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On quasi-Einstein Kropina metrics
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Abstract. In this paper, we consider weakly quasi-Einstein Finsler metrics,
which is extension of Einstein conception. In fact, we investigate quasi-Einstein
Kropina metrics in both regular and singular case and we find the necessary
and sufficient conditions of quasi-Ricci flat kropina metrics.
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1. Introduction

In Finsler geometry, the Ricci curvature plays an important role. It is a
natural extension of the Ricci curvature in Riemannian geometry and defined
as the trace of the Riemman curvature. A Finsler metric F' is called an Einstein
metric on an n-dimensional manifold M if it satisfies

Ric = (n —1)c(z)F?, (1.1)

where ¢ = ¢(z) is a scalar function [6][7]. Finsler metric F is said Ricci
constant if F satisfies (1.1) where ¢ is constant . Especially when ¢ = 0,
F' is called Ricci flat. There is another quantity which is determined by the
Busemann-Hausdorff volume form, that is the so-called distortion 7 which the
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horizontal covariant derivative of 7 gives a non-Riemannian quantity the S-
curvature.

In Finsler geometry, so-called (¢, 8)-metrics are those Finsler metrics which
can be expressed in the form F' = a¢(s), where o := a(x,y) = y/ai;(x)yty’ is
a Riemannian metric and 8 := B(y) = b;(x)y’ is a 1-form on M. In the past
several years, we have witnessed a rapid development in Finsler geometry. This
is partly because of the research on the (o, )-metrics [2]. When ¢(s) = 1, the

Finsler metric F' = O‘T; is called Kropina which was introduced by Berwald [8].
These metrics are called regular Finsler metrics if ¢(s) is a smooth function on

(=bo, bp) satisfying
B(s) >0, ¢(s)— (5¢'(s) +b> —sH)¢"(s) >0, |s| <b<by. (1.2)

and [ satisfies ||B]|la < bo (see [23]). If ¢ does not apply condition (1.2),
then Finsler metrics have been called singular. Singular Finsler metrics is
introduced by Z. Shen [3, 4]. In recent years, many scholars have conducted a
great deal of research on them. Cheng-Shen-Tian proved that the polynomial
(o, B)-metric is an Einstein metric if and only if it is Ricci-flat [5]. In 2012,
Zhang and Shen specified the condition of Einstein Kropina metric . They
proved a non-Riemannian Kropina metric F = «?/8 with constant Killing
from 8 on a manifold M with dimensional n > 2, is an Einstein metric if

and only if Reimannian metric « is an Einstein metric [16]. In Reimannian
geometry, J. Case, Y .Shu and G .Wei studied m-quasi-Einstein which is a
generalization of Einstein metrics [20, 21, 22, 10]. The Ricci-curvature and S-

curvature have important and fundamental topic in Finsler geometry [15, 18].
Recently, Ohta introduced a definition of N-Ricci curvature in Finsler geometry
[L1]. This concept is generalized by H.Zhu, who characterize quasi-Einstein
metrics. He found the structure of quasi-Ricci flat square metric which is the
famous Berwalds metric [14].

Finsler manifold (M, F') is called N- weakly quasi-Einstein if it satisfies

2
Ric+ S _NS—n =(n-1) (c+ ?;f) F?
where § is the covariant derivative of S along a geodesic of F and ¢ = ¢(x) is
scalar function and 6 is a 1- form on M. If 8§ = 0 and N = oo, then Finsler
metric F is called quasi-Einstein and if ¢ = 0 is said quasi-Ricci flat.
In this paper, we are going to study Kropina metrics of quasi-Einstein and
quasi-Ricci flat cases. In fact, the main theorem is as follows:

Theorem 1.1. Let F' = O‘Tj be a Kropina metric on n-dimensional manifold
M with volume form dVp = e~fdV,,. Then F is quasi-Einstein if and only if

8;8{ = —2[2¢(n — 1) + s's;], (1.3)
Case I: Assume n # 2
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o if F' be regular then

Ricw = 35[n=2)(3 - 0°%) 20— 2)os0f]

1
-5 [230|0 - 2foso} — fojo +na’; (1.4)

e if F' be singular then

Ric, = (n—2) (5(2) - 02ﬂ2> —2(n—2)osep

—2s0j0 + 2f0s0 — fojo + ne®, (1.5)
Case II: Assume n =2
e if F' be regular then
. 1
Ricq = -3 [2500 - 2foso} — fojo + na’; (1.6)

e if F' be singular then Rico = —2sgj0 + 2fos0 — fojo + no?,

where n = n(x) is function on M.

2. Preliminaries

In 1918, Finsler metrics studied by P.Finsler’s [9]. Let F be a Finsler metric
on manifold M, a spray is a smooth vector field G on T'M, which is expressed
by

. 0 , 0
G =y'— —2G" —
(@) =y"5 5 (z,y) oy
where geodesic coefficients defined by
1

Gi = Zgil [FZ]wmylym - [F2]zl )

and G'(x, \y) = N2Gi(z,y), A > 0.
For Finsler metric ' on manifold M, the Riemann curvature R, = R} (y) %ﬁ ®
dz* of F is defined by
i 2 i 2 i i 9
Ri = 26Gz ; 0°G" y 8_G B GG' 8GJ.
Oyidyk  Oyi OyF

oz ¥ dzioyk 21)
Ricci curvature is the trace of the Riemann curvature, which is called by
Ric:=R]. (2.2)
For a Finsler metric F, let
i = cF?(0, — F'Fuy'). (2.3)

Then F is called of scalar curvature, where ¢ = ¢(z,y) is function on TM.
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The Busemann-Hausdorff volume form dVpy () := oggdxt A ...... Adz™ on
Finsler space (M, F') is defined by

W,

~ {Vol(y') € R"|F(z,y' 2%

O'BH(Z‘) :

QC)}’

where Vol{.} denotes the Euclidean volume function and w, := Vol(B"(1))
denotes the unit ball in R™. There is the scalar function 7 = 7(z,y) on T My
associated with the Busemann-Hausdorff volume form dVgy := opg(z)dzt A
--+ Adz™ is called the distortion and is as following

) [ det(gij(fc,y))}

T(x,y) =ln| +————
y JBH(.I)

The S-curvature is given by

d
S(e,y) = = |r(e(t).c ()] lo
here ¢(t) is the geodesic with ¢(0) = x and ¢ (z) = y.
For Finsler metric F' on manifold M, the S-curvature is defined by
8Gl yl a(O'BH)

SO =B v o

(2.4)

Let F be metric Finsler with volume form dVy = e~ fdVzy on TM,. Then
quasi-Ricci curvature is called by

Qric := Ric+ S, (2.5)

where § is the covariant derivative of S along geodesic of F' [14, 19]. The
(a, B)-metric can be expressed by the form

F := ag(s), s = g. (2.6)

It is known that is positive and strongly convex on T'Mj if and only if

¢(s) = s¢/(s) + (B — s%)¢"(s), (2.7)

where B := a'b;b; = ||B||a?.

The spray coefficients of («, 8)-metrics are given by [13]

G'=GL+ Q' (2.8)
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where

Q= aQsé + 0| roo — QQQSO> % + 1/1(7“00 - 204@50> b, (2.9)

PR J L (210)
o 2 [¢> — ¢/ + (B~ s2)¢"}

)= ¢ , (2.11)
2 [as — ¢/ + (B - s2)¢"]

Gg _ iai]’ |:[042]Izyjyk . [a2]$j] ) (2.12)

are the spray coefficients of the Riemannian metric a. The spray coefficients
2
(63

of FF = < are given by

G'= Gg + onsf) + 0(roo — 204@50)% + U (rop — 20Qs0)b’, (2.13)

where
Q
v o=
0

The S-curvature for (o, 8)-metric is given by

S :=2¢(ro + so) + ((n +1)0 + ¢5(B — 32)> (o0 — 2aQso)$
+ fo, (2.14)

where fo := friy'.
We use some notations for («, 8)-metrics as follows,

%

1 1 o y
rij = 5 iy +bja),  sig = iy = bja)y To0 =Tiy'y 85 = a sy,

i Y e i g i g _ i
ri =015, s =VWryu, so=sy', r'=ar;, s'=a"s;, r=>0b"r,

where denotes the covariant derivative with respect to Levi-Civita connec-
tion of a, (a™) := (a;;)~" and b* := a"b,.

”» |”

The Riemann curvature of Kropina metric as follows

Ricy = Rico +T7, (2.15)
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where

1 1.
T,,:L: = 7F2 |:2BSiSZ —+ 48ljsji:| +F s

—ﬁ(%islo +b"sij0 — 250)p — 2807 + 381'7“6) — sloi]

1 , , , ,
+§ {(ﬁ-roo —b'ri010 — roiTy) + (2n — 1)rois’y + (n — 2)80|0:|

1
5 [(n —2)s5 + (roor — 75) +2(2n — 3)7“030]

n—1

3n—1) 4
+F32

WTOO' (216)

|:2T0080 — 47’00?"0 + BT000:| +

Now we obtain § for Kropina metric as following

: F TS . , )
S = B{ §0 —ns;sy + 1i5g + B frisy — sofb]

1 )
5 {roor + 273 — B(2(2n + 1)roso — 2(n + L)reis’

—nsojo + Tojo — SoToo + 502f0) - 32f0|0}

1 [_4(71—1—1) ,

+B2F ja o0 — 2(2’11 + 1)7‘0050

+B (2(2” + 3)rooro — (1 + 1)rooj0 + 2foroo)] ~ (2.17)

Lemma 2.1. Let F = %2 be a Kropina metric an n-dimensional manifold M
with volume form dV = e~fdV,. Then quasi-Ricci curvature of F is given by

i oJ 2
L : S i 1
Ric+S = Rica + fop — 2 1 + F(faisy — So\i) - ﬁ((n —2)s

17 . _
+2rgor + 18 — 81980 + 27‘30F) + B 7700 + Too|p + Tiojob"

i i 3
—T0iTy — 3r0iSo — 2800 + Tojo — foToo + 2f0s0 — F[5a8i50
$;8'F

2

4 1 Z’L ) 3 7
TiSo 281|0 S0lb SoT; 270
_7“1‘36 + beO}:| ~ Tanp3 Too
10 0070 2 00|0 2]07 00

52 . (2.18)

1
7; |:2(7l + 3)7"0080 —

Proof. By equation (2.15) direct computation to (2.18). O
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Proof of Theorem 1.1: Let F be a quasi-Einstein kropina metric, by means
quasi-Einstein and lemma 2.1, we have

Rict+ S —(n —1)cF? =0, (2.19)

where ¢ = ¢(z) is a scalar function. Then we can get by

1 ST00 12 ST0050 ST00T0
0 = —— | — 2 2 — 10
Bz((n—i— )[a]+(n+) - o
+(n — 2)s3 + 2roor + ra — 8rosg + 2arso)
s
1 (2570000 ; i i i
B (a — 1700 — Toolb — b'Tioj0 + T0iTh + 3r0isg
3asish  risha  bisjoa Sope soria
+280\o + + + — —
2s s 25 S S
3s;rba sista? rmisia 2sfor
o + 5= — 0= —roj0 + foroo — foroo
2s 2s
fbaSO 1 i si-sg 2 i
T —2fo0s0 ) — 5 a50|i+7j43 — feisba
+fojo + Rica — (n — 1)cF?. (2.20)
Now by multiplying (2.20) with 3?a*, we can equation mentioned above by «
as follows
0 = A1018 + AQO{G + A3054 + A4O¢2 =+ A57 (221)
where
1 A
A = —ﬁsisl — Zsész —(n—1)c,
1. 2 3, 1, L1
Ay = ﬁ(B [— B0 ~ 5880 ~ ib Sij0 + Sopp + so7; — 55170
—Bsg; + frish — fbé’o]),
1 2 2 1 i
As = - 5 [(n = 2)sg + 2roor + 1§ — 8roso] 5 ~Tiroo
—7o0js — b'Ti0j0 + ToiTh + 3T0ish
+2s0j0 — Tojo + be00> + fojo + Rica:| B,
1 3
Ay = =2([(n+2)s0— 57"0]57‘00 +700j0 — foroo | 87,
1
A5 = 7(71 + 7)77"(2)0ﬁ4.

B2
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By this equation, we conclude that o2 divides —(n + 7)3573,3*. This means
that there is scalar function o = o(z) on M, where

roo = oA, (2.22)

We only consider the case (2.22). Then, one can obtain the expression of the
following quantities

i 2 i
r, =no, Top =0Q, To= 0.57 rOi\O =00y, = UB?
2 2 i i 2 2

Tojp =0 a” + 0o, 1isy =080, Toiryg=0

T0i|0bi =00f3, Toolo = an2~ (2.23)

By plugging all the above quantities into (2.21), we can get

0 = o®A;+a54; 4+ a4, (2.24)
where
1 . sts?
Al = 7ﬁ[818i+ J2’L +2(7’L*1)C],
1 7003 1,
Ay = f E[USO(H - 5) — 5550 §b'3i\o + Sojp — foS0

+(n+2)0?B — fbaﬂ] — So)i + fwisé )
A4 = B[- % (n—2)s2 + (n — 2082 + 2(n — 2osof)
+é(250‘0 —2fo0s0) + Rica + fojo)-

Case I: Assume n # 2. In this case, we have

Ric, = % [(n—2)(s§ — 0?8%) — 2(n — 2)os0f3]

1
B 25010 — 2fos0] — fojo +na?, (2.25)

where 7 = n(x)is a scalar function.

Case II: Assume n = 2 then, we obtain

. 1
Ricy, = -5 (25010 — 2f050] — fojo + na®. (2.26)

This completes the proof. O

Finally, we conclude the following.
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Corollary 2.2. Let F = %2 be a Kropina metric on n-dimensional manifold

M with volume form dV = e~fdV,. Suppose F is quasi-Einstein. Then I
quasi-Ricci flat if and only if it is satisfy

sisy = 3 (2n — T)asg — b5 + 2501 — 2fp50
+28(c[(n+2)0 = fo] —n) |, (2.27)
sls; = —is;sf (2.28)

Proof. Suppose F' be quasi-Einstein Kropina metric. By plugging quantities
(2.22), (2.23), (2.25) into the following equation

Ricp+ S= 0. (2.29)

We can get (2.27). Also by plugging quantities (2.22),(2.23) (2.26) into (2.29),
we can get (2.28). O
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