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On projectively PR-flat Douglas sprays
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Abstract. Deformation of every spray into a projective spray can be done
using a volume form on a manifold. The Riemann curvature of a projective
spray is called the projective Riemmann curvature. In this paper, we are go-
ing to present a global rigidity result for the projectively PR-flat sprays that
have vanishing Douglas curvature. Then we characterize projectively PR-flat
Randers metrics of Douglas curvature.
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1. Introduction

The S-curvature, an important non-Riemannian quantity, is derived as a free
index form by the geodesic fields [3][6]. Let G be a spray on an n-dimensional
manifold M. Z. Shen has introduced a projectively equivalent spray G with
respect to a fixed volume form dV on a manifold M™, [9]:

A 2S
G=G+—Y,
n+1
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where S = S(g 4v) is the S-curvature of (G,dV) and Y = yt azi is the vertical
vector field on TM™. Thus, the curvatures of G are the projective invariants

of the spray G with respect to a fixed volume form dV'.

The Riemann curvature of G is called projective Riemann curvature of
(G,dV):

PRzk(Gde) = leé”
that can be expressed as follows:
‘ , 1 os 9%S . 9S8 .
A _ 7 _ 9 -7 Py 95
PRy = Rk+n+1{ 26xky Jr@xjay’fyy Jr@acjy(sk
. 028, .08 S 0G7 |
—2G7 ———y' - 2G' — 0"+ — '
8y73yky oy * + OyI Oy* Y
1 , oS
R PP |
i (n+1)2 [ k 8yky
Hence, the projective Riemann curvature of (G, dV) is given by [3]
i i =i Lo 3Xk
PR kaay, = R + 20", — gz_ky + — ly , (1.1)

where R’ = R’, is the Riemann curvature of the spray G and

_ B[S ’

o+l n+1] "’

where S| is the covariant derivative of S along the geodesic G. G is of projec-
tively PR-flat if there is a volume form dV on M such that

[1]

PR

% _
ka,av) —

Similarly, the Ricci curvature of G is called the projective Ricci-curvature
of (G,dV):

PRZ'C(Gyd\/) = RiCé7

that can be expressed by (1.1) as follows:

PRicg.qv) = Ric+ (n — 1){ Slo_ [ el r} (1.2)
’ n+1 n+1

It can be easily checked that if G has the condition Ricci-flat and S = dh
for some scalar function h = h(x), then G is projectively Ricci-flat.

Recently, the experienced researcher pay their attention to projective Ricci-
curvature, [1], [2], [5], [10], [11].
This paper is designed to classify the Douglas type sprays of projectively PR-
flat (PRic-flat), and examples are obtained.
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We give the following theorem within the notion of spray framework, and
then we obtain a new formula for Douglas type projectively PR-flat (PRic flat)
sprays:

Theorem 1.1. Let G be a Douglas spray on M™ i.e., the spray coefficients G*
are in the following form

. s . Ny 1. .
G'=G"+ P(z,y)y', G = if‘;k(x)y]yk, (1.3)

where F;k(m) are local functions on M™ and P(x,y) is a positively homogeneous
function of degree one. Then G is projectively PR-flat if and only if there is a
scalar function A on M™ such that

Ple = [770]0 - (770)2] 5ik - [’rIQA‘]C - noﬁk]yi, (14)

where PR, is the Riemann curvature of G, * T ” denotes the horizontal co-
variant derivative with respect to G, ng := n;y°,

1
n+1
N := 0im, N := O\ and w; := 0;(Ino).

n = A\ +

(mi = Tii),

It is known that a Finsler metric on an n-dimensional manifold M is a
function F : TM — [0, 00) with the following two properties:
(a) F(u,v)is C*° on TM\{0};
(b) the restriction F, := Fir, s is a Minkowski function on T3, M for all
u e M.

(ar, B)-metrics forms a large class of Finsler metrics. The following form is
used to define them

F:a¢(5)v $= o’

where a := a(x,y) = v/a;;(z)y’y7 is a Riemannian metric, 3 := B(y) = b;(z)y"
is a 1-form with ||8]|a < bo and ¢(s) € C'™ is a positive function on (—bg, by).
It is proved that F = a¢(s) is a positive definite Finsler metric if and only if

3]
B(s) — s¢'(s) + (b* — s2)¢"(s) >0, |s| <b< by.

When ¢(s) =1+ s, the Finsler metrics F' = a +  is called Randers metrics.
Now, we consider that the Randers metrics F' = a + ( is of Douglas type. In
that case, we give the following theorem:

Theorem 1.2. Let F = a+ 3 be a Douglas type Randers metric on M™. Then

F is a projectively PR-flat if and only if there is a scalar function g on M such
that

PR, = (991 — (90)°]6"% — [9giy, — 90m]y/' (1.5)
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where go := gy
By the above discussion, we have the following result

Theorem 1.3. Let G be a Douglas spray on M™ i.e., the spray coefficients G*
are in the following form

i A i ni 1oy j
G' =G+ Pla,y)y', G'=T(@)y'y", (1.6)

where F;k(x) are local functions on M™ and P(x,y) is a positively homogeneous
function of degree one. Then G is projectively Ricci-flat if and only if there is
a scalar function A on M™ such that

Ric = 7(” - 1) [(770)2 - 770]0]) (17)
where Ric is the Ricci curvature of G, “ T ” denotes the horizontal covariant
derivative with respect to G, ng := n;°,

1
i = Ai (i = Toy),

N = 0in, N := O\ and w; := 0;(Ino).
Example 1.4. Consider the metric ' = « + (8, where
2 (202 — 2
o= VP = (2PlP = (.0)?) 5 (2.y)
1—z|? 1—z|?
Such a metric is the famous Funk metric which is projectively flat on the unit

ball B"(1) in R™ and the flag curvature K = —1/4 . Also, it is easy to see
sij = 0. Then F' is a projectively Ricci-flat Douglas metric.

2. Preliminaries

Let M be a differential manifold. In a standard local coordinate system, a
spray is a vector field on T'M which are expressed as follows
) 9
G=y'— —G"— 2.1
Yo oy (2.1)
where G' = G'(x,y) are local C* functions on TM \ {0} with G*(z, \y) =
NG (z,y), YA > 0.

For a spray G, the Riemann curvature tensor R, are defined as follows.
i 2 i 2 i i 9k

o 8G'_8G_yk+2Gk8G__8G8G.

J Oxd  OxkoyJ Oykoyi  Oyk OyJ

and the trace of R’ ; 1s called the Ricci curvature, Ric = R},

Ri

One of the most widely used non-Riemannian curvatures in spray geometry
is S-curvature, which is obtained by
oG™ 0
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where dVp = op(z)dz* A --- Adz™ is the Busemann-Hausdorff volume form.
The x-curvature can be expressed in several forms. For an arbitrary volume
form dV,

1
Xk =5 {Sko— Sk} (2.3)
The Douglas curvature tensors [2] are defined as follows

@- & .1 agm
D'y = Byjaykayl< Cn+1 aymy )

(2.4)

For a Finsler metric F' on an n-dimensional manifold M, the induced spray
coefficients of F' are obtained from the following equation

@ = 2 [Py — (P2},

where g% is the inverse of the fundamental tensor g;; := [%FQ]yiyj.

The so-called (o, §)-metrics form an important class of Finsler metrics that
can be defined as F' = a¢(s), s = g, a:= a(z,y) = v/ai;(x)y'ys is a Riemann-
ian metric, 8 := B(y) = b;(x)y" is a 1-form and ¢(s) € C™ is a positive func-
tion on some open interval. When ¢(s) = 1 + s, the Finsler metrics F' = a+
is called Randers metrics. If ¢(s) = 1/s, the Finsler metric F' = o?/f is called
a Kropina metric. The spray coefficients of («, 8)-metrics are given in [3]

Gi = aGi + OtQSé + @(Too — 2OZQS())% + \IJ(’I’OO — 20[@80)bi,

where
__9¢
Q - ¢ _ qu/ 9
o_ _ (0—58)0 — 500
20[¢p — s¢’ + (b2 — s2)¢"]’
T ¢

2|:¢—S¢/+(b2—82)¢” .
H. Zhu and R. Li has proved the following useful lemma, [3]:

Lemma 2.1. Let G be a spray on M™. The followings are equivalent:
(a) G is projectively PR-flat,
(b) For any volume form dV on M™ there is a scalar function A on M™
such that

. _ 1 .
PR'), =70" — §T.kyl, (2.5)
where “.” denotes the vertical derivatives with respect to y and

2
T = Ao‘o — )\(2) + m)\os
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(¢) For any volume form dV on M™ there is a scalar function A on M™
such that

Ric', = [Wjo = ¥]8' — 5[0 — V7] ' ni’*ly :

(2.6)

where “ | 7 is the horizontal covariant derivative with respect to G,
)\0 = )\mmym,
S
V=X — —,
n+1

and S = S(G,dV)'

It’s important to remind that, Z. Shen and L. Sun has proved the following
lemma, [7]:
Lemma 2.2. Let G be a spray on M™. The followings are equivalent:

(a) G is projectively Ricci-flat,
(b) For any volume form dV on M™ there is a scalar function X on M"™

such that

PRic =(Mn—-1)<¢A\ 7A2+L>\S (2.7)
(G,dV) 0lo 0t e .

(¢) For any volume form dV on M™ there is a scalar function A on M™

such that
Rice = (n — 1){E — =%}, (2.8)
where “ |7 is the horizontal covariant derivative with respect to G, Ao :=

)\zmym}
S
2= —
O n+1

and S = S(de).

Moreover, the lemma mentioned below is also crucial for us in the proof
section.

Lemma 2.3. [7, 2] Let F' = a+/ be a Randers metric on M™. F is projectively
Ricci-flat if and only if there is a scalar function p on M™ such that

“Ric = 2s0ms"s +as';sT, — (n— 1)l(n0)? — poal, (2.9)

—(n — 1)uzms"6, (210)

m
S 0;m

where “ Ric denotes the Ricci curvature of a.
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3. Proof of Main Theorems

Proof of Theorem 1.1. Let G be a Douglas spray on an M"™. Then, the
spray coefficients G* satisfies (1.3). Obviously,

.0 .0
G=y'"— —2G"—
yaxl oy’
and
R ) ;)
G=9y'"— —2G"—
Y oz Gayl

are projectively equivalent. Consequently, the projective Riemann curvature
of (G,dV) is given by [8]:

, Ny a1 3% .
PR', = PR, =R, +20") — =Zxy' + —1' 3.1
k k p 20— SRRy 1Y (3.1)

where
S S 42

& 10 [ } 3.9
T on+1 tl +117 (3:2)
where § = SA(G,dV) is the S-curvature of (G, av), « T ” denotes the horizontal

covariant derivative with respect to G, and x = >A((C; av) is the x-curvature of

(G,dV). It is possible to acquire that

aGm )

§ = %" _m 9
oy™ Y axm( no)
= on — 70, (33)
where
m 0
o =Tmdy ", ﬂmzax—m(lna).
It is simple to see that
S = (Tmo—m0)io- (3.4)

Substituting (3.3) and (3.4) into (3.2), we get

2. Lo~ mo)jo {F?ﬁo - Wo}"’ (3.5)
- n+1 n+1 ’ '
From (3.5), we have
. 2(T70 — mo)yy N 2[(Fmo — o) (I, — w,c)} (36)
- n+1 (n+1)2 ' '

By (2.3) and [8, Lemma 3.1.], we obtain

X =0. (3.7)
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Plugging (3.5), (3.6), and (3.7) into (3.1), we get

. iy o =m0 Ty —me2) o, 1 [ 20 — mo)y,
PR _ i m0 0 i = |
L R’f+{ n+1 +[ n+1 } kg n+1
(To — m0) (T — k) i
+2[ T } yi. (3.8)
By (1.6), we have
oG™ 0
= - M — 1
S oy™ 4 axm( no)
= S+(m+1)P. (3.9)
Besides by (1.6), we have
Aojo Noio — 2[Py' |\
= Agjo — 2P0, (3.10)

LL|

where ” denotes the horizontal covariant derivative with respect to G and
Ao := Ayt By (3.9) and (3.10), we have

2 ~
T = )\O‘AO—2P)\07A3+n+1)\0[S+(n+1)P}
= A A2 2 o | T 3.11
= Ao =+ o[ = . (8.11)

Differentiating (3.11) with respect to y* yields

1 m m
= Q{Aoik = Mok = (T = 7o) + do(Ty - wk)]}. (3.12)

Substituting (3.8)-(3.12) into (2.5), we have

. (I, —mo); mo_ooa2) ™ — o)
Rszr{ 0 0)|0+[I‘m0 wo} 5, — o 0)\;g

n+1 n+1 n+1
+[(F%0 _(Zoi—(l;;nzk - Wk)} }yl = {)‘oio o )‘8 + %HAO [To — o }5ik
—{Aom — Aok + %H [Ak(rﬁo — o) + Xo(Tomy. — wk)} }y (3.13)
Thus,
Ry = [ — (10)°18"% — [, — momiely’, (3.14)
where 1 := n;y* and 7; 1= \; + n%rl(m —I'.). The converse is obvious. O
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Proof of Theorem 1.2. Note that a Randers metric F' = o+ [ is a Douglas
metric if and only if 8 is closed, i.e.

sij = 0. (3.15)

Together with [8, Lemma 5.1.], we get
PRy = [g40 — (90)°]8") = [gox — gome]¥/", (3.16)
where go := ¢,:y*. The sufficiency is obvious. (I

The proof of Theorem 1.3 is similar to Theorem 1.1, as stated below:

Proof of Theorem 1.3. Let G be a Douglas spray on an M™. Then, the
spray coefficients G* satisfies (1.6). Obviously,

) )

G: 17,—2 v -

Y o G(?yl

and 5 5
G=y— —2G" =

yﬁxl oy’

are projectively equivalent. Consequently, the projective Ricci curvature of
(G, dV) is given by [7]:

. S s
PRiC(G7dv) = PRiC(G,dV) = Ric+ (n—1) {n —:—01 + [n - 1]2} , (3.17)

where S = S(é avy 18 the S-curvature of (G, dV) and “ T ” denotes the horizontal

covariant derivative with respect to G. One can obtain that

- aG™ 0
S = ——y"—(1
oy Y 8xm( no)
= Iy —mo, (3.18)
where
= m m7 m — < 1 .
To = Tl ™ xm( no)
It is easy to see that
So = (Tmo—m0)ip- (3.19)
Substituting (3.18) and (3.19) into (3.17), we get
- y: 1 m 1 m 2
PRZC(G7dV) = Ric + (n — 1) [m(rmo — 71'0)]0 + m(rmo — 770) :|(320)
By (1.6), we have
oG™ 0
= - M — 1
S 9y y Bmm( no)

= S+(n+1)P. (3.21)
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Besides by (1.6), we have

)‘O|O = AOTO - 2[Pyl])‘z

= Ao — 2P, (3.22)

where denotes the horizontal covariant derivative with respect to G and
Ao == Aiyt. Substituting (3.20), (3.21) and (3.22) into (2.7), we have

££|77

Ric = —(n = 1){(n0)* = 10} (3.23)
where 19 := n;5* and
1
i = Xi + — 1(7Ti — T
The converse is obvious. O

For Randers metrics, we use the theorem 1.3. Consider the geodesic coefli-
cients of G = Gy of Randers metric, [1]:

Gi=G'+Py, G=°G+as, (3.24)

where
Too — 20[50

P =
2F

Since s;; = 0, (3.24) becomes
G' =*G" + Py, (3.25)

where P = ;%. Hence, following the proof of Theorem 1.3, we obtain

“Ric = 7(77’ - 1) [(770)2 - 770]0]3 (326)
where 79 := n;5* and
i = A+ ! (m —T7)
777. — ) n + 1 T mi
= \N—Y, (3.27)

Here,

This completes the proof. O
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