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Keywords: Flag curvature, (α, β)-metric, Kropina metric, generalized Kropina

metric.

1. Introduction

The geometry of invariant Finsler metrics on Lie groups is one of the in-

teresting subjects in Finsler geometry which has been studied by some Finsler

geometers in recent years (see [2, 3, 8, 9, 10, 12, 13, 14, 15, 16, 17]). In 1972

M. Matsumoto introduced the concept of (α, β)−metrics in Finsler geometry

[18]. A Finsler metric of the form

F = αϕ(s), s =
β

s

where α =
√
ãijyiyj induced by a Riemannian metric ã = ãijdx

i ⊗ dxj on a

connected smooth n−manifold M and β = bi(x)y
i is a 1-form on M , is called

AMS 2020 Mathematics Subject Classification: 53C60, 53C30

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 Inter-

national License.

Copyright © 2024 The Author(s). Published by University of Mohaghegh Ardabili

62

https://doi.org/10.22098/jfga.2024.15233.1128
https://orcid.org/0009-0009-3211-011X
 https://creativecommons.org/licenses/by-nc/4.0/


On the flag curvature of left invariant generalized m−Kropina metrics 63

an (α, β)−metric [1]. In particular if ϕ(s) = 1/sm, (m ̸= 0,−1), then the

Finsler metric

F =
αm+1

βm

is called generalized m−Kropina metric [11].

Let a and r be abelian Lie algebra of dimension n and 1, respectively. Let

P = (pij) ∈ gl(n,R) be any real (n × n)-matrix. The well-known homomor-

phism φ : r → End(a) can be defined by

φ(γ)(x) = γPx.

for γ ∈ r and x ∈ a. The semi- direct product of a and r can be defined as

follows.The underlying Linear space is the directsum a ⊕ r and the bracket is

given by

[(a, γ), (b, β)] = (φ(γ)b− φ(β)a, 0)

we denote this Lie algebra by a⊕p r [22, 10].

Flag curvature is the most important quantity in Finsler geometry [6, 7, 23,

19, 20, 21, 24]. In this paper we give an explicit formula for the flag curvature

of invariant generalized m−Kropina metrics on a⊕p r.

2. Preliminaries

In this section we give some definitions and results of Finsler spaces (see

[4, 5]).

Definition 2.1. Let M be a C∞ manifold of dimension n. A Finsler metric

on M is a non-negative function F : TM → R with the following properties:

1) F is smooth on the slit tangent bundle TM⧹{0}.
2) F (x, λY ) = λF (x, Y ) for any x ∈ M , and Y ∈ TxM, λ > 0.

3) for a fixed Y ∈ TxM−{0}, the bilinear function gY : TxM×TxM → R

defined by

gY (U, V ) =
1

2

∂2

∂s∂t
F 2(x, Y + sU + tV ) |s=t=0 .

is positive definite.

Definition 2.2. Let α =
√
ãij(x)yiyj be a norm induced by a Riemannian

metric ã and β(x, y) = bi(x)y
i be a 1-form on an n-dimensional manifold M .

Suppose

b := ∥β(x)∥α =
√

ãij(x)bi(x)bj(x)

and let the function F is defined as follows

F := αϕ(s), s =
β

α
(2.1)
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where ϕ := ϕ(s) is a positive C∞ function on (−b0, b0) satisfying

ϕ(s)− sϕ′(s) + (b2 − s2)ϕ
′′
(s) > 0, |s| ≤ b < b0.

Then F is a Finsler metric if ∥β(x)∥α < b0 for any x ∈ M . A Finsler metric

in form (2.1) is called an (α, β)-metric. In particular,if ϕ(s) =
1

sm
(m ̸= 0,−1)

then the Finsler metric

F =
αm+1

βm
,

is called generalized m-Kropina metric. The Riemannian metric ã induces an

inner product on any cotangent space TxM such that

⟨dxi(x), dxj(x)⟩ = ãij(x).

The induced inner product on T ∗
xM induced a linear isomorphism between T ∗

xM

and TxM . Then the 1-form β corresponds to a vector fixed X on M such that

ã(y,X(x)) = β(x, y).

Therefore we can write generalized m-Kropina metrics as following

F (x, Y ) =
(
√
ã(Y, Y ))m+1

ã(X,Y )m

Definition 2.3. A Finsler space (M,F ) is called a Berwald space if the Chern

connection of (M,F ) is a linear connection on TM . Equivalently, if each of

the Chern connection coefficient Γi
jk in natural coordinate system, have no y

dependence, then Finsler space (M,F ) becomes a Berwald space.

Definition 2.4. Let (M,F ) be a Finsler space. The flag curvature K(P, Y )

is a function of tangent planes P = span{Y,U} ⊂ TxM and direction Y ∈
TxM − {0}. The pair (P, Y ) is called a flag and Y is called the flag Pole. The

flag curvature is defined by

K(P, Y ) =
gY (R(U, Y )Y, U)

gY (Y, Y )gy(U,U)− g2Y (Y,U)

Definition 2.5. Let g be a Lie algebra and G is the simply connected Lie

group with Lie algebra g. A Finsler metric F : TG → [0,∞) will be called left

invariant if

F (La∗X) = F (X) ,∀a ∈ G ,∀X ∈ g

when La is the left translation and e is the unit element of the Lie group.
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3. Flag curvature of left invariant generalized m-Kropina metric

Let a and r be Abelian Lie algebra of dimension n and 1, respectively. Let

g be the Lie algebra a⊕p r. Put Ei = (0, ..., 1, ..., 0), and let {E1, ..., En+1} be

orthonormal basis for g = a⊕p r with respect to a inner product ⟨, ⟩ and equip

the left invariant metric on the associated Lie group with Lie algebra g. for

1 ⩽ i, j ⩽ n, we have

1) [E1, Ej ] = 0

2) [En+1, Ei] =
∑n

j=1 PjiEj

3) [En+1, En+1] = 0

and

∇Ei
Ej =

n+1∑
k=1

1

2
(αijk − αjki + αkij)Ek

where

[Ei, Ej ] =

n+1∑
k=1

αijkEk.

Theorem 3.1. Let G be a Lie group with Lie algebra g = a ⊕p r and let

{E1, ..., En+1} be orthonormal basis for g with respected to the left invariant

Riemannian metric ã. Let F be a generalized m-Kropina metric arising by ã

and the invariant vector field X =
∑n+1

r=1 xrEr whith is of Berwald type. Then

the flag curvature of F is given by

K(P,Ej) =
(m+ 1)

(
1
4 (pij + pji)

2 − piipjj
)
+m(2m+ 1)xix

2m
j ã(X,A)

(m+ 1)(x2
j +mx2

i )
,

K(P,En+1) =
1

(m+ 1)(x2
n+1 +mx2

i )

{
(m+ 1)x2m+2

n+1

∑
(
1

4
(pji + pij)(pij − pji)

− 1

2
pji(pij + pji)) − 2m(m+ 1)xix

2m+1
n+1 (

n∑
j=1

1

4
(pji + pij)(p(n+1)j − pj(n+1))

− 1

2
pji(p(n+1)j + pj(n+1))) +m(2m+ 1)xix

2m
n+1ã(X,B)

}
where

A =

n∑
k=1

(
−1

2
pjj(pki + pik) +

1

4
(pij + pji)(pkj + pjk))Ek

and

B =

n∑
r=1

(

n∑
i−1

1

4
(pji + pij)(prj − pjr)−

1

2
pji(prj + pjr))Er.
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Proof. Since F is of Berwald type, the Chern connection of F coincide with

the Levi-Civita connection of ã. Thus F and ã have the same curvature tensor

R. So we have

R(Ei, Ej)Ej =

n∑
k=1

(−1

2
pij(pki + pik) +

1

4
(pij + pji)(pkj + pjk)

)
Ek,

R(Ei, En+1)En+1 =

n∑
r=1

( n∑
j=1

1

4
(pji + pij)(prj − pjr)−

1

2
pji(prj + pjr)

)
Er.

By using the definition gY (U, V ), we get

gY (U, V ) =
⟨Y, Y ⟩m−1

⟨X,Y ⟩2m+2

[
2m(m+ 1)⟨X,Y ⟩2⟨U, Y ⟩⟨Y, V ⟩

− 2m(m+ 1)⟨X,Y ⟩⟨Y, Y ⟩⟨Y, U⟩⟨X,V ⟩

− 2m(m+ 1)⟨X,Y ⟩⟨Y, Y ⟩⟨X,U⟩⟨Y, V ⟩+ (m+ 1)⟨X,Y ⟩2⟨Y, Y ⟩⟨U, V ⟩

+m(2m+ 1)⟨Y, Y ⟩2⟨X,U⟩⟨X,V ⟩
]

(3.1)

From equation (3,1) we get the following equations

gEj (Ei, Ei) =
1

x2m+2
j

[
(m+ 1)x2

j +m(2m+ 1)x2
i

]
,

gEj (Ej , Ej) =
1

x2m
j

,

gEj
(Ei, Ej) =

−mxi

x2m+1
j

.

gEj

(
R(Ei, Ej), Ej , Ei

)
=

(1
4
(pij + pji)

2 − pijpjj

) (m+ 1)

x2m
j

+
xi(2m

2 +m)

x2m+2
j

ã(X,A)

where

A = R(Ei, Ej)Ej

=

n∑
k=1

(−1

2
pjj(pki + pik) +

1

4
(pij + pji)(pkj + pjk)

)
Ek.
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Similarly for j = n+ 1, we get

gEn+1(Ei, Ei) =
1

x2m+2
n+1

[
(m+ 1)x2

n+1 +m(2m+ 1)x2
i

]
,

gEn+1(En+1, En+1) =
1

x2m
n+1

,

gEn+1(Ei, En+1) =
−mxi

x2m+1
n+1

and

gEn+1

(
R(Ei, En+1)En+1, Ei

)
= (m+ 1)x2m+2

n+1

∑(1
4
(pji + pij)(pij − pji)−

1

2
pji(pij + pji)

)
−2m(m+ 1)xix

2m+1
n+1

( n∑
j=1

1

4
(pji + pij)(p(n+1)j − pj(n+1))

−1

2
pji(p(n+1)j + pj(n+1)

)
+m(2m+ 1)xix

2m
n+1ã(X,B).

where

B = R(Ei, En+1)En+1

=

n∑
r=1

( n∑
i−1

1

4
(pji + pij)(prj − pjr)−

1

2
pji(prj + pjr)

)
Er.

Using the above equations in the flag curvature equation we get the required

proof. □

Finally, we obtain the following.

Theorem 3.2. Let G be a Lie group with Lie algebra g = a ⊕p r and let

{E1, ..., En+1} be orthonormal basis for g with respect to the left invariant Rie-

mannian metric ã. Let F be a Kropina metric arising by ã and the invariant

vector field X =
∑n+1

r=1 xrEr with is of Berwald type. Then the flag curvature

of F is given by

K(p,Ej) =
(pij + pji)

2 − 4piipjj + 6xix
2
j ã(X,A)

4(x2
j + x2

i )
.

K(P,En+1) =
1

2(x2
n+1 + x2

i )
{2x4

n+1(
∑ 1

4
(pji + pij)(pij − pji)

− 1

2
pji(pij + pji))− 4xix

3
n+1(

∑ 1

4
(pji + pij)(p(n+1)j − pj(n+1))

− 1

2
pji(p(n+1)j + pj(n+1) + 3xix

2
n+1ã(X,B)}
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where

A =

n∑
k=1

(−1

2
pjj(pki + pik) +

1

4
(pij + pji)(pkj + pjk)

)
Ek

B =

n∑
r=1

( n∑
j=1

1

4
(pji + pij)(prj − pjr)−

1

2
pji(prj + pjr)

)
Er.
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