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Abstract. In this paper, we study pointwise projectively related Finsler gra-
dient Ricci solitons. We obtain an equation that characterizes the relationship
between two pointwise projectively related Finsler gradient Ricci solitons. Fur-
ther, if two Finsler gradient Ricci solitons (M, F, dVi) and (M, F, dVF) satisfy

~ 2
Fy = uaggk] and some extra conditions, where “;” denotes the horizontal co-

variant derivative with respect to F', we characterize their relationships along

the geodesics. In particular, if two Finsler gradient Ricci solitons are both com-
plete, then (M, F, dVF) is expanding or shrinking and (M, F, dV}) is shrinking.

Keywords: Finsler metric; Finsler gradient Ricci soliton; projectively related
Finsler metrics; S-curvature; weighted Ricci curvature.

1. Introduction

The study on gradient Ricci solitons is one of the important topics in Rie-
mannian geometry. A complete Riemannian metric g on a smooth manifold M
is called a gradient Ricci soliton if there is a function f so that

Ric + Hess(f) =k - g,

where k € R. The gradient Ricci solitons are called shrinking if £ > 0, steady
if kK = 0 and expanding if k < 0. The Ricci solitons were first introduced by
R. Hamiltons in ([7]) as the self-similar solutions of Ricci flow, which play an
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important role in the proof of Poincaré conjecture by Perelmann. In the past
decades, a significant number of results have been obtained in study of gradient
Ricci solitons in Riemannian geometry. In particular, if f is a constant, the
gradient Ricci soliton becomes an Einstein metric.

It is natural to study and develop the theory of gradient Ricci solitons in
Finsler geometry. However, the study of gradient Ricci solitons in Finsler ge-
ometry becomes more complicated because of some obstructions. In this paper,
we always use (M, F, dVp) to denote a Finsler manifold (M, F') equipped with
a volume measure dVr = o (x)dx! - - - dz™ which we call a Finsler metric mea-
sure manifold (or Finsler measure space briefly). Let Y be a C* geodesic field
on an open subset U C M and § := gy denote the Riemannian metric induced
by Y. Write

dVe = e Voly, Voly = y/det (gij(z,Yy))dz" - dx™.

It is easy to see that f is given by

det(gij (IE, YT))
z)=1In -

f( ) O’F(I)
which is just the distortion of F along Y, at = € M ([6, 11]). Lety :=Y, € T, M
(that is, Y is the geodesic extension of y € T, M). Then, by the definitions of
the S-curvature, we have

S(:va) = Y[T(:L‘,Y)]|I:df(y)7

S(a:,y) = Y[S(.T,Y)Hx = Hessf(y),

=7(x,Ys),

where S(x,y) = S, (z,y)y™ and “;” denotes the horizontal covariant deriv-

ative with respect to the Chern connection ([10, 11]). Further, the weighted
Ricci curvatures are defined as follows ([5, 8])

Ricy(y) = Ric(y) +S(z,y) — %, (1.1)
Ric(y) = Ric(y)+ S(z,y) = Ric(y) + Hessf(y). (1.2)

An n-dimensional Finsler measure space (M, F, dVy) with volume form dVp is
called a Finsler gradient Ricci soliton if there is a constant A € R such that the
weighted Ricci curvature Ricy, of (M, F, dVy) satisfies the following equation
([3, 13, 14])

Ricy, = (n — 1)AF2 (1.3)
The Finsler gradient Ricci soliton is called shrinking if A > 0, steady if A =0
and expanding if A < 0. Note that a Finsler gradient Ricci soliton is just
an Einstein-Finsler metric when S(z,y) = 0 for any y € T,M and z € M,
particularly, when F is of constant S-curvature, S = (n+1)cF for some constant
¢ € R. For the research on Finsler gradient Ricci soliton, please refer to [1, 2,
13, 14].
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In [12], Shen studies pointwise projectively related Einstein-Finsler metrics.
He shows that pointwise projectively related Einstein-Finsler metrics satisfy
a simple equation along geodesics. In particular, he shows that if two point-
wise projectively related Einstein-Finsler metrics are complete with negative
Einstein constants, then one is a multiple of another.

In this paper, we mainly study pointwise projectively related Finsler gradient
Ricci solitons. We will give an equation that characterizes the relationship
between two pointwise projectively related Finsler gradient Ricci solitons. In
particular, we have the following theorem.

Theorem 1.1. Let F and F be Finsler gradient Ricci solitons on an n-
dimensional manifold M with

Rico = (n — )AF2, Rice = (n — 1AE?,
where A, A€ R. Suppose that F;k = uaa[l;:], where “” denotes the horizontal

covariant derivative with respect to F' and p # 0 is a constant. Let m =
A—pu2 b= 2l and § = \/Am+ b2c2p?.  Assume that S =S and F is
of constant S-curvature, S = (n + 1)cF for some constant ¢ # 0. Then F is
pointwise projectively related to F and for any unit speed geodesic o(t) of F,
the following equalities hold.

(i) If 0 #£ 0 and m # 0,

0 tanh [%t + tanh ™" (m‘ﬁ#)] — bep

Flo(t) = — , (1.49)

where a > 0 is a constant.
(ii) If 0 #0 and m =0,

where ag > 0 is a constant.
(iii) If0 =0 and m # 0,

F(d(t))“( ! cb>, (1.6)

m\t+ty

} and a1 > 0 is a constant.

where to S {0, m

In particular, if F and F are both complete, then F is expanding and F s
shrinking (resp. F' is shrinking or expanding and F is shrinking). In this case,
A<0, 42 << p? (1— bi\cz) (resp. 0 < X\ < 2bcua or 2bcpad < X\ < 0
(a’o 7& 0)7 A= ,[1,2)

It should be pointed out that, when F' is of constant S-curvature, S =
(n + 1)cF, the Finsler gradient Ricci soliton F' with Ricy, = (n — 1)AF? is
actually an Einstein metric with Ric = (n — 1)AF?2. Further, if ¢ = 0, F' and
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F are both Einstein-Finsler metrics under the condition that S = S. Hence, in
the following discussions, we always assume that ¢ # 0.

2. Preliminaries

Let M be an n-dimensional smooth manifold. A Finsler metric on manifold
M is a function F' : TM — [0,00) satisfying the following properties: (1)
F is C* on TM\{0}; (2) F(z,\y) = AF(x,y) for any (x,y) € TM and all
A > 0; (3) F is strongly convex, that is, the matrix (g;;(z,y)) = (5(F?)yiys) is
positive definite for any nonzero y € T, M. The pair (M, F) is called a Finsler
manifold and ¢ := g;;(z,y)dz’ @ da’ is called the fundamental tensor of F. For
a non-vanishing vector field V on M, one introduces the weighted Riemannian
metric gy on M given by

gv (y,w) = gij (2, Vo )y'w?

for y,w € T, M. In particular, gy (V,V) = F2(V).

Let (M, F) be a Finsler manifold of dimension n. Let TMy := TM\{0} and
7w : TMy — M be the natural projective map. The pull-back 7*TM admits
a unique linear connection, which is called the Chern connection. The Chern
connection D is determined by the following equations

DYY — Dy X =[X,Y],
Zgv(X,Y) = gv(DYX,Y)+ gv(X,D}Y) +20v(DyV, X,Y)
for V.e TM\{0} and X,Y,Z € TM, where

L 1 O3F2 L
Co(X,Y, Z) = Cis(a, V)XTYI 20 = LD @ V) iyigh

~ 409VigVigVk
is the Cartan tensor of F' and D{Y is the covariant derivative with respect to
the reference vector V.
Given a non-vanishing vector field V on M, the Riemannian curvature RY
is defined by
RY(X,Y)Z = DYDy Z — DY DX Z — D{x y,Z

for any vector fields X, Y, Z on M. For two linearly independent vectors V, W &
T, M\{0}, the flag curvature is defined by

gv(RY (V. W)W, V)
gv(V,V)gv (W, W) — gv(V,W)2”

Then the Ricci curvature is defined as

KY(V,W) =

Ric(V) := F(z,V)? ni: KY(V,e), (2.1)

=1

where e1,---e,_1, % form an orthonormal basis of T, M with respect to gy .
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A curve o = o(t) is a geodesic if and only if, in local coordinates, its coor-
dinates (o%(t)) satisfy

FH(t) +2G (a(t),6(t)) =0, (2.2)
where
i 1y % % 99k gk
6'(av1) = 39"(0.0) { G + 55 o) = T b

which are called the geodesic coeflicients of F'. F' is said to be positively com-
plete (resp. negatively complete), if any geodesic on an open interval (a,b) can
be extended to a geodesic on (a,o0) (resp. (—o0,b)). F is said to be complete
if it is positively and negatively complete. Besides, two Finsler metrics on a
manifold are said to be pointwise projectively related if they have the same
geodesics as point sets ([12]).

A vector field Y on an open subset U C M is called a geodesic field if every
integral curve o(t) of Y in U is a geodesic of F. In local coordinates, a geodesic

field Y = Y2 is characterized by DYY = 0, that is,

Y’
Oxd
For any non-zero vector y € T, M, there is an open neighborhood U, and a
geodesic field Y on U, such that Y, = y. Y is called the geodesic extension of
Y.

We now consider pointwise projectively related Finsler metrics — those hav-
ing the same geodesics as set points. Given two Finsler metrics F and F on an
n-dimensional manifold M, it is easy to verify that

- o Fuf . F_,|0F .
G =G+ L y1+g”{ ko F} (2.3)

Y (x) (z) 4+ 2G'(z,Y,) = 0.

where F;k denotes the covariant derivative of F' on (M, F), that is,

_OF  0G'OF

Fy: -
BT Ok Oy Oy

(2.4)

By (2.3), we introduce the following important lemma.

Lemma 2.1. ([9]) Let (M, F) be a Finsler space. A Finsler metric F is point-
wise projective to F if and only if
8Ek k

A

In this case,
G' =G+ Py, (2.5)
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where P is called the projective factor and determined by

p="r 2.6
oF (2.6)

Let F and F be Finsler metrics on an n-dimensional manifold M. Assume
that I is pointwise projective to F. Then we have ([12])

Ric(y) = Ric(y) + (n — 1)2(y), (2.7)

where
E(y) := P? - Rkyk

Let (M, F,dVr) be an n-dimensional Finsler manifold with a smooth volume
measure dVg. Write the volume form dVi = op(x)dx! - - - da™. Define

det (g3, (.))

s (2.8)

7(z,y) :=1n
We call 7 the distortion of F. It is natural to study the rate of change of the
distortion along geodesics. For a vector y € T, M\{0}, let 0 = o(t) be the
geodesic with 0(0) = z and ¢(0) = y. Set

d .
S(z,y) = - [1(o(t),6())] le=o- (2.9)
S is called the S-curvature of F. Further, we have ([6, 10])
oG™ . 0

By (2.5) and (2.10), we can get the following important lemma.

Lemma 2.2. ([4]) Let F and F be Finsler metrics on n-dimensional manifold

M. Suppose that F' is pointwise projective equivalent to F'. Then the projective
factor P is given by

3 9
P= n-lu (s—s) —y' 5 ], (2.11)

where f = f(x) is a scalar function on M determined by dVz = (1/f”+1) dVp,
1/(n+1)
that is, f(x) = (g—i) .

3. Projectively Related Finsler Gradient Ricci Solitons

In this section, we first introduce the relations of weighted Ricci curvatures
of projectively related Finsler gradient Ricci solitons. Then we will give an
equation that projectively related Finsler gradient Ricci solitons satisfy.

Assume that F is pointwise projective to F. Let “|” denote the horizontal
covariant derivative with respect to F. From (2.5), (2.10) and (2.11), we have
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5 _0S  9G' oS
0S

O oxJ oxd

oG N\ [0S oP 9

0S  OG' IS OP  0G'OP
= ( >+(n+1)< >

= +(n+1)<ap.+3((1“f,);0)>

o By oy 97~ 0y oy
d((Inf)o) 0G* 3 ((Inf))
+Hr+1) ( oxI oyJ ay"

(Rt + P) {5+ e (G + 2 D0 )

opr oprP

= Syl@y)+ 4 DI+ foyl =855 —(n+ DPF5

oP d((In f).0)

oP oS
—n+ g5 No— Py —(n+ VP75 — (n+ P35

Oyd oyJ
= S(z,y)+ (n+ 1) [Pj + (In f),0,]
faiyj P(S+ (n+1)(P+(nf)o)].

where

) . ,
()0 i= (el 1) o', (Do = i gy’
Further, we have

S(z,y) = Sjj.y)y’
= S(z,y) + (n+1)[Po + (In.f)0]
=2P{S+(n+1) [P+ (Inf)o]}, (3.1)
where
Po:=Pyy’, (Inf)oo:= (Inf)i;y'y’.
By the definition of Ric, (2.7) and (3.1), we have
Ric,, = Ric+S
= Ric+ (n+1)Z+S+ (n+1)[Po+ (In f)00]
2P {S+ (n+ D[P+ (In f)ol}
= Ric+S+2Py— (n+3)P?>—2PS + (n+ 1)(In f).0.0
—2(n+1)P(In ),
= Rico +2Pg — (n+3)P? = 2P[S+ (n+ 1)(In f);0]
(n+ 1)(n o0 (3.2)
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Then we have the following proposition.

Proposition 3.1. Let F' and F be Finsler metrics on an n-dimensional man-
ifold M. If F is pointwise projective equivalent to F. Then

Rico, = Ricoo + 2P — (n+3)P2 = 2P [S+ (n+ 1)(In f).0] + (n+ 1)(In f).0:0.
(3.3)
Similarly, from (1.1), (2.11) and (3.1), we have the following result.

Proposition 3.2. Let F and F be Finsler metrics on an n-dimensional man-
ifold M. If F 1is pointwise projective equivalent to F'. Then

ERN::R“N*”%—%iaamwmf—<Nm;ﬂ%”+vpz
- (2(}{7\7;})) SP - % (N +1)P +S] (In f).o
+(n+ 1)(In f)0;0- (3.4)

By Proposition 3.1, we immediately obtain the following

Theorem 3.3. Let (M, F,dVF) and (M, F, dV}) be two Finsler measure spaces
on M. Assume thc/zLF s pointwise projective equivalent to F and Ricy,, =
(n — 1)AF2. Then Rics = (n — 1)AE? if and only if

2P~ (n+3)P?—2P [S + (n + 1)(In f).o]4+(n+1)(In f).0.0 = (n—1) (XFQ — \F?
(3.5)

If the projective transformation preserves S-curvature, that is, S =8, by
(2.11), we know that (In f).c = —P. Then (3.3) becomes

Rico, = Ricy, — (n — 1)Pg + (n —1)P? — 2PS. (3.6)
Further, we have the following

Proposition 3.4. Let F and F be Finsler metrics on an n-dimensional man-
ifold M. Suppose that F is pointwise projectively related to F and S = S.
Furthermore, assume that F is of constant S-curvature, S = (n + 1)cF for
some constant c. If Rics = (n — 1)AF?, then Ric,, = (n —1)AF2 if and only
if

<= 2(n+1)c

A2 - \F? = P? — Py~ — FP. (3.7)

n—1
By (2.6), we can rewrite (3.7) as follows.

- 3 (Fat\"  Fragty'  (n+1)cF Byt
NP2 Zp2= 2 (TRY ) TRy LI
4 F 2F n—1

(3.8)

The equation (3.8) is a starting point for our discussions in next section. We
should point out that the projective transformations considered in Proposition
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3.4 are actually those transformations which change an Einstein-Finsler metric
as a Finsler gradient Ricci soliton.

4. An important class of projective equivalences between Finsler gra-
dient Ricci solitons

In this section, we will discuss in detail a special kind of projective equiva-
lence between two Finsler gradient Ricci solitons. Firstly, we have the following
fundamental lemma.

Lemma 4.1. ([12]) Let F and F be Finsler metrics on an n-dimensional man-

ifold M. Suppose that

. O[F?]

Fy = ,
ik = M Dy

where | is a constant. Then F is pointwise projective to F'. In this case, P =

wE.

(4.1)

Under the condition (4.1), if S = S, by (3.6), we get
= . = =0 2S5 -
Rico = Rico, — (n— N)p | Fo — puF= + ﬁF .
Further, we have the following

Proposition 4.2. Let (M, F) be a Finsler space of dimensionn and F another
Finsler metric on M. Suppose that (4.1) holds for some constant p # 0 and
S = S. Furthermore, assume that F is of constant S-curvature, S = (n+1)cF
for some constant c. If Rico, = (n — 1)AF?, then Ric, = (n — 1)AF? if and
only if

2(n+1)

NF? - NF? = p2F? — pFyf — LpE. (4.2)
m ma —

Remark 4.3. When p =0, ﬁ‘k = 0. In this case, F' is affinely equivalent to F,
that is, F' and F' have the same geodesics as parametrized curves ([6]). Hence,
we will not consider the case that u = 0 in this paper.

Let o(t) be an arbitrary unit speed geodesic in (M, F') and

F(t) := F(o(t),5(t)).
t),0

Observe that F'(t) = Fy(o(t),&(t))o"(t). Let

o(t) = [P0
(4.2) simplifies to
(- u?) gt + 2B ) gy =2 (43)

The equation (4.3) is solvable.
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For simplicity, let

n+1
n—1’

- 1\ 2
0:= \/)\()\—,uQ)—i—cQ,uQ (n+ ) =/ Am+b2c2u? > 0. (4.5)

n—1

mi=A—pu?, b=

(4.4)

When 6 > 0 and m # 0, the solution of (4.3) with g(0) = a > 0 is determined
by

6 tanh [%t + tanh™* (%)] — bep

g(t) = — : (4.6)

The following fact is notable

2
—1 < tanh {91‘ +tanh™! (ma;bcy)] < 1.
I

We can find that if § =0 and m = 0, then 4 = 0 or ¢ = 0. In this case, the
discussion is trivial, so we omit it. The discussions in Sections 4.1-4.3 are based
on the condition that 8 > 0, and the situation when 8 = 0 will be discussed in
Section 4.4.

41. 6>0 and m<0

In this subsection, we study the solution (4.6) when 6 > 0 and m < 0. In
this case, A < p?.
Case 1: A < 0. In this case, the solution (4.6) can be rewritten as

2
g(t) = 12 tanh {et + tanh ™! (ma + bcu)] o bew
m w 0 /02212 + dm

and —o0 < A < 12, As the result, we have

bep
V02 u2 + dm

(i) If g > 0, then g(¢) is defined on I = (—o0, 7) and

€ (—1,1).

T

0
/ g*(t)dt = 0o and /gZ(t)dt < 0.
0

(ii) If p < 0, then g(¢) is defined on I = (-4, +00) and
“+o0

0
/gz(t)dt < oo and / g*(t)dt = oo.
=5

0
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Case 2: A > 0. In this case, the solution (4.6) can be rewritten as

2
g(t) = 12 tanh {et + tanh ™! (ma + bcu)] o bew
m j 0 V222 + \m

and p2(1 — b2f2) <A< p2and cp > 0. As the result, we have

o ben € (1, 00).
Thus ¢(t) is defined on I = (—o0, +00).
(i) If p >0, ¢> 0, then
0 +o0
/ g*(t)dt = oo and / g*(t)dt < 0.
—o0 0
(i) If p <0, ¢ <0, then
0 +00
/ g*(t)dt < oo and / g2 (t)dt = .
o0 0

Case 3: A = 0. In this case, ¢yt > 0 and the solution (4.6) can be rewritten

g(t) = \/i {tanh [Zt—ktanh_l (mangcuﬂ — 1}

and 6 = bep > 0. Thus g(¢) is defined on I = (—o0, +00).
(i) If u >0, ¢> 0, then

as

0 +oo
/ g*(t)dt = co and / g*(t)dt < 0.
—0o0 0

(ii) If p <0, ¢ <0, then
+o0

0
/ g*(t)dt < oo and / g2 (t)dt = oco.

0

From the above arguments, we obtain the following

Proposition 4.4. Let (M, F) be a Finsler space of dimension n and F another
Finsler metric on M. Suppose that (4.1) holds for some constant p # 0 and
S = S. Furthermore, assume that F is of constant S-curvature, S = (n+1)cF
for some constant ¢ # 0. If F and F are Finsler gradient Ricci solitons on M
with

Rico = (n — DAF?, Ricy = (n — 1)AF?,
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where X\ € R, X < u2. Then F is pointwise projectively related to F and along
any unit speed geodesic o(t) of F,

f tanh [%t + tanh ™! (@)] — bep

F(o(t) — , (47)

where m == X\ — p2, b= ol g = \/Am + b2c2p? > 0.

(i) If A <0, then F and F are both not complete. In particular, F is posi-
tively complete (resp. negatively complete) if and only if F is positively
complete (resp. negatively complete).

(ii) If A > 0, then F is complete.

(iila) If p >0, ¢ >0, then F' is negatively complete.
(iib) If p <0, ¢ <0, then F is positively complete.

42.0>0 and m>0

In this subsection, we study the solution (4.6) when 6 > 0 and m > 0. In
this case, A > p?.

Case 1: A < 0. In this case, the solution (4.6) can be rewritten as

0 0 240 b
g(t) = | — { tanh [t + tanh ™! (M)] SR

m o 0 /02212 + dm

and
< b%c?
u2<)\<,u2(1—T), cp < 0.
As the result, we have
ben < -1

Vb2t + dm
Thus g(t) is defined on I = (—o0, +00).
(i) If 4 >0, ¢ <0, then

0 +00
/ g*(t)dt = 0o and / g2 (t)dt = .
s 0
(ii) If 4 <0, ¢ > 0, then
0 +o0
/ g*(t)dt = 0o and / g*(t)dt = oco.
oo 0

Case 2: A > 0. In this case, the solution (4.6) can be rewritten as

2
g(t) = v tanh {et + tanh ™! (ma + bcg)] o bew
m H 0 V2 u? 4+ dm
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and 2 < A < 0o. As the result, we have
bep

Vb2 u? + am

(i) If p > 0, then g(¢) is defined on I = (-4, +00) and

e (-1,1).

0 +o0
/gQ(t)dt < oo and / g (t)dt < oo.
s 0
(ii) If 4 < 0, then g(¢) is defined on I = (—o0, 7) and
0 T
/ g*(t)dt < oo and /gQ(t)dt < 0.
“s0 0

Case 3: A\ = 0. In this case, cu < 0 and the solution (4.6) can be rewritten

2
g(t) = \/9 {tanh [et + tanh™! (W‘ﬂ + 1}
m 1 0

and = —bcp > 0. Thus g(t) is defined on I = (—o0, +00).
(i) If p >0, ¢ <0, then

as

0 400
/ g*(t)dt < oo and / > (t)dt = oco.
oo 0
(ii) If p <0, ¢ > 0, then
0 +00
/ g*(t)dt = 0o and / g (t)dt < oco.
“oo 0

Proposition 4.5. Let (M, F') be a Finsler space of dimension n and F another
Finsler metric on M. Suppose that (4.1) holds for some constant p # 0 and
S = S. Furthermore, assume that F is of constant S-curvature, S = (n+1)cF
for some constant ¢ # 0. If F and F are Finsler gradient Ricci solitons on M
with
Rico = (n — DAF?, Ricy = (n — 1)AF?,

where A € R, A > u2. Then F is pointwise projectively related to F and along
any unit speed geodesic o(t) of F,

0 tanh {%t + tanh ™! (%)] — bep

(1) = - , (43)

where m = X\ — p2, b= 2L 0= /Am+ b2c2p? > 0.
(i) If A < 0, then F and F are both complete.
(ii) If A > 0, then any geodesic of F' has finite length. Hence, F' is neither
positively complete, nor negatively complete.
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(iii) If A =0, then F is complete.
(iiia) If p > 0, ¢ <0, then F is positively complete.
(iiib) If u < 0, ¢ > 0, then F is negatively complete.

43.0>0 and m=0

In this subsection, we will discuss the equation (4.3) with § > 0 and m = 0.
In this case, A = u? # 0 and ¢ # 0, and then the equation (4.3) can be simplified
to

2bepg® () + 2ug(t)g' (1) = A. (4.9)
The solution of (4.9) with g(0) = ag > 0 is determined by
A A
t) = 2 —2bct ) 4.10
g( ) \/(G/O 2bC/,L) e + ch,u ( )
Case 1: Acy > 0. In this case, €2t > 1 — %.

(1) % > 1. In this case, g(¢) is defined on I = (—o0,400) and
0 +o0
/ g*(t)dt = oo and / > (t)dt = oco.
—00 0
(i) 2epad <,
(iia) If ¢ > 0, then g(t) is defined on I = (—d, +00) and

0 “+o0
/92(t)dt < oo and / g*(t)dt = oo.
-5 0

(iib) If ¢ < 0, then g¢(t) is defined on I = (—o0,7) and

0 T
/ g*(t)dt = 0o and /gQ(t)dt < 0.
o0 0
Case 2: Acy < 0. In this case,
2bcpad
-y
(i) If ¢ > 0, then g(t) is defined on I = (—o0,7) and
0 T
/ g*(t)dt = oo and /92(t)dt < 0.
—o0 0
(ii) If ¢ < 0, then g(t) is defined on I = (-4, +00) and
0 +o0
/gz(t)dt < oo and / g*(t)dt = oo.

_5 0

GQth <1
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Case 3: A\ = 0. In this case, the solution (4.10) can be rewritten as

g(t) = age™"°.

Thus g(t) is defined on I = (—o0, +00).
(i) If ¢ > 0, then

0
/ g*(t)dt = co and / g*(t)dt < 0.
—00 0

(ii) If ¢ < 0, then
0
/ g*(t)dt < oo and / g*(t)dt = co.
—o0 0

Proposition 4.6. Let (M, F) be a Finsler space of dimension n and F another
Finsler metric on M. Suppose that (4.1) holds for some constant i # 0 and
S = S. Furthermore, assume that F is of constant S-curvature, S = (n + 1)cF
for some constant ¢ # 0. If F' and F are Finsler gradient Ricci solitons on M
with

Rico = (n — )AF?, Rics = (n— 1)p*F?,

where A € R. Then F is pointwise projectively related to F' and along any unit
speed geodesic o(t) of F,

y A A
F(5(t)) = 2 —2bet L T 411
(5(1) ( m) ey (4.11)
where b 1= Z—ﬂ
(i) A #0.

(ia) If % > 1, then F and F are both complete.

(ib) If% < 1, then no geodesic of F and F are defined on (—oco, +00).
Further, F is positively complete (resp. negatively complete) if and
only if F is positively complete (resp. negatively complete).

(i) A =0. In this case, F is complete, but F' is not complete.

(iila) If ¢ > 0, then Fis negatively complete.

(iilb) If ¢ < 0, then F is positively complete.

44. 6=0 and m#0

In this subsection, we will discuss the equation (4.3) with § =0 and m # 0.

In this case, A = 7%, and the equation (4.3) can be rewritten as

m2gt(t) + 2bempug? (t) + 2mug(t)g'(t) = —b*c* . (4.12)
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The equation (4.12) is solvable and the solution can be expressed in the follow-

ing form
7 1
t) =] — —b t R. 4.13
() \/m(tm ) toe (4.13)

The following discussions are based on the condition that ty # 0 or ¢q = 0.
Case 1: ty # 0. In this case, the solution (4.13) with g(0) = a; > 0 is
determined by tp = and cmp > 0.

o
maj cu
(i) f mp < 0and ¢ <0, then ¢y < 0, g(t) is defined on I = (4§, +00) and

0 +oo
/92(t)dt < oo and / g (t)dt = .
=5 0

(ii) If mp > 0 and ¢ > 0, then ¢y > 0, g(t) is defined on I = (—o0, 7) and
0 T
/ g*(t)dt = oo and /92(t)dt < 0.
—c0 0
Case 2: typ = 0. In this case, the solution (4.13) can be written as
g(t) = L (1 - bc). (4.14)
m \ 't

(i) mp > 0.
(ia) If ¢ > 0, then g(t) is defined on I = (0,7) and
2 _
/g (t)dt = .
0
(ib) If ¢ < 0, then g(¢) is defined on I = (—o0, —7) or (0,400) and

-7 +oo
/ g*(t)dt = oo and / g (t)dt = oco.
—oo 0

(ii) mp < 0.
(ila) If ¢ < 0, then g(t) is defined on I = (—4,0) and

0
/gQ(t)dt = 00.
)

(iib) If ¢ > 0, then g(t) is defined on I = (—o0,0) or (4, +00) and
0 +o00

/ g*(t)dt = 0o and / g*(t)dt = .

—00 §
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Proposition 4.7. Let (M, F') be a Finsler space of dimension n and F another
Finsler metric on M. Suppose that (4.1) holds for some constant p # 0 and
S = S. Furthermore, assume that F' is of constant S-curvature, S = (n+ 1)cF
for some constant ¢ # 0. If F' and F are Finsler gradient Ricci solitons on M
with
b2c2 12 . o
Rico = —(n — 1) F2, Rica = (n — 1)AF?,
m

where b := Z—ﬂ and m =X —p2 #£0. Then F is pointwise projectively related
to F' and along any unit speed geodesic o(t) of F,

Aot =L (tjto _ cb> , (4.15)

where ty € {0, #-ﬁ-bcu} with ay > 0. In this case, no geodesic of F and F
are defined on (—oo,4+00). Furthermore, if F is positively complete (resp. neg-
atively complete), then F is positively complete (resp. negatively complete).
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