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Abstract. In the present paper, we have studied the Matsumoto change
L(z,y) = % with an h-vector b;(z,y). We have derived some funda-
mental tensors for this transformation. We have also obtained the necessary
and sufficient condition for which the Cartan connection coefficients for both

the spaces F" = (M™, L) and F" = (M™, L) are same.
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1. Introduction

Let M be an n-dimensional C*° manifold and T,M denotes the tangent
space of M at x. The tangent bundle of M is the union of tangent space

TM := |J T, M. A function L : TM — [0, c0) is called Finsler metric function
zeM
if it has the following properties||2]

(1) L is C* on TM\{0},
(2) For each zeM, L, := L|r, p is a Minkowski norm on T, M.
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The pair (M™, L) is then called a Finsler space. The normalized supporting
element, metric tensor, angular metric tensor and Cartan tensor are defined by
li = &L, 9ij = %&-@L{ hij = L828JL and Cijk = %&cgij respectivgly. 4 4
The Cartan connection for the Finsler space F™ is given by (£}, N7, Cj?k).
The h-covariant and v-covariant derivative of the tensor TJz with respect to

Cartan connection, are respectively given as follows
T 7 o [ nls
Ty, = 0T} + T Fry, — T, F,
i 9 % T i
Tk = 0T} + T} Cry = T,/ Cly.

where Jj, is differential operator §; = O — N}, O

In 1984, C. Shibata [13] introduced the change L = f(L, 3) as a generaliza-
tion of Randers change, where f is positively homogeneous function of degree
one in L and f(z,y) = b;(z)y’. This change is called 8-change. An important
class of B-change is Matsumoto change, given by

— L?

If L(z,y) reduces to a Riemannian metric then L(z,y) becomes Matsumoto
metric. A famous example of Finsler space “A slope measure of a moutain
with respect to time measure” was given by M. Matsumoto[l1]. Due to his

great contribution in Finsler geometry, this metric was named after him.
A.Tayebi et al. [16] and Bankteshwar Tiwari et al. [17] discussed the
Kropina change and generalized Kropina change respectively, for the Finsler
space with m*" root metric. In 2017, A.Tayebi et al.[15] obtained the condi-
tion for the Finsler space given by Matsumoto change to be projectively related
with the original Finsler space. To provide a more comprehensive overview of

the related literature, we have added additional references [5, 6, 7, 8] discussing
recent developments in Matsumoto change of Finsler spaces.
The concept of h-vector b;, was first introduced by H. Izumi [9], which is

v-covariant constant with respect to Cartan connection and satisfies LC’Zhj bp, =
phi; , where p is a non-zero scalar function. He showed that the scalar p depends
only on positional coordinates i.e. ;i p = 0. From the definition of h-vector, it is
clear that it depends not only on positional coordinates, but also on directional
arguments.

Gupta and Pandey [2, 4], discussed certain properties of Randers change
and Kropina change with an h-vector. They[1] showed that If the h-vector is
gradient then the scalar p is constant, i.e. Ojp = 0. In 2016, Gupta and Gupta
[1, 3] have analyzed Finsler space subjected to h-exponential change.

In the present paper, we have studied a Finsler metric defined by

— _ L (x,y)
Loy = ey by

where b;(z,y) is an h-vector in (M™, L).

(1.1)
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The structure of this paper is as follows: In section 2, we have obtained the
expressions for different fundamental tensors of the transformed Finsler space.
In section 3, we have observed how the Cartan connection coefficients change
due to Matsumoto change with an h-vector and also find the necessary and
sufficient condition for which both connection coefficients would be same.

Let the Finsler space transformed by the Matsumoto change (1.1) with an
h-vector, be denoted by F= = (M™,L). If we denote 8 = b;(x,y)y’, then
indicatory property of angular metric tensor yields 3j B = b; . Throughout this
paper, we have barred the geometrical objects associated with F".

From (1.1), we get the normalized supporting element as

- T T
l; = l; i 1.2
YRR e R (1.2)
where
L 1
Ti=—, m;:=b— =l
B T
Remark 1.1. The covariant vector m; stratifies the following relations
(i) m; #0 (ii) m' = g¥m; (iii) m? = m;m’ (iv) miy* =0.

Differentiating equation (1.2) with respect to y?, and using the notation
L;; = 0;l; we get

- (T + pr —2) 272
Lj=— DL+ ——
J (R TCESE

mm;.

(r—1)2 B
Therefore, the angular metric tensor Eij is obtained as
T2(T 4+ pT — 2) 274

A e A T

Sl

The metric tensor g,; = Eij + Zﬂj is given by

_ 2(1 + pT = 2) 72(1 — p1) 73
9= g 9ut o it s

milj + mjli)

which can be rewritten as

Gij = P 9ij + Prlily + pa(mil; +mjli) + pgmimy (1.5)
where
B 72(1 + pT — 2) B 72(1 — p7) B 73 B 3t
p= (7_71)3 ) pl_ (7_71)3 ) p2_(7_71)37 p3_(771)4'

The following lemma helps us to compute the inverse of metric tensor g;; .
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Lemma 1.2. [10]: Let (m;;) be a non-singular matriz and l;; = m;; + n;n;.
The elements Y of the inverse matriz, and the determinant of the matrix (lij)
are given by

1 =m' — (14 npn®) Inind, det(l;;) = (1 + ngn®)det(m;;)

respectively, where m* are elements of the inverse matriz of (m;;) and nk =
mFin,;.

The inverse metric tensor of ' can be derived as follows:

979 =q9” + @'V + g (I'm? +m'V) + ggm'm? (1.6)
where
o=t o= L[ s -5 2p°p3ps
p’ 2L(p +p)ps — 03 Bp+ 2psm?){(p1 + p)ps — p3}>1’
o = —2pop3 G — —2p3
(3p + 2psm?){(p1 + p)p3 — p3}’ p(3p + 2p3m?)

The Cartan tensor Cj, is obtained by differentiating the equation (1.5) with
respect to 3, as follows:

where Cijk =P Cije + Vij» (1.7)
Vije = Ki(hijmi + hjem; + homj) + Ko mymjmy,
and
K= T k3r—4) 6t
2L(r —1)4 B(r —1)5

Remark 1.3. From above we can retrieve relations between the scalars as

op _ 2L Ops _ 2L

ar 2 Y 9r g2

1 1 1
Ki=—<p2+psl|lp—— and pi+p2|{p——]=0.
2L T T

From equation (1.6) and (1.7), we get the (h)hv-torsion tensor 6;k
Cjr=Cjip + My, (1.8)
where
M;k = qu(mkhé + m]hz) + (QQ I+ q3 ml) {2K1mjmk + %p hjk}

+ {gm’ + (q21" + gsm")Ym?} (Kamjmy, + K1hy) -
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2. Cartan Connection of the space "

The Cartan connection for an n-dimensional Finsler space F"is given by
the third (F; k,N; ,6; ). The v-connection coefficient 6; i 1s given by equation
(1.8). Now, we are obtaining the h-connection coefficient f;k and non-linear
connection coefficient N; . First, we will try to find canonical spray of the
transformed space F".

Differentiating equation (1.5) with respect to ¥, and using the definition of
h-covariant derivative, we obtain

NGi; =P Okgi; + p1 (Ll Fly + L) + po(prhiy + Libj + by, + my Fll
+m, Fjly +m Fil, +m;Fjl) + pg(mibﬂk + mjbi‘k + mim, Fjj,
+mim, Fjy) + 2(K1hy; + Kemgm;)(By, + Nymy)

+ 2K1(her,:mi + h”N,:mJ)
(2.1)
where Oxp = pji. = p, and B = Bk
Applying Christoffel process with respect to indices i, j , k in above equation,
we obtain the coefficient of Christoffel symbol as follows:
Vije =PYijk + Sijn {%thij + (B + Nimy) Bij + Ky (hjrmi + hipmg) N;?}
+ QiFji + QrFji + Q; Ei
+ @y = P9 {7+ 9" (CotmNI" = CotmN]" = CitmNi") |
(2.2)

where the symbol &;;;, is defined as
Gijr Uiji = Usjr — Ujps + Uy
and we have used the notation

Qi = pols +p3m;, By = K hyj + Komymy,

2Eij = bijj +bjjis  2Fij = bijj — bjji -
Remark 2.1. The tensors Q; and B;; satisfy the following

The Christoffel Symbol of second kind of the Finsler space F"is given by
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Tik =Wk + (0" = 07N CirmNi" = Cokm N} = CemNi") + 3" | Q;Fun

+Qszj + QsEjk + stk{%pkhjs + (Bk: + N]:mT)BSj

+K; (hjrmi + hirmj) Nl:} . (23)
Transvecting equation (2.3) by y/y* and using G = %vjikyjy’“, we get
G'=Gi+D, (2.4)
where
. 1 .
D= 3 7" [QsFEoo + 2p2LFy, ] . (2.5)

Thus, we have:

Proposition 2.2. The spray coefficient of the transformed space is given by
equation (2.4).

Remark 2.3. In the subscript zero ‘o’ is used to denote the transvection by
y', d.e Fso = Fgy'.
Differentiating equation (2.4) with respect to y* and using @Gi = N;f and
d;g* = =2 5"62, we get
N;=N/+Dj, (2.6)
where

D]l = gi'r{ - 2Dm(pcmrj + erj) + QTEOj + EooBrj + p2LFrj

+QjFro + %pkykhrj}' (2.7)

Thus, we have:

Proposition 2.4. The non linear connection coefficient of the transformed
space is given by the equation (2.6).

Now, we are in a position to obtain the Cartan connection coefficient for
the space F'. We know that the relation between the Christoffel symbol and
Cartan connection coefficient is given by

Fo = + 9" (Cir NI — Copoe NT — CjnNT) .
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In view of equation (1.7), (2.3) and (2.6), we have
Fi =k + (0" = 0g") (CitmN{" = Corm N — Cim NJ*) + g{ QjFu

+QrFsj + Qs Eji + stk(%pkhjs + (B + Npm;)Bs;

+ K1 (hyemi + higmy) N§ ) + (pCr + Vikr) (NI + D)
—(PCskr + Virr)(Nj + D) = (PCjsr + Visr) (Ny; + D%)} (2.8)

which can be simplified as
F;k = ji}c + ?is{Qstk: +QrFjs + QsEjr + G (%pkhjs + BrBjs
~pCor Dy = Visr D) }-
Above equation can be rewritten as
Fi = Fj,+ D}y (2.9)
where

i —1is D
Dj. =79 {Qstk + QrFsj + Qs Eji + 6j5k<?2pkhjs

+BkBjs — pCisr D, — VJ-STDQ)} . (2.10)
Hence, we have the following.

Theorem 2.5. The relation between the Cartan connection coefficients of F™
and F" is given by equation (2.9).

Remark 2.6. The tensors D;k, D; and D? are related as
(i) D}k Yk = Dji, (ii) DJ? y =2D7%, (i) 9;D" = D;

Now, we want to find the condition for which the Cartan connection coef-
ficients for both spaces F™ and F" are same, i.e. F;k = ij then Djik =0,
which implies Dji =0, then D* = 0. Therefore the equation (2.5) gives

2plLP;'o + EooQi = O,

which on transvection by %’ gives E,, = 0 and then F;, = 0. Differentiating
E,, = 0 partially with respect to y* gives E;, = 0. Therefore we have E;, =
0 = Fj,, which implies b, = b,;; = 8|; = 0. Differentiating 3; partially with
respect to ¥’/ and using the commutation formula

9;(B11) — (9;B)) = (8:8)CT,
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we get

bjj; = — bCT (2.11)

jli ijlo *
This will give us F;; =0. Taking h-covariant derivative of LCy;b, = ph;; and

using plk:O,L|k =0 and h;;), = 0, we get

r _ (P, _
€Cop= (3), -0
This gives

Coibrp + C§j|kb7“ =0.
Transvecting by y* and using byo = 0, we get C’Z.Tj‘ ,br = 0 and then equation
(2.11) gives b;; = 0, i.e. the h-vector b; is parallel with respect to Cartan
connection of F™.

Conversely, If b;; = 0 then we get E;; = Fi; =0 and 8; = 3); = bj|iyj =0.

Then equation (2.5) reduces to D' = 0. From Fj; = 0 we have p; = 0, which
implies D% = 0. Therefore, from equation (2.10), we get D%, = 0, which gives

Fj, = Fj},. Thus, we have:

Theorem 2.7. For the Matsumoto change with an h-vector, the Cartan con-
nection coefficients for both spaces F™ and F" are the same if and only if the
h-vector b; is parallel with respect to the Cartan connection of F™.

Now, differentiating equation (2.6) with respect to y*, and using 8.19]\7;: =
G;'-k, we obtain

G = Gl + 0, D}, (2.12)

where G;  are the Berwald connection coeflicients.
Now, if the h-vector b; is parallel with respect to the Cartan connection of F™,
then by Theorem 2.7, the Cartan connection coefficients for both Finsler space
F" and F" are the same, i.e. Di; = 0 which implies D} = 0. Then from
equation (2.12), we get é;k =Gy

Conversely, if @;k = Gék then, from equation (2.12), we have O D; =0,
which on transvecting by 3/ and using Remark 2.6, gives D! = 0. Using the
same procedure as in Theorem 2.7, we get b;; = 0, i.e. the h-vector b; is
parallel with respect to Cartan connection of F™. Thus, we have:

Theorem 2.8. For the Matsumoto change with an h-vector, the Berwald con-
nection coefficients for both spaces F™ and F" are the same if and only if the
h-vector b; is parallel with respect to the Cartan connection of F™.
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Conclusion

In the present paper, The Cartan connection of the changed Finlser space
is discovered and with the condition (h-vector b; is parallel, i.e. b;; = 0), the
Cartan connection of both the spaces are same. For this transformation we
can also find some geometric properties for the transformed Finsler space like
the curvature tensor, torsion tensor, T-Tensor etc.
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