe2f t

r(t) p(t)gj0gα0v
γ
)
,

Dγ
αβ = e2f ϕ

′−ψ
2ϕ

(
gα0δ

γ
β − (1 + 2e2fϕψt

r(t) p(t))gαβv
γ − e2f ϕψ

r(t)p(t)gα0gβ0v
γ
)
,

Ekij = −Rhij0gkh + ϕψ
s(t)z(t)R0ij0y

k

+ 1
2

(
ψ
ϕg

kh − ψ2

s(t)z(t)y
kyh
)

(R0ih0gj0 +R0jh0gi0 −R0ij0gh0),

F kiβ = e2f

s(t)

(
−1
ϕ + 2ϕψe2f t

r(t) p(t)
)
R
γ

β00gi0gγ0y
k,

P γαj = ψ2e2f

s(t)

(
−1
ϕ + 2ϕψe2f t

r(t) p(t)
)
Rhj00gh0gα0v

γ ,

Qγαβ = −Rλαβ0g
γλ + ψe2f

2

(
− 1

ϕ + ϕ+2ψe2f t
r(t) p(t)

)
R0αβ0v

γ

+ψe2f

2

(
1
ϕg

γλ − ψe2f

r(t) p(t)v
γvλ
)

(R0αλ0gβ0 +R0βλ0gα0).

(3.13)

Proof. The proof is completed by direct calculations and the application of

Remark 3.2 and Lemma 3.3. �

Let R be the curvature tensor field of the warped Levi-Civita connection

∇G on TM̃ , then we have

R(X,Y )Z = ∇GX∇GY Z −∇GY∇GXZ −∇G[X,Y ]Z
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for any X,Y, Z ∈ Γ(TM̃). By straightforward computations we obtain

(1)R(δ∗i , δ
∗
j )δ∗k =

(
∇(1)
δ∗i
Eljk −∇

(1)
δ∗j
Elik

)
∂l

+
(
∇(1)
δ∗i

Γlj k −∇
(1)
δ∗j

Γli k + EhjkC
l
hi − EhikClhj +Rhij0C

l
hk

)
δ∗l ,

(2)R(δ∗i , δ
∗
j )∂k =

(
∇(1)
δ∗i

Γlj k −∇
(1)
δ∗j

Γli k + ChjkE
l
hi − ChikElhj

+Rhij0A
l
hk

)
∂l +

(
∇(1)
δ∗i
Cljk −∇

(1)
δ∗j
Clik

)
δ∗l ,

(3)R(δ∗i , ∂j)δ
∗
k =

(
ChjkE

l
ih − EhikAljh −

∂Elik
∂yj

)
∂l +

(
∇(1)
δ∗i
Cljk

)
δ∗l ,

(4)R(δ∗i , ∂j)∂k =
(
∇(1)
δ∗i
Aljk

)
∂l +

(
AhjkC

l
ih −

∂Cljk
∂yi − C

h
ikC

l
hj

)
δ∗l ,

(5)R(∂i, ∂j)δ
∗
k =

(
∂Cljk
∂yi −

∂Clik
∂yj + ChjkC

l
ih − ChikCljh

)
δ∗l ,

(6)R(∂i, ∂j)∂k =
(
∂Aljk
∂yi −

∂Alik
∂yj +AhjkA

l
ih −AhikAljh

)
∂l

(3.14)



(7)R(δ∗α, δ
∗
β)γ∗k = 2(e2f )kRαβγ0∂k +

(
∇(2)
δ∗α
Qµβγ −∇

(2)
δ∗β
Qµαγ + Γ̃kβ γP

µ
αk

−Γ̃kα γP
µ
βk

)
∂µ +

(
δ∗Γ

µ
β γ

δuα − δ∗Γ
µ
α γ

δuβ
+ Γ̃kβ γΓ̃µα k − Γ̃kα γΓ̃µβ k + Γ

λ

β γΓ
µ

α λ

−Γ
λ

α γΓ
µ

β λ +QλβγD
µ
αλ −QλαγDm

βλu
)
δ∗µ,

(8)R(δ∗α, δ
∗β)∂γ =

(
Dλ
βγΓ̃kαλ −Dλ

αγΓ̃kβλ

)
δ∗k +

(
δ∗Γ

µ
β γ

δuα − δ∗Γ
µ
α γ

δuβ
+ Γ̃kβ γΓ̃µα k

−Γ̃kα γΓ̃µβ k + Γ
λ

β γΓ
µ

α λ − Γ
λ

α γΓ
µ

β λ +Dλ
βγQ

µ
λα −Dλ

αγQ
µ
λβ +R

λ

αβ0B
µ
λγ

)
∂µ

+
(
∇(2)
δ∗α
Dµ
βγ −∇

(2)
δ∗β
Dµ
αγ − Γ̃kβ γD̂

µ
αk − Γ̃kα γD̂

µ
βk

)
δ∗µ,

(9)R(δ∗α, ∂β)δ∗γ =
(
Dλ
βγΓ̃kλα − Γ̃lαβĈ

k
lγ

)
δ∗k +

(
Dλ
βγQ

µ
αλ −QλαγB

µ
βλ

−∂Q
µ
αγ

∂vβ

)
∂µ +

(
∇(2)
δ∗α
Dµ
βγ − Γ̃kαγD̂

µ
βk

)
δ∗µ,

(10)R(δ∗α, ∂β)∂γ =
(
BλβγΓ̃kα λ −

∂Γ̃kα γ

∂vβ
− Γ̃lα βÂ

k
lγ

)
∂k

+
(
∇(2)
δ∗α
Bµβγ − Γ̃lα γB̂

µ
lβ

)
∂µ +

(
Dλ
αγD

µ
βλ −Dλ

βγD
µ
αλ −

∂Dµαγ
∂vβ

)
δ∗µ,

(11)R(∂α, ∂β)δ∗γ =
(
∂Dµβγ
∂vα −

∂Dµαγ
∂vβ

+Dλ
βγD

µ
αλ −Dλ

αγD
µ
βλ

)
δ∗µ,

(12)R(∂α, ∂β)∂γ =
(
∂Bµβγ
∂vα −

∂Bµαγ
∂vβ

+BλβγB
µ
αλ −BλαγB

µ
βλ

)
∂µ

(3.15)



(13)R(δ∗i , δ
∗
j )δ∗γ =

(
δ∗Fkjγ
δxi +

δ∗Fkiγ
δxj + F ljγΓki l − F liγΓkj l + Γ̃λj γF

k
iλ

−Γ̃λi γF
k
jλ

)
∂k +

(
F ljγC

k
il − F liγCkjl +Rlij0Ĉ

k
lγ

)
δ∗k,

(14)R(δ∗i , δ
∗
j )∂γ =

(
ĈljγE

k
il − ĈliγEkjl +Rlij0Â

k
lγ

)
∂k

+
(
δ∗Ĉkjγ
δxi −

δ∗Ĉkiγ
δxj + Γ̃λj γĈ

k
iλ − Γ̃λi γĈ

k
jλ + ĈljγΓkl i − ĈliγΓkl j

)
δ∗k,

(15)R(δ∗i , ∂j)δ
∗
γ =

(
ĈljγE

k
il −

∂Fkiγ
∂yj − F

l
iγA

k
lj

)
∂k +

(
δ∗Ĉkjγ
δxi + ĈljγΓkl i

−Γ̃λi γĈ
k
jλ − Γli jĈ

k
lγ

)
δ∗k,

(16)R(δ∗i , ∂j)∂γ =
(
δ∗Âkjγ
δxi − Γ̃λiγÂ

k
jλ + ÂljγΓkl i − Γli jÂ

k
lγ

)
∂k +

(
ÂljγC

k
il

−∂Ĉ
k
iγ

∂yj − Ĉ
l
iγC

k
lj

)
δ∗k,

(17)R(∂i, ∂j)δ
∗
γ =

(
∂Ĉkjγ
∂yi −

∂Ĉkiγ
∂yj + ĈljγC

k
li − ĈliγCklj

)
δ∗k,

(18)R(∂i, ∂j)∂γ =
(
∂Âkjγ
∂yi −

∂Âkiγ
∂yj + ÂljγA

k
li − ÂliγAklj

)
δ∗k

(3.16)
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

(19)R(δ∗α, δ
∗
β)δ∗k =

(
PλβkΓ̃lα λ − PλαkΓ̃lβ λ

)
∂l +

(
Γ̃λα kΓ̃lβ λ − Γ̃λβ kΓ̃lα λ

)
δ∗l

+
(
δ∗Pµβk
δuα −

δ∗Pµαk
δuβ

+ PλαkΓ
µ

β λ − PλβkΓ
µ

α λ + Γ̃λβ kQ
µ
λα − Γ̃λα kQ

µ
λβ

)
∂µ(

PλβkD
µ
λα − PλαkD

µ
λβ + Γ̃λβ kΓ

µ

λ α − Γ̃λα kΓ
µ

λ β

)
δ∗µ,

(20)R(δ∗α, δ
∗
β)∂k =

(
Γ̃λβ kΓ̃lλ α − Γ̃λα kΓ̃lλ β

)
∂l +

(
D̂λ
βkΓ̃lα λ − D̂λ

αkΓ̃lβ λ

)
δ∗l

+
(

Γ̃λβ kΓ
µ

λ α − Γ̃λα kΓ
µ

λ β + D̂λ
βkQ

µ
λα − D̂λ

αkQ
µ
λβ +R

λ

αβ0B̂
µ
λk

)
∂µ

+
(
δ∗D̂µβk
δuα −

δ∗D̂µαk
δuβ

+ Γ̃λβ kD
µ
λα − Γ̃λα kD

µ
λβ + D̂λ

βkΓ
µ

λ α − D̂λ
αkΓ

µ

λ β

)
δ∗µ,

(21)R(δ∗α, ∂β)δ∗k =
(
D̂λ
βkQ

µ
λα − PλαkB

µ
λβ −

∂Pµαk
∂vβ

)
∂µ +

(
D̂λ
βkΓ̃lλ α

−Γ̃pα βC
l
pk

)
δ∗l +

(
δ∗D̂µβk
δuα + D̂λ

βkΓ
µ

λ α − Γ̃λα kD
µ
λβ − Γ̃λα βD̂

µ
λk

)
δ∗µ,

(22)R(δ∗α, ∂β)∂k =
(
B̂λβkΓ̃lλ α − Γ̃pα βA

l
pk − Γ

λ

α βÂ
l
λk

)
∂l

+
(
δ∗B̂µβk
δuα + B̂λβkΓ

µ

λ α − Γ̃λα kB
µ
λβ

)
∂µ +

(
B̂λβkD

µ
λα −

∂D̂µαk
∂vβ

− D̂λ
αkD

µ
λβ

)
δ∗µ,

(23)R(∂α, ∂β)δ∗k =
(
∂D̂µβk
∂vα −

∂D̂µαk
∂vβ

+ D̂λ
βkD

µ
λα − D̂λ

αkD
µ
λβ

)
δ∗µ,

(24)R(∂α, ∂β)∂k =
(
∂B̂µβk
∂vα −

∂B̂µαk
∂vβ

+ B̂λβkB
µ
λα − B̂λαkB

µ
λβ

)
∂µ

(3.17)



(25)R(δ∗i , δ
∗
β)δ∗k =

(
Γ̃λβ kF

l
λi −

δ∗Eljk
δuβ

)
∂l +

(
δ∗Pµβk
∂xi + PλβkΓ̃µλ i − ElikΓ̃µl β

−Γli kP
µ
lβ

)
∂µ +

(
PλβkĈ

l
λi + R̃jiβλC

l
jkv

λ
)
δ∗l +

(
δ∗Γ̃µβ k

δxi + Γ̃λβ kΓ̃µi λ − E
j
ikD̂

µ
jβ

−Γji kΓ̃µβ j + R̃λiβjy
jD̂µ

λk

)
δ∗µ,

(26)R(δ∗i , δ
∗
β)∂k =

(
D̂λ
βkF

l
iλ + R̃jiβλv

λAljk

)
∂l +

(
Γ̃λβ kĈ

l
iλ −

δ∗Clik
δuβ

)
δ∗l

+
(
δ∗Γ̃µβ k

δxi + Γ̃λβ kΓ̃µi λ − Γji kΓ̃µj β − C
j
ikP

µ
jβ + R̃λiβjy

jB̂µλk

)
∂µ

+
(
δ∗D̂µβk
δxi + D̂λ

βkΓ̃µi λ − Γji kD̂
µ
βj − C

j
ikΓ̃µβ j

)
δ∗µ,

(27)R(δ∗i , ∂β)δ∗k =
(
D̂λ
βkF

l
iλ −

∂Elik
∂vβ

)
∂l − EjikB̂

µ
jβ∂µ

+
(
δ∗D̂µβk
δxi + D̂λ

βkΓ̃µλ i − Γji kD̂
µ
βj − Γ̃λi βD̂

µ
λk

)
δ∗µ,

(28)R(δ∗i , ∂β)∂k = B̂λβkĈ
l
iλδ
∗
l +

(
δ∗B̂µβk
δxi + B̂λβkΓ̃µλ i − Γji kB̂

µ
βj − Γ̃λi βB̂

µ
λk

)
∂µ

−CjikD̂
µ
βjδ
∗
µ,

(29)R(∂i, δ
∗
β)δ∗k = PλβkÂ

l
iλ∂l +

(
Γ̃λβkĈ

l
iλ −

δ∗Clik
δvβ

)
δ∗l +

(
∂Pµβk
∂yi − C

j
ikP

µ
βj

)
∂µ

+
(
∂Γ̃µβ k

∂yi − C
j
ikΓ̃µβ j − Γ̃λβ iD̂

µ
λk

)
δ∗µ,

(30)R(∂i, δ
∗
β)∂k =

(
Γ̃λβ kÂ

l
λi −

δ∗Aljk
δuβ

)
∂l + D̂λ

βkĈ
l
λiδ
∗
l −

(
AjikΓ̃µβ j

−Γ̃λβ iB̂
µ
λk

)
∂µ +

(
∂D̂µβk
∂yi −A

j
ikD̂

µ
βj

)
δ∗µ,

(31)R(δ∗i , δ
∗
β)δ∗k =

(
D̂λ
βkĈ

l
λi −

∂Clik
∂vβ

)
δ∗l +

(
∂D̂µβk
∂yi − C

l
ikD̂

µ
lβ

)
δ∗µ,

(32)R(δ∗i , δ
∗
β)∂k =

(
B̂λβkÂ

l
λi −

∂Alik
∂vβ

)
∂l +

(
∂B̂µβk
∂yi −A

l
ikB̂

µ
lβ

)
∂µ,

(3.18)
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

(33)R(δ∗α, ∂j)δ
∗
γ =

(
δ∗Fkjγ
δuα − Γ̃lα γE

k
lj − Γ

λ

α γF
k
jλ

)
∂k

+
(

Γ̃λj γΓ̃kα λ −QλαγĈkjλ −
δ∗Γ̃kα γ

δxj − Γ̃lα γΓkj l − R̃lαjλvλĈklγ
)
δ∗k

+
(
F ljγΓ̃µα l + Γ̃λj γQ

µ
αλ −

δ∗Qµαγ
δxj −Q

λ
αγΓ̃µλ j

)
∂µ

+
(
F ljγD̂

µ
αl + Γ̃λj γΓ

µ

α λ +
δ∗Γ̃µj γ
δuα − δ∗Γ

µ
α γ

δxj − Γ
λ

α γΓ̃µj λ + R̃λαjhy
hDµ

λγ

)
δ∗µ,

(34)R(δ∗i , ∂j)∂γ =
(

Γ̃λj γΓ̃kα λ − Γ̃lα γΓkj l −
δ∗Γ̃kα γ

δxj −Dλ
αγF

k
jλ

+R̃lαjλv
λÂklγ

)
∂k +

(
δ∗Ĉkjγ
δuα − Γ̃lα γC

k
jl

)
δ∗k +

(
δ∗Γ̃µj γ
δuα + Γ̃λj γΓ

µ

α λ + ĈljγP
µ
αl

+R̃λαjhy
hBµλγ

)
∂µ +

(
Γ̃λj γD

µ
αλ + ĈljγΓ̃µα l −

δ∗Dµαγ
δxj −D

λ
αγΓ̃µj λ

)
δ∗µ,

(35)R(δ∗α, ∂j)δ
∗
γ =

(
− Γ̃lα γA

k
jl − Γ

λ

α γÂ
k
λj

)
∂k +

(
δ∗Ĉkjγ
δuα −D

λ
αγĈ

k
λj

)
δ∗k

+ĈljγP
µ
lγ∂µ +

(
ĈljγΓ̃µl γ − Γ̃λj αD

µ
λγ

)
δ∗µ,

(36)R(δ∗α, ∂j)∂γ =
(
δ∗Âkjγ
δuα − Γ̃lα γA

k
jl − Γ

λ

α γÂ
k
λj

)
∂k −Dλ

αγĈ
k
λjδ
∗
k

+
(
− Γ̃λα jB

µ
λγ + ÂljγΓ̃µα l

)
∂µ + ÂljγD̂

µ
lαδ
∗
µ,

(37)R(∂α, δ
∗
j )δ∗γ =

(
∂Fkjγ
∂vα −D

λ
αγF

k
jλ

)
∂k + F ljγB̂

µ
lα∂µ

+
(
∂Γ̃µj γ
∂vα −

δ∗Dµαγ
δxj + Γ̃λj γD

µ
λα −Dλ

αγΓ̃µj λ + Γ̃λα jD
µ
λγ

)
δ∗µ,

(38)R(∂α, δ
∗
j )∂γ =

(
∂Ĉkjγ
∂vα −B

λ
αγĈ

k
λj

)
δ∗k

+
(
∂Γ̃µj γ
∂vα + Γ̃λj γB

µ
αλ −

δ∗Bµαγ
δxj −B

λ
αγΓ̃µj λ + Γ̃λα jB

µ
λγ

)
∂µ + ĈljγD̂

µ
αlδ
∗
µ,

(39)R(∂α, ∂j)δ
∗
γ =

(
∂Ĉkjγ
∂vα −D

λ
αγĈ

k
jλ

)
δ∗k +

(
ĈljγD̂

µ
αl −

∂Dµαγ
∂yj

)
δ∗µ,

(40)R(∂α, ∂j)∂γ =
(
∂Âkjγ
∂vα −B

λ
αγÂ

k
jλ

)
∂k +

(
ÂljγB̂

µ
αl −

∂Bµαγ
∂yj

)
∂µ,

(3.19)

where, we put ∇
(1)
δ∗i
T ljk :=

δ∗T ljk
δxi + ΓlihT

h
jk − ΓhijT

l
hk − ΓhikT

l
jh

∇(2)
δ∗α

Tλ
βγ :=

δ∗Tλβγ
δuα + Γ

λ

α µT
µ
βγ − Γ

µ

α βT
λ
µγ − Γ

µ

α γT
λ
βµ,

for every 3-tensors T ljk and Tλ
βγ . Here, δ∗i := δ∗

δxi , δ
∗
α := δ∗

δuα , ∂i := ∂
∂yi and

∂α := ∂
∂vα .

The warped Ricci curvature tensor, is a contractions of the warped Rie-

mann curvature tensor R (with respect to warped pseudo-Riemannian metric

G), and denoted by R̃ic. It is defined as

R̃ic(G)(X,Y ) := trace(Z 7→ R(Z,X)Y )

for every X,Y, Z ∈ Γ(TM̃).
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Corollary 3.5. From the Proposition 3.4 and also the relationships (3.14),

(3.15), (3.16), (3.17), (3.18) and (3.19), we get the warped Ricci curvature

tensor as follows

(1)R̃ic(δ∗i , δ
∗
j ) = 2(Ric(g̃))ij + ∂2f

∂xi∂xj − C
l
hjE

h
li + ElijD̂

α
lα,

(2)R̃ic(δ∗i , ∂j) = 0,

(3)R̃ic(∂i, ∂j) = AlijC
k
lk −

∂Ckij
∂yk
− ClhjChli −

∂D̂ααj
∂yi +AlijD̂

α
lα

+AlijA
h
lh −AlhjAhli +

∂Ahih
∂yj −

∂Ahjh
∂yi ,

(3.20)



(1)R̃ic(δ∗α, δ
∗
β) = 2(Ric(g̃))αβ − ∂(e2f )k

∂xk
gαβ −QλαβĈkkλ −

∂Qγαβ
∂vγ

+Dλ
αβQ

γ
λγ −QλαβB

γ
λγ +QλβγD

γ
λα −QλαβD

γ
λγ − Γ̃lα βA

h
th − Γ

λ

α βÂ
h
λh,

(2)R̃ic(δ∗α, ∂β) = 0,

(3)R̃ic(∂α, ∂β) = −∂Ĉ
k
kβ

∂vα +BλαβĈ
k
λk −

∂Âhhβ
∂vα +BλαβÂ

k
λk −

∂Dµβµ
∂vα

+BλµβB
µ
λα −BλαβB

µ
λµ +BλαβD

µ
λµ −Dλ

µβD
µ
λα +

∂Bµβµ
∂vα −

∂Bµαβ
∂vµ ,

(3.21)



(1)R̃ic(δ∗i , δ
∗
β) = F liβC

k
lk − F lkβCkli + R̃lik0Ĉ

k
lβ

−ĈlhβEhli − F liβB̂
µ
lµ +

∂Fhiβ
∂yh

+ F liβA
h
lh,

(2)R̃ic(δ∗i , ∂β) = 0,

(3)R̃ic(∂i, δ
∗
β) = 0,

(4)R̃ic(∂i, ∂β) = ÂliβC
k
lk −

∂Ĉkkβ
∂yi + ÂliβA

h
lh − ÂlhβAhli

+ÂliβB̂
µ
lµ −

∂Bµβµ
∂yi + ÂliβD̂

µ
lµ +

∂Âhiβ
∂yh
− ∂Âhhβ

∂yi .

(3.22)

4. The Warped Lagrange Geometry

In this section, we find some interesting geometric properties of the tangent

bundle TM̃ = TM ⊕ TM by using a Lagrangian function defined as integral

of a real smooth function ϕ : [0,∞) → R such that depending on the warped

kinetic energy only, i.e.

L :=

∫
ϕ(t)dt (4.1)

where,

t = t(t̃, t) = t̃+ e2f t.

We have t ∈ [0,∞) for all (y, v) ∈ TM̃ . We suppose ϕ(t) > 0 and ϕ′(t) > 0

for every t ≥ 0, therefore, the Lagrangian function L is regular [4]. Now, by
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using relation 3.2, we consider the symmetric M̃ -tensor field on TM̃ , defined

by the components

Gij =
∂2L

∂yi∂yj
= ϕ′gi0gj0 + ϕgij , (4.2)

Gαβ =
∂2L

∂vα∂vβ
= e4fϕ′gα0gβ0 + e2fϕgαβ , (4.3)

Gαi =
∂2L

∂yi∂vβ
= ϕ′e2fgi0gα0. (4.4)

As usual in the warped Lagrange geometry, a regular Lagrangian L defines

a warped non-linear connection Nb
a on the bundle TM̃ given by the warped

horizontal distribution
◦
H(TM̃) spanned by

{(̃
δ
δxi

)
,
(̃

δ
δuα

)}
where

(̃ δ

δxi

)
:=

∂

∂xi
−Nj

i (x, u, y, v)
∂

∂yj
−Nβ

i (x, u, y, v)
∂

∂vβ

(̃ δ

δuα

)
:=

∂

∂uα
−Nj

α(x, u, y, v)
∂

∂yj
−Nβ

α(x, u, y, v)
∂

∂vβ

and

Nb
a = (Nj

i ,N
β
i ,N

j
α,N

β
α).

Here

Nj
i :=

∂Nj

∂yi
,Nβ

i :=
∂Ṅβ

∂yi
,Nj

α :=
∂Nj

∂vα
,Nβ

α :=
∂Ṅβ

∂vα
, (4.5)

where

2Ni := H̃ij
( ∂2L

∂yj∂xk
yk +

∂2L

∂yj∂uγ
vγ − ∂L

∂xj

)
+H̃iβ

( ∂2L

∂vβ∂xk
yk +

∂2L

∂vβ∂uγ
vγ − ∂L

∂uβ

)
, (4.6)

2Ṅα := H̃αβ
( ∂2L

∂vβ∂uγ
vγ +

∂2L

∂vβ∂xk
yk − ∂L

∂uβ

)
+H̃αj

( ∂2L

∂yj∂uγ
vγ +

∂2L

∂yj∂xk
yk − ∂L

∂xj

)
. (4.7)

Using (4.1), (4.5), (4.6), (4.7) and by straightforward computation the following

theorem obtained.

Proposition 4.1. Given the regular Lagrangian defined by (4.1), we have
◦
H(TM̃) = H(TM̃).
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Corollary 4.2. (1) Taking into account the Proposition (4.1) and the condi-

tion ψ = ϕ′ in the expression (3.3) of G, it follows that, the warped pseudo

Riemannian metric G defined on the tangent bundle TM̃ = TM ⊕ TM , is the

complete lift of the quadratic form

h := Gijdx
i ⊗ dxj +Giβdx

i ⊗ duβ +Gαjdu
α ⊗ dxi +Gαβdu

α ⊗ duβ . (4.8)

(2) From relation (3.13) it easily follows that

∂Ahih
∂yj

−
∂Ahjh
∂yi

= 0,

AkijA
h
kh −AkhjAhki = 0,

∂Bµβµ
∂vα

−
∂Bµαβ
∂vµ

= 0,

BτµβB
µ
τα −BταβBµτµ = 0,

∂Âhiβ
∂yh

−
∂Âhhβ
∂yi

= 0,

ÂliβA
h
lh − ÂlhβAhli = 0.

Now, let us consider ψ = ϕ′ then, from relations (3.20), (3.21) and (3.22) it

follows that 
(1)R̃ic(δ∗i , δ

∗
j ) = 2(Ric(g̃))ij + ∂2f

∂xi∂xj ,

(2)R̃ic(δ∗i , ∂j) = 0,

(3)R̃ic(∂i, ∂j) = 0,

(4.9)



(1)R̃ic(δ∗α, δ
∗
β) = 2(Ric(g̃))αβ − ∂(e2f )k

∂xk
gαβ

−∂Q
γ
αβ

∂vγ −Q
λ
αβB

γ
λγ − Γ̃lα βA

h
lh − Γ

λ

α βÂ
h
λh,

(2)R̃ic(δ∗α, ∂β) = 0,

(3)R̃ic(∂α, ∂β) = −∂Â
h
hβ

∂vα +BλαβÂ
k
λk,

(4.10)



(1)R̃ic(δ∗i , δ
∗
β) = −F liβB̂

µ
lµ +

∂Fhiβ
∂yh

+ F liβA
h
lh,

(2)R̃ic(δ∗i , ∂β) = 0,

(3)R̃ic(∂i, δ
∗
β) = 0,

(4)R̃ic(∂i, ∂β) = ÂliβB̂
µ
lµ −

∂Bµβµ
∂yi .

(4.11)
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5. Main Results

Using the Corollary (4.2), we obtain the main results of this paper as follows.

Theorem 5.1. Suppose, (TM̃,G) is the warped pseudo Riemannian manifold,

where G is defined by (3.3). Assume the warping function f : M → R holds in

the following conditions:

∇2f = 0, (e2f )i =
∂e2f

∂xk
gik = 0. (5.1)

If 
∂Âhhβ
∂vα −B

λ
αβÂ

k
λk = 0, ÂliβB̂

µ
lµ −

∂Bµβµ
∂yi = 0

∂Qγαβ
∂vγ +QλαβB

γ
λγ + Γ

λ

α βÂ
h
λh = 0,

−F liβB̂
µ
lµ +

∂Fhiβ
∂yh

+ F liβA
h
lh = 0,

(5.2)

then, the following assertions are equivalent:

(1): The warped pseudo Riemannian manifold (TM̃,G) is Ricci flat.

(2): The warped Riemannian manifold (M̃ = M ×f M, g̃ = g + e2fg) is

Ricci flat, and the functions ϕ(t) and ψ(t) are related by the condition

ϕ′ = ψ.

(3): The warped Riemannian manifold (M̃ = M ×f M, g̃ = g + e2fg)

is Ricci flat and the warped pseudo Riemannian metric G is the com-

plete lift of the quadratic form h in the expression (4.8), where the

components Gij, Gαβ and Gαj are defined by (4.2), (4.3) and (4.4).

Theorem 5.2. Suppose, the warped Riemannian manifold (M ×fM, g+e2fg)

is Ricci flat, and the warped pseudo Riemannian metric G is complete lift of

the quadratic form h. Whenever relations (5.1) and (5.2) are established then,

for every function F ∈ C2(M ×fM), a triple (M ×fM,G,∇GF ) is the steady

gradient Ricci soliton.

Proof. By using (3.4) and relation (HessF )(X,Y ) = (∇G)2
X,Y F we have

∇G∂i∇
G
δ∗j
F = −Ckij

∂F

∂xk
,

∇Gδ∗i∇
G
∂jF = −Ckij

∂F

∂xk

∇G∂α∇
G
δ∗β
F = −Dγ

αβ

∂F

∂uγ
,

∇Gδ∗α∇
G
∂β
F = −Dγ

αβ

∂F

∂uγ

∇G∂i∇
G
δ∗β
F = −Ĉkiβ

∂F

∂xk
,



Geometry of warped tangent bundles with Ricci-Flatness and shrinking solitions 117

∇Gδ∗β∇
G
∂iF = −D̂γ

iβ

∂F

∂uγ

∇G∂α∇
G
δ∗j
F = −D̂γ

αj

∂F

∂uγ
,

∇Gδ∗i∇
G
∂αF = −Ĉkiα

∂F

∂xk

So the condition ϕ′ = ψ in the Theorem (5.1) and Proposition (3.4) requires

that

Ckij = 0, Ĉkiα = 0, Dγ
αβ = 0, D̂γ

iβ = 0,

therefore, HessF ≡ 0. �

A warped product Riemannian manifolds (M̃ = M ×f M, g̃ = g+ e2fg) can

be considered. The tangent bundle TM̃ = TM ⊕TM carries important global

vertical field

L := yk
∂

∂yk
+ vγ

∂

∂vγ
,

which dose not vanish on the manifold TM̃◦ = TM̃ \ {0} , and is independent

of any Riemannian metric on the base manifold M̃ = M ×f M . It is called the

warped Liouville vector field.

Theorem 5.3. Let the warped Riemannian manifold (M̃ = M ×fM, g+e2fg)

be a Ricci flat. Whenever relations (5.1) and (5.2) are established then, the

tangent bundle TM̃ carries a 1-parametric family of shrinking Ricci solitons

(Gε,L, ε) for ε < 0.

Proof. We have

L(Gij) = 2t̃(ϕ′gij + ϕ′′gi0gj0) + 2ϕ′gi0gj0 + 2e2f t(ϕ′gij + ϕ′′gi0gj0), (5.3)

L(Giα) = 2e2fgα0gi0(ϕ′′(t̃+ e2f t) + ϕ′), (5.4)

L(Gαβ) = 2e2f t̃(ϕ′gαβ + e2fϕ′′gα0gβ0) + e4f (ϕ′′ + 2ϕ′)gα0gβ0

+2te4f (ϕ′gαβ + ϕ′′e2fgα0gβ0). (5.5)

Then, by using (1.1), (5.3), (5.4) and (5.5), for the warped Liouville vector field

L the following cases occur:

1: R̃ic(G) on ( ∂
∂yi ,

δ∗

δxj ) yields

L(Gij) + (2ε+ 1)Gij = 0,

which is equal to(
2tϕ′ + (2ε+ 1)ϕ

)
gij +

(
2(ϕ′ + tϕ′′) + (2ε+ 1)ϕ′

)
gi0gj0 = 0.
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2: R̃ic(G) on ( ∂
∂yi ,

δ∗

δuα ) (or ( ∂
∂vα ,

δ∗

δxi )) yields

L(Giα) + (2ε+ 1)Giα = 0,

which is equal to

e2f
(

2tϕ′′ + (2ε+ 3)ϕ′
)
gi0gα0 = 0.

3: R̃ic(G) on ( ∂
∂vα ,

δ∗

δuβ
) yields

L(Gαβ) + (2ε+ 1)Gαβ = 0,

which is equal to(
2tϕ′ + (2ε+ 1)ϕ

)
gαβ +

(
2(ϕ′ + tϕ′′) + (2ε+ 1)ϕ′

)
gα0gβ0 = 0.

Applying Lemma 1 of [6] the three previous cases are equivalent with

2tϕ′ = −(2ε+ 1)ϕ.

Hence, ϕ(t) = t−(2ε+1) and ϕ(t) > 0. Also, the condition ϕ(t) + 2tϕ′(t) > 0

is equivalent with ε < 0 and therefore, the triplet (Gε,L, ε) is shrinking Ricci

solitons. �

6. Conclusion and Future Directions

In this work, we established a geometric framework for studying Ricci-flat

metric on warped product manifolds M̃ = M ×f M and their tangent bun-

dles TM̃ . By introducing a Sasaki-Matsumoto lift, we constructed a pseudo-

Riemannian metric G on TM̃ and derived explicit conditions (Theorem 5.1-

5.3) under which (TM̃,G) inherits Ricci-flatness or admits shrinking Ricci soli-

tons.

Key takeaways include:

• The equivalence between Ricci-flat structures on M̃ and TM̃ hinges on

the warped function f satisfying ∇2f = 0 and the vanishing of specific

tensor fields (Eq. 5.2).

• The Liouville vector field L naturally induces a family of shrinking

solitons (Gε,L, ε) for ε < 0, governed by the ODE ϕ(t) = t−(2ε+1).

Future directions:

• Extend this work to Lorentzian warped products, relevant in general

relativity.

• Investigate the role of LXg for non-Killing vector fields X.

• Explore applications in geometric mechanics, where TM̃ models phase

spaces.
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