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Abstract. This paper deals with the space known as ”generalized fifth recur-
rent Finsler space.” The core idea centers around a mathematical object called
the” Inheritance Kulkarni-Nomizu product” which is applied to two Ricci ten-
sors satisfy an inheritance property. We apply the inheritance property with
Kulkarni-Nomizu product of two Ricci tensosrs by using Lie - derivative in
generalized fifth recurrent Finsler space. In addition, we prove that the Lie -
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1. Introduction and Preliminaries

An inheritance Kulkarni-Nomizu product considers a new concept in Finsler
geometry. Various identities on curvature inheritance in Finsler space estab-
lished by Gatoto [16]. New relationship on curvature inheritance and other
tensors was investigated by Ali et al. [7]. The Kulkarni-Nomizu product of
two (0,2) type tensors defined by Deszcz et al. [15]. Further, AL-Qashbari and
Baleedi [12] studied K —curvature inheritance in fifth recurrent Finsler space.
Opondo [25] studied W—curvature inheritance in bi-recurrent Finsler space.

In the same regards, the Lie - derivative of forms and its application was
investigated by authors [22, 23, 26, 28]. Several results on generalized recurrent
Finsler spaces of higher orders studied by [4, 8, 11, 13, 6, 10, 24]. The relations
between Ricci tensors and associate curvature tensors for various curvature
tensors discussed by [1, 2, 3, 5, 9, 14, 17, 18, 19, 20, 21, 27, 29].

Let us explore a generalized B K —fifth recurrent Finsler space satisfying the
following relations [11]

%s%q%l%n%m[(jk = asqlanjk7 (11)
BB, BB, B Hji, = asqinmHiji, (1.2)

and
BB, BB, B, Rijrn = sqinmRijrn (1.3)

if and only if

bsqlnmgjk - qulnijkn - dsqlnijkl - esqlnijkq - 2bqlnmyr%rcjks = 07(14)

BB, BBn B (P, + Pj Pl — Py, — PjiPly) (1.5)
Fsqinm (_P;kt - Pjrkpﬁt + Pjttk + Pftpﬁk) + bsginm (n—1) 9ijk
_2bqlnmy7'%r (n - 1) Cjks — Csqlnm (n - 1) Cjkn

_dsqlnm (TL - 1) Cjkl — €Esqglnm (TL - 1) Ojkq =0

and
bsqinm (9hjGik — 9rjGin) — 2bginm¥y" Br (9njCirs — griCins)  (1.6)
—Csqinm (9n;Cikn — GkjCinn) — dsqinm (9niCikt — grjCint)
—esqinm (9niCikg — 91jCing) + BB B1B,B,,(Cyjr HE )
—sqinm (CijeHjp) = 0,
respectively.

The Kulkarni-Nomizu product (AAU) of two (0,2) - type symmetric tensors
A and U is defined as

(ANU) 0 = AinUje — AirUjn + AjiUin — AjnUss, (1.7)

ijk
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See [30]. The associate curvature tensors K;;xn, Pijrn and Wijk, satisfy the
following relations [30]

1
Kijih = Rijrn — 7(7172) (A/\U)ijkh' (1.8)
1
Pijih = Rijin — C) (AinUji, — AjnUs) - (1.9)
¢
Wijkh = Rijkn — m(fl NA)ikns (1.10)

where c is constant.

The non-zero covariant tensor field of fifth order asqnm vanishes simulta-
neously with the vanishing of the scalar function a(z) by Berwald’s covariant
derivative of the fifth order [12]

Lvasqlnm = %s%q%l%n%ma(x) (111)
if and only if
BB BB, B (Lo K p,) = Lu(BB BB, B Kyy). (1.12)

The H—Ricci tensor and K —Ricci tensor have an inheritance property that
characterized by

Lijk = a(x)Hj (113)

Lijk = Oé(CU)Kjk. (114)
See [12].

2. Lie - Derivative of the Inheritance Kulkarni-Nomizu Product of
Two Ricci - Tensors in GBK — 5RF,

Definition 2.1. The Kulkarni-Nomizu product (AANU) of two (0,2)-type sym-
metric tensors A and U which is defined by (1.7), is called inheritance Kulkarni-
Nomizu product if the tensors A and U are satisfying the inheritance property.
We denoted to the Lie - derivative of the inheritance Kulkarni-Nomizu product

by Lth(A A U)ijkh'
Using (1.1) and (1.2) in (1.7), we get
1
———[(B:B,B:B, B Kin) (B:B,5:8,8,,H,;)(2.1)

(asqlnm)2

— (BB, 818,58, Kir) (B.B,B:B,B,, Hin) + (B:sB,5:8,8,, K1)
(BB, B8, B, Hin) — (BsB,B:8,8,, K1) (B:B,B:58,8,, Hir)].

(K A H)ijkh =
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Taking the Lie - derivative of both sides in (2.1) and using K —Ricci tensor and
H—Ricci tensor that have inheritance property, we get

1

Ly Ih(K A H)ijkh = (asqlnM)sz <
(asqlnm)

2) [Kithk — KaHyn  (22)

1
+ K Hip — thHik} +—
(asqlnm)

+KinHji Ly (Qsqinm) + o) asqinm KinHjr — Hin Kig Ly (asqinm)
—o(x)asqinmHjn Kix — KigHjnLy(asqinm) — a(2)Gsqinm K Hjn
+Hin K Ly (Qsqinm) + (@) asqinmHin K i + K Hin Ly (asqinm)
+o(x)asqinm KjuHin — HigKjn Ly (asqinm) — a(x)@sqinm Hin Kjn

- thikLv(asqlnm) - a(m)asqlanthik} .

[ijKihLU (asqlnm) + O‘(x)asqlanijih

Using (1.11) in (2.2), we get

1
LoIh(K A H) 0 = (Gsqinm)* L ((a l )2> [Kithk — K Hjn
sqlnm
+KxHin — KjpnHi | + (o )[QQ(x)asqlanithk
sqlnm

_za(x)asqlanikHjh + 2a(1')asqlanijih - 205(CU)a/sqlnm-Z:{jh-[{ik] .

Above equation can be written as

1
LoIh(K AH), = [(asqlnm)%y <2> + 2a(x)} [Kithk
(asqlnm)
_KikHjh + Kijih - thHik} . (23)

Thus, we conclude

Theorem 2.2. In GBK — 5RF,,, Lie - derivative of inheritance Kulkarni-
Nomizu product of K—Ricci tensor and H—Ricci tensor is giving by (2.3),
provided (1.4), (1.5) and (1.12) hold.

Using (1.1) in (1.7), we get
2

(asqlnm)2
—(BB,B1B,,B,, Ki,) (B.8,8,8,8,,K,1,)]. (2.4)

(KAK)ikn [(BBB1B, B Kin)(BsB,8:B,8,K;i)
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Taking the Lie - derivative of both sides of (2.4) and using K-Ricci tensor that
has inheritance property, we get

2
LoIW(K A K) 1, = (@sqinm)” Ly (2

(asqlnm>

> [Kithk — KuKn| (2.5)

2

+ﬁ [KijihLu(asqlnm> + O‘(I)asqlanijih —+ KithkLv(asqlnm)
sqlnm

+a(z)asqunmKin K — KjnKik Ly (Gsqinm) — () asqnm K jn Kik

KT @an) — 0t Kot

Using (1.11) in (2.5), we get

2
S K)ijkh N (asqlnm)ZLv ((al)2> {Kithk - KikHjh}
sqlnm
2
+ﬁ [Qa(x)asqmmeKjk - 2a(x)asqlanikth} _
sglnm

Above equation can be written as

2

(asqlnm)2

LoIh(K A K) = [(asqmm)QLv < ) v 4o¢(m)} [Kithk - Kikth] (2.6)

Thus, we conclude

Theorem 2.3. In GBK —5RF,, the Lie - derivative of inheritance Kulkarni-
Nomizu product of K— Ricci tensor with itself is giving by (2.6), provided (1.4)
and (1.12) hold.

Taking the Lie - derivative of both sides of (1.8), using the inheritance
Kulkarni-Nomizu product of K —Ricci tensor and H—Ricci tensor, we get

LvKijkh = LvRijkh — (n — 2) LUIh(K A H)ijkh' (27)
Using (2.3) in (2.7), we get
LK L.R LI 2L ! +2()} (2.8)
virgg = vdlgj — 7= | Qsglnm v ol .
jkh jkh (TL — 2) ql (asqlnm)2

KinHj, — Ky Hjp + K Hyp, — thHilc} .
Thus, we conclude
Corollary 2.4. In GBK —5RF,,, the Lie - derivative of the associate curvature
tensor Kijin of the curvature tensor Kj’:kh is giving by (2.8) if H—Ricci tensor

and K—Ricci tensor have an inheritance property, provided (1.4), (1.5) and

(1.12) hold.
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Transvecting (2.7) by asqinm, we get

Asqlnm
asqlnm(LvKijk:h) = asqlnm(LvRijkh) - (nqi 2) Lvlh(K A H)Ukh

Taking the Lie - derivative of both sides of (1.3) and using the result in above
equation, we get

asqlnm(L'uKijkh) = Lv(%s%q%l%n%mRijkh) - (Lvasqlnm)Rijkh

Asqlnm
_ Gsalnm 5 Th(K A H).
(TL _ 2) ( )zgkh

Above equation can be written as

LU(%S%q%l%n%mszkh) = asqlnm(L'uKijkh) (29)
if and only if
2—n
L, IWE ANH), 5 = ﬁ(Luasqlnm)Rijkh- (2.10)
sqglnm

Thus, we conclude

Theorem 2.5. In GBK — 5RF,,, Lie- derivatives of associate curvature ten-
sor Kijiyn and Berwald’s covariant derivative of the fifth order for associate
curvature tensor Ryji, are codirectional if and only if the Lie- derivative of
inheritance Kulkarni-Nomizu product of K— Ricci tensor and H— Ricci tensor
is giving by (2.10), provided (1.6) holds.

Taking the Lie - derivative of both sides of (1.9) and using K —Ricci tensor
and H—Ricci tensor that have inheritance property, we get

1
Ly Pijpn = Ly Rijrpn — valh(Kithk — K;nHi). (2.11)

Using (2.3) in (2.11), we get

1 1
LyPijkh = LyRijrn — (= 1)Lv1hl ;
(asqlnm)2Lv ((asqlnm)z) + 2(1(3&‘)
1
LyIW(K ANH); 0 + | (asqinm)? Lo () 2.12
[ ( ) jkh |:< ql ) (asqlnm)2 ( )

—|—2a(m)} (KinHjp — Kijih)]] .
Thus, we conclude the following.

Corollary 2.6. In GBK —5RF,,, the Lie - derivative of the associate curvature
tensor Pijry of the curvature tensor P]?kh is giwing by (2.12) if H—Ricci tensor
and K—Ricci tensor have an inheritance property, provided (1.4), (1.5) and

(1.12) hold.
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Transvecting (2.11) by asginm, we get

Asglnm
asqlnm(LvPijkh) = asqlnm(LvRijkh) - (nql_ 1)Lth(thHJk - thHik)'

Taking the Lie - derivative of both sides of (1.3) and using the result in above
equation, we get

Lv(%s%q%l%n%mRijkh) - (Lvasqlnm)Rijkh

Gsqglnm
- LoIh(KinHji, — KjnH).
(’ﬂ*l) ( hiljk jh k?)

Above equation can be written as

Asqglnm (Lv Pijkh)

Lv(%s%q%l%n%mRijkh) = asqlnm(-LvPijkh) (213)
if and only if
1—n
Lth(Kithk — thHik) = T(Lvasqlnm)Rijkh' (214)
sqlnm

Thus, we conclude

Theorem 2.7. In GBK — bRF,,, Lie- derivatives of associate curvature ten-
sor Pijpn and Berwald’s covariant derivative of the fifth order for associate
curvature tensor Rijpn are codirectional if and only if the Lie - derivative of
inheritance tensor (K Hj, — KjnH;y,) is giving by (2.14), provided (1.6) holds.

Taking the Lie - derivative of both sides of (1.10) and using the inheritance
Kulkarni-Nomizu product of K—Ricci tensor with itself, we get

LoWijen = LyRijun — WiDLvlh(K NE)jin. (2.15)
Using (2.6) in (2.15), we get
LyWijkn = LyRijkn — L {(asqlnm)sz <2> (2.16)
2n(n —1) (Gsqinm)?

+4a($)} [Kithk — Kikth]
Thus, we conclude

Corollary 2.8. In GBK—5RF,,, the Lie - derivative of the associate curvature
tensor Wijin of the curvature tensor W;kh is giving by (2.16) if K— Ricci tensor
has an inheritance property, provided (1.4) and (1.12) hold.

Transvecting (2.15) by @sginm, we get

C Qsglnm
asqlnm(LvWijk:h) = asqlnm(LvRijkh) - valh(K A K)ijkh'
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Taking the Lie - derivative of both sides of (1.3) and using the result in above
equation, we get

asqlnm(Lv W ijkh) = Lv (%s%q%l%n%mRi]’kh) - (Lvasqlnm)Rijkh
C Qsqlnm
- L,JJh(KANK),. ...
an(n — 1) o I e

Above equation can be written as

LU(%S%q%l%n%mRijkh) = asqlnm(LvWijkh) (217)
if and only if
2n(l—n
Lvlh(K A K)ijkh = Ciil)([/vasqlnm)Rijkh- (2'18)
sqlnm

Thus, we conclude

Theorem 2.9. In GBK —5RF,,, Lie- derivatives of associate curvature tensor
Wijkn and Berwald’s covariant derivative of the fifth order for associate cur-
vature tensor Ry, are codirectional if and only if the Lie - derivative of the
inheritance Kulkarni-Nomizu product of K— Ricci tensor with itself is giving by
(2.18), provided (1.6) holds.

From (2.7), we get
LyKijin = Ly Rijkn
if and only if

LoIh(K AH),.,, =0.

ijk
Thus, we conclude

Corollary 2.10. In GBK — 5RF,,, the Lie - derivative of the associate cur-
vature tensor Ky, and associate curvature tensor Rijrn are equal if and only

if the Lie - derivative of the inheritance inheritance Kulkarni-Nomizu product
of K—Ricci tensor and H— Ricci tensor is equal zero.

From (2.15), we get
LoWijkn = Ly Rijin
if and only if
LyIh(K N K),jp, = 0.
Thus, we conclude

Corollary 2.11. In G®BK — 5RF,,, the Lie - derivative of the associate cur-
vature tensor Wiy and associate curvature tensor Ryjip are equal if and only
if the Lie - derivative of the inheritance Kulkarni-Nomizu product of K — Ricci
tensor with itself is equal zero.
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From (2.11), we get
Ly Pijin = Ly Rijin
if and only if
LyIh(KpHj, — KjnHi) = 0.
Thus, we conclude
Corollary 2.12. In G'BK —5RF,,, the Lie - derivative of the associate curva-

ture tensor Piin and associate curvature tensor Rijin are equal if and only if
the Lie - derivative of the inheritance tensor (K;pH i, — K;nHix) is equal zero.

In view of (2.3) and (2.6), we get
LoIh(K A H), 0 = LIh(K A K) =0 (2.19)

if and only if

1

(@sqinm)? Lo (W) = —2a(x). (2.20)

Thus, we conclude

Corollary 2.13. In GBK—5RF,,, the Lie - derivative of Inheritance Kulkarni-
Nomizu product of K—Ricci tensor and H— Ricci tensor vanishes simultane-
ously with the vanishing of the Lie - derivative of inheritance Kulkarni-Nomizu
product for K—Ricci tensor with itself if and only if (2.20) holds.

In view of (2.7) with (2.11), (2.11) with (2.15) and (2.15) with (2.7), respec-
tively, we get

LyKijkn = Ly Pijkn, (2.21)
LyPijin = LyWijkn (2.22)
and
LyKijkn = LoWijkn (2.23)
if and only if
n—2
Lvlh(K/\H)ijkh = ﬁLth(Kithk — K;nHii), (2.24)
2n
LoTh(K N K) 1, = —-LyIh(Kop Hy = K Hu) (2.25)
and
c(n—2)
LoTh(K A )y = 5005 LI (K A K) gy (2.26)

respectively. Thus, we conclude
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Corollary 2.14. In GBK — 5RF,,, the Lie - derivatives of the associate cur-
vature tensor Kijkh, assoctate curvature tensor R-jkh and associate curvature
tensor Wijin are equivalent if and only if inheritance K—Ricci tensor and in-
heritance H— Ricci tensor satisfying (2.24), (2.25) and (2.26) respectively.

3. Conclusions

We established new identities by using the Lie - derivative of Inheritance
Kulkarni-Nomizu product which applied two Ricci tensors. Specifically, we
demonstrated that under important conditions, we obtained equivalence be-
tween three associate curvature tensors when the inheritance K —Ricci tensor
and inheritance H—Ricci tensor satisfying certain relations in G®BK — 5RF,,.

Acknowledgment: The authors thank the referees for carefully reading the
paper and their comments and remarks.
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