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Abstract. A four dimensional pseudo-Riemannian manifold of signature (2, 2)
is called a Walker manifold if it admits a parallel degenerate plane field. Ein-
stein like metrics are generalizations of Einstein metrics. In this paper, we
study the curvature properties of a family of four dimensional Walker mani-
folds. We give conditions on the coefficients of the metric so that the Ricci
tensor of the metric is parallel, cyclic parallel and Codazzi respectively.
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1. Introduction

A pseudo-Riemannian metric g on a four dimensional manifold M is said to
be a Walker metric if there exists a two dimensional null distribution on M,
which is parallel with respect to the Levi-Civita connection of g. This type of
metrics has been introduced by Walker [12] who has shown that they have a
local canonical form depending on three smooth functions. Various curvature
properties of some special classes of Walker metrics have been studied in [3]
where several examples of neutral metrics with interesting geometric properties
have been given. Conditions for a restricted four dimensional Walker manifold
to be Einstein, locally symmetric, Einstein and locally conformally flat are
given in [5]. Examples of Walker Osserman metrics of signature (3,3) which
admits a field of parallel null 3-planes are given in [7, &]. A lot of examples of
Walker structures have appeared, which proved to be important in differential
geometry and general relativity as well [6, 11].

Two of the most extensively studied objects in Riemannian geometry and
physics are Einstein manifolds and the Riemannian manifolds with constant
scalar curvature. We denote by & the class of Einstein manifolds, by C the
class of Riemannian manifolds with constant scalar curvature and by P the
class of manifolds with parallel Ricci tensor. We have the following inclusion:

EcPcC.

Gray [10] considered the space of covariant derivatives of Ricci tensors to in-
troduce two interesting classes of Riemannian manifolds which generalizes the
concept of Einstein manifolds. The class of Riemannian manifolds admitting a
cyclic parallel Ricci tensor denoted by A and the class of Riemannian manifolds
with Codazzi Ricci tensor denote by B. These two classes of manifolds, con-
sisting on those with cyclic parallel Ricci tensor and Codazzi Ricci tensor have
been extensively studied in the Riemannian and affine setting. Note that, the
classes of Riemannian manifolds 4 and B lie between the class of Riemannian
manifolds with parallel Ricci tensor P and the class of Riemannian manifolds
with constant scalar curvature C.

Calvariso [4] classify three-dimensional homogeneous Lorentzian manifolds,
equipped with Einstein-like metrics. Batat et al. [1] study and characterize
a class of four-dimensional Walker metrics to being Einstein-like, conformally
flat, locally symmetric. Motivated, by the following papers [1, 4], we consider
the family of Walker metrics g, on O C R* given by

ga = 2(dxy o dzg + dxo o day) + a(x1, X2, T3, 24)d2xs 0 das
+a($1,$2,l‘3,l’4)diﬂ4 de47 (11)

where a is a fonction depending on (z1, z2, 23, 4). We shall characterize Walker
metrics (1.1) which are parallel Ricci tensor, cyclic parallel Ricci tensor and
the Codazzi Ricci tensor. We organized the paper as follow : in section 2, we
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shall describe the curvature of the metric considered. In section 3, we will give
conditions on the coefficients of the metric (1.1) so that the Ricci tensor to
being parallel, cyclic parallel and Codazzi respectively.

2. Description of the Metric

For next, we denote by
0 da(xy, 9, 3,2
0 i= —, a;:= (21,23, 25, 3).

8,%2‘ ’ 8.’1%
A straightforward calculation shows that the non-zero components of the Levi-

Civita connection of the metric (1.1) are given by :

1 1 1 1
Vo, 03 = §a131, Vo,04 = 5111327 Va,03 = §a281a Vo,04 = §a2327
1 1 1 1
Vo, 05 = =(aa1 +a3)01 + =(aaz — ag)02 — —a103 — —a204,
2 2 2 2
1 1
Vo, 01 = §a481 + §a3(')2,
1 1 1 1
V3484 = é(aal — a3)81 + 5((1(12 + a4)82 — 5(11(93 — 5&284. (21)

A curve (t) = (z1(t), x2(t), z5(t), x4(t)) in (1.1) is a geodesic if and only if
the following equations are satisfied :

1
0 = &1+ a1T123 + asToTs + 5(&&1 + a3)E3ds + agd3dy
1 L.
+§(aa1 — az) T4,

0 = Zo+a1d21T4 + asdody + 5(@0,2 — a4)E3d3 + astsiy

1 ..
+§(aa2 + aq)Eady,

. ay . . a . .
0 = X3 — —X3L3 — T4y = 0,
2 2
0 .. az . . az . .
= X4 — —X3Tx3 — —X4T4.
2 2

Recall that, a pseudo-Riemannian manifold (M, g) is geodesically complete if
all geodesics exist for all time. The above partial differential equations system
is hard to solve. So the geodesically completeness of the Walker metric (1.1) is
not easy to prove.

Using (2.1), we can completely determine the curvature tensor of the metric
(1.1) by the following formula:

R0, 01)0% = (Yo, Vo, = Vio, 01) -

Then, taking into account (1.1), we can determine all components of the (0, 4)-
curvature tensor

Rijii = 9a(R(8;,0;)0k, 0).
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We obtain that, the non-zero component of the (0,4)-curvature tensor of the
metric (1.1) are given by

Ry313
Ry404
Ri414
Ra323
Royo4

R3434

1 1
= 01, Ry303 = 50125
1 1
= 02 Ri334 = Z(aﬂlz —2a14),
1 1
= 50 Riy34 = 1(2013 —a}),
1 1
= 3022 R334 = z(aé — 2a94),
= Cam Rum= 0 )
= 302 2434 = (2023 — a102),
1
= 1(2(133 + 2a44 — aa? — aa3). (2.2)

By (2.2), we can calculate the compoments p;; with respect to 0; of the Ricci
tensor of the metric (1.1). We find that, the non-zero component of the Ricci

tensor are given by :

P13

P33

P34

P44

1 1 1

5011, P14 = 50127 P23 = §a12, P24 = §a22,

§(a§ + aa11 + aazy — 2a24),

1

5(—a1a2 + a14 + ass),

1

5(@% + aa11 — 2a13 + aa22>. (23)

The scalar curvature defined by 7 = tracep of the metric (1.1) is

T = a11 + a29.

Let F be the Einstein tensor defined by

We have

FIX.Y) = p(X,Y) = 2 g(X.Y).

1
Fiz = —Fu= z(an — a22),
1

Fuu = Foz= 5012,

1
Faz = 1(2(1% + aayy + aagy — 4asy),

1
F3q = 5(—01612 + aia + ag3),

1
.F44 = *(2@? -+ aayl] — 4(113 —+ aa22).

4
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The Walker metric (1.1) is Einstein if F(X,Y) = 0 for any vector fields X,Y".
This is equivalent to

2
a11 —az2 =0, a12=0, 2a3+ aai; + aazz — 4azs =0,

2
ai1as — a4 — aogz = 0, 2a7 + aai1 + aagy — 4a13 = 0.

The non-zero components of the Ricci operator @) given by

9(Q(X),Y) = p(X,Y)

with respect to 0; are

Qu = p3, Qu2=p1a, Qi3 =p3z —apis,

Qua = psa—apa, Qo1 =pua, Q22 = pou,

Q23 = p3a—apra, Qo4 = pas —apas, Q33 = p13,

Q34 = pua, Quz=p1a, Qu=pou. (2.4)

Then, according to the above, it is easy to see that the eigenvalues of the Ricci
operator are solutions of

[(p13 = ) (p2a = A) — p4] " = 0.

If p13 = pog and p14 = 0, then X\ = py3 = %all is the only Ricci eigenvalue.

In this case, it is easy to see that the corresponding eigenspace is not four-
dimensional (and so, @ is not diagonalizable), unless
P13 — P24 = P14 = P33 — aP13 = P34 = Paga —ap13 =0
that is, a satisfies
ail —ag2 = a12

= CL% “+ aai1 — 2(124

= a1a2 — Q14 — Q23

= a% “+ aai1 — 2&13

= 0. (2.5)

If p13 # pog or p14 # 0, then @ admits the eigenvalues

P13+ paa+ 6\/(p13 — p24)? + pi,
— 5 ,

where e = %1, each of multiplicity 2. In this case, it is easily seen by (1.1) that

Ae

@ is not diagonalizable, unless

2p14p34 — 2ap3, — p13pas + 2ap13p24 — P24P33

Il
=

Pa4 — QP24 + P33 — aPi3 (2.6)
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equivalently, equations above (2.6) are equivalent to requiring that the defining
function a satisfies :

2 2
0 = ay — 2&13 + aags + ay + aaq1 — 2(124

ara(—aiaz + aig + azz — aays)
1 1
—5011(04% + aalr — 2@13) - iagg(ag + aag9 — 2@24). (27)

Note that (2.5) implies (2.6). Hence, we can state the following result :

Proposition 2.1. The Walker metric (1.1) has a diagonalizable Ricci operator
only if its defining function a satisfies (2.7).

Note that, Ricci-parallel Riemannian manifolds have a diagonalizable Ricci

curvature and are therefore isometric to a product of Einstein manifolds, at
least locally. This is no longer true for pseudo-Riemannian manifolds [2].

We can now calculate the covariant derivative of the Ricci tensor Vp of the
metric (1.1). By definition :

(Vao,p)jk = Va,p(9;,0k) — p(Va,0;,0) — p(9;, Vo, 0),
By using (2.1) and (2.3), we prove the following.

Proposition 2.2. The non-zero components of the covariant derivative Vp of
the Walker metric (1.1) are given by

1

(Vo,p)1z = 501113
1
(Va,p)13 = 1(2&113 + aza12),
1
(Vo,p)ia = a1,
1
(Vo p)1s = Z(2a114 —a1a12),
1
(Vosp)ia = 1(2(1123 —a1a12),
(V84.0)14 = Z(2a124 —aiaz +ajar + a2a12),
(Va,p)2s =  —(2a123 — aza11 + a1a12 + agazsz),

4
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1

(Vo,p)aa = 50122,
1
(Va,p)oa = 50222,
1
(Vosp)oa = 1(20223 — a2a12),
1
(Vo,p)aa = 1(20224 + ara12),
1
(Vo,p)as = 1(20124 — a2a12),
1
(Vo,p)ss = 5(2@@12 + aai11 + a1a22 + aag21 — 2a241),
1
(Va,p)zz = 5(2a2a22 + aa12 + asa22 + aaz2 — 2a242),
1
(Vo,p)33 = 5(3a2a23 + aai13 + azage + aazez — 2a243 — aa2a12
+asa12 + aaiazs — 2a1a24 + a2a14),
(Vo,p)ss = 5(202(124 + aa114 + a4a22 + aag24 — 2a244 — a3a12),
(Vo,p)sa = §(a141 + ag31 — 2a1612 — a2011),
1
(Va,p)za = 5(—2@@12 — a1a22 + 142 + a232),
1
(V83p)34 = Z(_4a2a13 — aj1a93 + 2a143 + 2a933 — 2a3a12 — aa1a12
+aqa02 + a1014 + aa2a11 — Qaa11),
1
(Vo,p)za = 1(—(12@14 —4aiagy + 2a144 + 20034 — 204012 — azaz?

+aszai — aazaiz + aaiass + asass),

(Vo,p)as = %(3%@11 + aainr — 2a131 + aai2z),

(Vo,p)as = %(2016112 + aza11 + aayiz — 26132 + aaszz),

(Voyp)aa = %(201(113 + azaiy + aaiyz — 2a133 + aazes — asa12),
(Vo,p)as = %(301(114 + aqa11 + aaiis — 2a134 + aagq — aa1a12 + azaiz

“+ayia93 + aasai — 2&2&13).

3. Einstein Like Walker Metrics

Einstein-like metrics were introduced and first studied by Gray [10] in the
Riemannian framework as natural generalizations of Einstein metrics. Since
they are defined through conditions on the Ricci tensor, their definition extends
at once to the affine and pseudo-Riemannian setting [9].
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Next, we assume that, the defining function a on the Walker metric described
by (1.1) is on the following form :

a(xy, 2,23, 4) = 21b(23, x4) + x2c(23,24) + d(23, 24), (3.1)

where b, ¢,d are C*(Q) real valued functions. Note that O C R*. From scalar
curvature formula, the Walker metric (3.1) has vanishing scalar curvature.

We start by given conditions such that the Walker metric (3.1) should be
Einstein. Recall that, a pseudo-Riemannian manifold (M, g) is said to be Ein-
stein if its metric tensor ¢ satisfies p = A - g, where p denotes the Ricci tensor
and A € R is a constant.

Proposition 3.1. The Walker metric described by (1.1) and (3.1) is Einstein
if and only if the following eqations are satisfied :

bz = %bz, cq = %cz, by + c3 = be.
That means the functions b and ¢ have the following forms :
26
o+ Bas + s

2y

- et c(r3,T4) =
o+ Bz + vy (w3, 24)

b($37 1‘4) =
Example 3.2. Let consider
0= {(x1,$2,1‘3,$4) € R4,4 — T3 — X4 75 0}

We set: b=c= 2_ Then for

4—13 —X4

2(z1 + x2)

d
4_ T3 — 24 + ($37x4)a

6(331,562,3?37554) =

the Walker metric (1.1) and (5.1) is Einstein.

A pseudo-Riemannian manifold (M, g) has parallel Ricci tensor or belongs
to class P if and only if its Ricci tensor satisfy :

for all vector fields X, Y, Z tangent to M.

Proposition 3.3. The Walker metric g, described by (1.1) and (5.1) has par-
allel Ricci tensor if and only if the functions b and c satisfies
b® = 2bs + k(z4), ¢? =24 + U(z3),
3ces — 2c34 — 2bcy + bye = 0, 4cbs + beg — 2bgy — 2¢33 — bby = 0,
cby + 4bcy — 2byy — 2¢34 — cc3 = 0, 3bby — 2b34 + beg — 2¢bg = 0.
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Proof. From (3.1), applying (3.2), we have : g, € P if and only if :

(Vasp)zz =0,
(Vasp)sa =0,
(Vo p)as =0,
(Va,p)ss =0,
(Va,p)sa =0,
(Vo,p)aa =0

The above system is equivalent to :

3cez — 2c34 — 2bey + by = 0,

4Cb3 + ng - 2b34 - 2633 - bb4 = 0,

bbs — b3z =0, ccq — caa =0,

Cb4 + 4bC4 - 2b44 - 2034 — CC3 = 0,

3bb4 — 2b34 + ng - 2Cb3 =0.
This completes the proof. O

A comparison between Proposition 3.1 and Proposition 3.3 shows at once

that Ricci-parallel Walker metrics (3.1) which are not Einstein form a quite
large class, depending on two arbitrary non-vanishing one-variable functions k

and [. Note that an irreducible Ricci-parallel Riemannian manifold is neces-
sarily Einstein [10].

Recall that, a pseudo-Riemannian manifold (M, g) has cyclic parallel Ricci
tensor or belongs to class A if and only if its Ricci tensor p satisfy
(Vxp)(Y, Z) + (Vyp)(X, Z) + (Vzp)(Y, X) =0, (3.3)

for all vector fields XY, Z tangent to M. The relation (3.3) is equivalent to
requiring that p is a Killing tensor, that is,

(Vxp)(X, X) =0. (3.4)

Proposition 3.4. The Walker metric g, described by (1.1) and (3.1) has cyclic
parallel Ricci tensor or belongs to class A if and only if the functions b and c
satisfies :

3cez — 2¢34 — 2bey + cby = 0, 3bby — 2b34 + beg — 2¢bg = 0. (35)
Proof. From (3.1), applying (3.4), we have: g, € A if and only if

(vasp)33 - 0, (v34p)44 =0.
This is equivalent to (3.5). O
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Recall that, a pseudo-Riemannian manifold (M, g) is called Codazzi Ricci
tensor or belongs to class B if and only if its Ricci tensor satisfy

for all vector fields X, Y, Z tangent to M.

Proposition 3.5. The Walker metric g, described by (1.1) and (3.1) has Co-
dazzi Ricci tensor or belongs to class B if and only if the functions b and c
satisfies

4cbs + beg — 2bsg — 2¢33 — bby + 2cc4 — 2¢44 = 0,
cby + 4bcy — 2byy — 2¢34 — cc3 + 2bbs — 2b3z = 0.

Proof. From (3.1), applying (3.6), we have: g, € B if and only if:
(Vasp)aa = (Va,p)sss (Voyp)aa = (Va,p)sa,
that is equivalent to
4ebg + beg — 2bsg — 2¢33 — bby + 2cc4 — 244 = 0,
cby + 4bcy — 2bgy — 2¢34 — cc3 + 2bbs — 2b33 = 0.

Then, we get the proof. O

With the family of Walker metric (1.1) and (3.1), we have the following
inclusion :

ECcP=AnBcCc AuBCcC.
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