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Abstract. Exponential metrics are popular Finsler metrics. Let F be an ex-

ponential (α, β)-metric of isotropic S-curvature on manifold M . In this paper,

We study a Lie sub-algebra of projective vector fields of a Finsler metric F is

introduced and denoted by SP(F). We classify SP(F) of isotropic S-curvature

as a certain Lie sub-algebra of the Killing algebra K(M,α).
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1. Introduction

The projective Finsler metrics are smooth solutions to the historical Hilbert’s

fourth problem. The projective vector fields are a way to characterize the pro-

jective metrics. The collection of all projective vector fields on a Finsler space

is a finite-dimensional Lie algebra with respect to the usual Lie bracket, called

the projective algebra denoted by p(M,F ). The collection of all projective

vector fields on a Finsler space p(M,F ) is a finite-dimensional Lie algebra with

respect to the usual Lie bracket, called the projective algebra. A specific Lie

sub-algebra of projective algebra of Finsler spaces, called the special projective

algebra and denoted by SP (F ).
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In [8], Rafie-Rad studied on the projective vector fields on the class of Ran-

ders metrics and introduced Lie sub-algebra of projective vector fields of a

Finsler metric. In [4], B. Rezaei and M.Rafie-Rad studied the projective algebra

of some (α, β)-metrics of isotropic S-curvature. In [10], the auther show that if

the Matsumoto metric admits a projective vector field, then this is a conformal

vector field with to Riemannianmetric α or F has vanishing S-curvature.

In this paper, we characterize the special projective vector field V on mani-

foldM with exponential metric of isotropic S-curvature. We prove the following

theorem:

Theorem 1.1. Let (M,F = αeβ/α) be exponential metric of isotropic S-

curvature on a manifold and b := ∥β∥α is constant. Then one of the following

statements holds:

(a) β is parallel with respect to α and the projective algebra p(M,F ) of F is

coincides with the projective algebra p(M,α) of α.

(b) Every special projective vector field V on (M,F ) is an Killing vector field

on (M,α) and £V̂ β = 0.

2. Preliminaries

Let F be a Finsler metric on an n-dimensional manifold M . It induces a

spray G on TM . In local coordinates in TM , it is expressed by

G = yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
,

whereGi(x, y) are local functions on TM0 satisfyingG
i(x, λy) = λ2Gi(x, y) λ >

0. Assume the following conventions:

Gi
j =

∂Gi

∂yi
, Gi

jk =
∂Gi

j

∂yk
, Gi

jkl =
∂Gi

jk

∂yl
.

The local functions Gi
jk give rise to a torison-free connection in π∗TM called

the berwald connection which is this paper, see [5].

Let

α(y) :=
√

gij(x)yiyj , y = yi
∂

∂xi
|x ∈ TxM.

α is a family of Euclidean norms on tangent spaces. Let α =
√

aij(x)yiyj

be a Riemannian metric and β = bi(x)y
i a 1-form on a manifold M . An

(α, β)-metric is a scalar function F on TM defined by F := αϕ(βα ), where

ϕ = ϕ(s) is a C∞ on (−b0, b0) with certain regularity such that F is a positive

definite Finsler metric. A special (α, β)-metric defined by ϕ(s) = es is called

exponential metric.

Denote the Levi-Civita connection of α by ∇ and define bi|j by (bi|j)θ
j :=

dbi − bjθ
j

i , where θi := dxi, θ j
i := Γj

ikdx
k.
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In order to study the geometric properties of (α, β)-metrics, one needs a

formula for the spray coefficients of an (α, β)-metrics. Let

rij = (∇jbi +∇ibj)/2, sij = (∇jbi −∇ibj)/2, rij := aikrkj ,

r◦◦ := rijy
iyj , ri◦ := rijy

j , sij := aikskj ,

sj := bisij , s◦ := siy
i, si◦ := sijy

j .

The spray coefficients Gi of F and Gi
α of α are related as follows:

Gi = Gi
α + αQsi◦ + α−1Θ{r◦◦ − 2αQs◦}yi +Ψ{r◦◦ − 2αQs◦}bi, (2.1)

Q =
ϕ′

ϕ− sϕ′ , Θ =
ϕϕ′ − s(ϕϕ′′ − ϕ′ϕ′)

2{(ϕ− sϕ′) + (b2 − s2)ϕ′′}
,

Ψ =
ϕ′′

2{(ϕ− sϕ′) + (b2 − s2)ϕ′′}
.

There is a notion of distortion τ = τ(x, y) on TM associated with the Busemann-

Hausdorff volume form on manifold, i.e., dVF = σF (x)dx
1 · · · dxn, which is

defined by

τ(y) := ln
[√det(gij(x, y))

σF (x)

]
,

,

σF (x) :=
Vol(Bn(1))

Vol
{
(yi) ∈ Rn

∣∣∣ F(
yi ∂

∂xi |x
)
< 1

} . (2.2)

For a vector y ∈ TxM. Let c(t),−ϵ < t < ϵ, denote the geodesic with c(0) = x

and ċ(0) = y. Define

S(y) :=
d

dt

[
τ
(
ċ(t)

)]
|t=0.

We say S-curvature is isotropic if there exists a scalar function c(x) on M such

that S(x, y) = (n+1)c(x)F (x, y), and constant S-curvature if c(x) = constant,

see [2, 6, 7].

Let Gi(x, y) denote the geodesic coefficients of F in the same local coordinate

system. By the definition of the S-curvature, we have

S(y) :=
∂Gi

∂yi
(x, y)− yi

∂

∂xi

[
lnσF (x)

]
, (2.3)

where y = yi ∂
∂xi |x ∈ TxM . It is proved that S = 0 if F is a Berwald metric [5].

There are many non-Berwald metrics satisfying S = 0. To prove the Theorem

1.1, we need the following theorem which is proved in [3].

Theorem 2.1. Let F = αϕ(s), s = β/α be a (α, β)-metric on a manifold of

dimension n and b := ∥β∥α is constant. Suppose that

ϕ ̸= k1
√

1 + k2s2 + k3s,

for any constant k1 > 0, k2 and k3. Then F is of isotropic S-curvature,

S = (n+ 1)cF , if and only if one of the following holds:
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(i) β satisfies

rij = ε(b2aij − bibj), sj = 0 (2.4)

where ε = ε(x) is a scalar function and ϕ = ϕ(s) satisfies

Φ = −2(n+ 1)k
ϕ∆2

b2 − s2

where k is a constant. In this case, S = (n+ 1)cF with c = kε.

(ii) β satisfies

rij = 0, sj = 0 (2.5)

In this case, S = 0, regardless of the choice of a particular ϕ.

3. Projective vector fields on Finsler spaces

Every vector field X on M induces naturally a transformation under the

following infinitesimal coordinate transformations on TM , (xi, yi) −→ (x̄i, ȳi)

given by

x̄i = xi + V idt, ȳi = yi + yk
∂V i

∂xk
dt.

This leads us to the notion of the complete lift V̂ (see [9]) of V to a vector field

on TM0 given by

V̂ = V i ∂

∂xi
+ yk

∂V i

∂xk

∂

∂yi
.

Almost any geometric object in Finsler geometry depends on the both points

and velocities, hence the Lie derivatives of such geometric objects should rather

should be regarded with respect to V̂ . For computational use, it is known

£V̂ y
i = 0, £V̂ dx

i = 0 and the differential operators £V̂ ,
∂

∂xi , exterior dif-

ferential operator d and ∂
∂yi commute as well. The vector field V is called a

projective vector field, if there is a function P on TM0 such that

£V̂ G
i
k = Pδik + Pky

i,

where Pk = P.k, see [1]. Thereby, given any appropriate t, the local flow {ϕt}
associated to V is projective transformation. If V is a projective vector field,

then [1]:

£V̂ G
i = Pyi,

£V̂ G
i
jk = δijPk + δikPj + yiPk.j ,

£V̂ G
i
jkl = δijPk.l + δikPj.l + δilPk.j + yiPk.j.l,

2£V̂ Ejl = (n+ 1)Pj.l.
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On the Riemannian spaces, given any projective vector field V the function

P = P (x, y) is linear with respect to y. A projective vector field V is called a

special projective vector field if £V̂ E = 0, equivalently, P (x, y) = Pi(x)y
i.

Remark 3.1. On a weakly-Berwald space, every projective vector field is spe-

cial.

4. Proof of Theorem 1.1

Let F = αes, s := β/α be exponential Finsler metric of isotropic S-curvature

on a manifold M and b := ∥β∥α is constant. According to theorem 2.1, F

is of isotropic S-curvature, S = (n + 1)cF , if and only if β satisfies rij =

ε(b2aij − bibj), sj = 0 or rij = 0, sj = 0. Plugging rij = ε(b2aij − bibj), sj = 0

in (2.1) the geodesic coefficients of F can be calculated by

Gi = Gi
α+

α2

α− β
si◦+

ε(b2α3 − β2α)yi

2b2α2 − 2β2 − 2βα+ 2α2
es+

ε(b2α3 − β2α)bi

2b2α2 − 2β2 − 2βα+ 2α2
α.

(4.1)

Assuming si◦ = 0, equation (4.1) can be seen as follows:

Gi = Gi
α +

ε(b2α3 − β2α)yi

2b2α2 − 2β2 − 2βα+ 2α2
es +

ε(b2α3 − β2α)bi

2b2α2 − 2β2 − 2βα+ 2α2
α. (4.2)

Let us suppose that V is a projective vector field on (M,F ). By assuming, V

is a special projective field, that is to exists a function P of the form P (x, y) =

Pk(x)y
k on M such that

£V̂ G
i = Pyi.

If si◦ = 0, by (4.2) we can write this equation as follows

£V̂ (G
i
α +

ε(b2α3 − β2α)yi

2b2α2 − 2β2 − 2βα+ 2α2
es +

ε(b2α3 − β2α)bi

2b2α2 − 2β2 − 2βα+ 2α2
α) = Pyi.

Therefore, Equation mentioned above is equivalent to the following equality

0 = −Pyi +£V̂ G
i
α +

ε(esyi + αbi)

2b2α2 − 2β2 − 2βα+ 2α2
£V̂ (b

2α3 − β2α)

+
ε(esyi + αbi)(b2α3 − β2α)

(2b2α2 − 2β2 − 2βα+ 2α2)2
£V̂ (2b

2α2 − 2β2 − 2βα+ 2α2)

+
ε(b2α3 − β2α)

2b2α2 − 2β2 − 2βα+ 2α2
£V̂ (e

syi + αbi).

Let us denote

t◦◦ = £V̂ α
2.

By simplifying above equation and multiplying both sides of this very equation

by α3(2b2α2 − 2β2 − 2βα+ 2α2)2, we can rewrite (4.3) as follows:

K(x, y)α+R(x, y)es = 0 (4.3)
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where

K(x, y) = α8(2biε£V̂ b
2 + 2b2ε£V̂ b

i + 2b4ε£V̂ b
i)

+α7(2b2biε£V̂ β − 2βεbi£V̂ b
2 − 2βεb2£V̂ b

i)

+α6(−4Pyi + 4£V̂ G
i
α − 8b2Pyi + 8b2£V̂ G

i
α − 4b4Pyi

+4b4£V̂ G
i
α − 2β2ε£V̂ b

i − 4b2β2ε£V̂ b
i + 2b4biεt◦◦

+2b2εt◦◦b
i − 4biβε£V̂ β)

+α5(8βPyi − 8β£V̂ G
i
α + 8βb2Pyi − 8βb2£V̂ G

i
α

+2biβ2ε£V̂ β − 3βb2biεt◦◦ + 2β3ε£V̂ b
i)

+α4(4β2Pyi − 4β2£V̂ G
i
α + 8b2β2Pyi

−8b2β2£V̂ G
i
α + 2β4ε£V̂ b

i − 4biβ2b2εt◦◦)

+α3(−8β3Pyi + 8β3£V̂ G
i
α + biβ3εt◦◦)

+α2(−4β4Pyi + 4β4£V̂ G
i
α + 2biεβ4t◦◦).

R(x, y) = α8(2yiε£V̂ b
2) + α7(2yib4ε£V̂ β + 4b2yiε£V̂ β − 2yiεβ£V̂ b

2)

+α6(−2βb2εyi£V̂ β + b4εyit◦◦ + b2εyit◦◦ − 4yiβε£V̂ β)

+α5(−b4βεyit◦◦ − 4b2yiβ2ε£V̂ β − 3βb2yiεt◦◦)

+α4(−b2β2εyit◦◦ + 2yiβ3ε£V̂ β + β2yiεt◦◦)

+α3(2β4yiε£V̂ β + 2b2β3εyit◦◦ + yiβ3εt◦◦)

+α1(−β5εyit◦◦).

By changing all the terms y to −y in (4.3) we obtain R(x, y) = K(x, y) = 0.

Equation R(x) = 0 is equivalent to following polynimal equation:

a8α
8 + a7α

7 + a6α
6 + a5α

5 + a4α
4 + a3α

3 + a1α
1 = 0 (4.4)

where

a8 = 2yiε£V̂ b
2,

a7 = 2yib4ε£V̂ β + 4b2yiε£V̂ β − 2yiεβ£V̂ b
2,

a6 = −2βb2εyi£V̂ β + b4εyit◦◦ + b2εyit◦◦ − 4yiβε£V̂ β,

a5 = −b4βεyit◦◦ − 4b2yiβ2ε£V̂ β − 3βb2yiεt◦◦,

a4 = −b2β2εyit◦◦ + 2yiβ3ε£V̂ β + β2yiεt◦◦,

a3 = 2β4yiε£V̂ β + 2b2β3εyit◦◦ + yiβ3εt◦◦,

a1 = −β5εyit◦◦.

From above equation, we can get two fundamental equations

a8α
8 + a6α

6 + a4α
4 = 0,

a7α
6 + a5α

4 + a3α
2 + a1α

0 = 0. (4.5)
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From (4.5), we can see that a1 has the factor α2 and then

t◦◦ = ci(x)α2

for some scalar function ci(x) on M .

By the equation mentioned above we can conclude that the coefficient a4
must be divided by α2, hence there is a class of homogenous of degree one

functions gi = gi(y) on M such that,

−b2εyit◦◦ + 2yiβε£V̂ β + yiεt◦◦ = gi(y)α2 (4.6)

Replacing this quantity t◦◦ = ci(x)α2 into (4.6) and taking into account the

non-degeneracy of ε, β ̸= 0 we conclude that

£V̂ β = 0.

Plugging the quantities t◦◦ = ci(x)α2,£V̂ β = 0 in R(x) = 0 and sorting again

by α, we can get the following equation

m8α
8 +m7α

7 +m6α
6 +m5α

5 +m3α
3 = 0. (4.7)

where

m8 = 2εyi£V̂ b
2 + εb4yici(x) + εb2yici(x),

m7 = −2yiβε£V̂ b
2 − εβyib4ci(x)− 3εβyib2ci(x),

m6 = β2εyici(x)− εβ2yib2ci(x),

m5 = β3εci(x)yi + 2b2β3εci(x)yi,

m3 = −β5εyici(x).

From above equation, we can get two fundamental equations

m8α
6 +m6α

4 = 0,

m7α
4 +m5α

2 +m3α
0 = 0. (4.8)

From (4.8), we see that m3 has the factor α2 and taking into account the

non-degeneracy of ε, β ̸= 0 we conclude that

ci(x) = 0, for any index i.

Therefore t◦◦ = 0.

If we assume that si◦ ̸= 0, by (4.3) we can write equation (4.1) as follows

£V̂ (G
i
α +

α2

α− β
si◦ +

ε(b2α3 − β2α)yi

2b2α2 − 2β2 − 2βα+ 2α2
es

+
ε(b2α3 − β2α)bi

2b2α2 − 2β2 − 2βα+ 2α2
α) = Pyi.
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Therefore, Equation mentioned above is equivalent to the following equality

0 = £V̂ G
i
α − Pyi + (

t◦◦
α− β

− αt◦◦
2(α− β)2

+
α2£V̂ β

(α− β)2
)si◦

+
α2

α− β
£V̂ s

i
◦ +

ε(esyi + αbi)

2b2α2 − 2β2 − 2βα+ 2α2
£V̂ (b

2α3 − β2α)

+
ε(esyi + αbi)(b2α3 − β2α)

(2b2α2 − 2β2 − 2βα+ 2α2)2
£V̂ (2b

2α2 − 2β2 − 2βα+ 2α2)

+
ε(b2α3 − β2α)

2b2α2 − 2β2 − 2βα+ 2α2
£V̂ (e

syi + αbi). (4.9)

By simplifying above equation and multipling both sides of this very equation

by α2(α− β)2(2b2α2 − 2β2 − 2βα+ 2α2)2, we can rewrite (4.9) as follows:

L(x, y)α+D(x, y)es = 0 (4.10)

where

L(x, y) = α9(2b4ε£V̂ b
i + 2b2ε£V̂ b

i + 2biε£V̂ b
2)

+α8(4£V̂ s
i
◦ + 4b4£V̂ s

i
◦ + 8b2£V̂ s

i
◦ − 4b4βε£V̂ b

i

+2b2biε£V̂ β − 6b2βε£V̂ b
i − 6biβε£V̂ b

2)

+α7(−4Pyi + 4£V̂ G
i
α − 4b4β£V̂ s

i
◦ − 2β2ε£V̂ b

i

+4b4si◦£V̂ β − 16b2β£V̂ s
i
◦ + 8b2si◦£V̂ β + 6biβ2ε£V̂ b

2

−4biβε£V̂ β + 2b4β2ε£V̂ b
i + 2b2β2ε£V̂ b

i + 2b2biεt◦◦

+2b4biεt◦◦ + 8b2£V̂ G
i
α − 8b2Pyi + 4b4£V̂ G

i
α

−4b4Pyi + 4si◦£V̂ β − 12β£V̂ s
i
◦ − 4b2biβε£V̂ β)

+α6(6β3ε£V̂ b
i + 2b4si◦t◦◦ + 4b2si◦t◦◦ − 8βb4£V̂ G

i
α

+8βb4Pyi − 24βb2£V̂ G
i
α + 24βb2Pyi − 8βsi◦£V̂ β

+6b2β3ε£V̂ b
i − 2biβ3ε£V̂ b

2 + 10biβ2ε£V̂ β

−8b2βsi◦£V̂ β − 16β£V̂ G
i
α + 16βPyi + 4β2£V̂ s

i
◦

+2si◦t◦◦ − 4βbit◦◦b
4ε− 7βb2εbit◦◦ + 2bib2β2ε£V̂ β)

+α5(−4b4β2Pyi − 16b2β2Pyi + 8b2β3£V̂ s
i
◦ + 16b2β2£V̂ G

i
α

−8si◦t◦◦β + 4b4β2£V̂ G
i
α − 4β2si◦£V̂ β − 4β4ε£V̂ b

i

−4βb4si◦t◦◦ − 12βb2si◦t◦◦ − 8β2b2si◦£V̂ β − 8biβ3ε£V̂ β

−4b2β4ε£V̂ b
i + 12β3£V̂ s

i
◦ − 16β2Pyi + 16β2£V̂ G

i
α

+2bib4β2t◦◦ε+ 4bib2β2εt◦◦)
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+α4(−2β5ε£V̂ b
i + 8b2β3£V̂ G

i
α − 8b2β3Pyi + 8β3si◦£V̂ β

+6β2t◦◦s
i
◦ + 5bib2β3εt◦◦ − 8β3Pyi − 4β4£V̂ s

i
◦ + 8β3£V̂ G

i
α

+β3biεt◦◦ + 4β2b2si◦t◦◦ + 2β4biε£V̂ β)

+α3(2β6ε£V̂ b
i + 8b2β4Pyi − 8b2β4£V̂ G

i
α + 16β4Pyi

+8si◦t◦◦b
2β3 − 4bit◦◦b

2β4ε)

+α2(−6β4si◦t◦◦ − 3β5bit◦◦ε)

+α1(−4β6Pyi + 4β6£V̂ G
i
α − 4β5si◦t◦◦ + 2β6bit◦◦ε).

D(x, y) = α9(2yiε£V̂ b
2)

+α8(−6βyiε£V̂ b
2 + 2εb4yi£V̂ β + 4b2yiε£V̂ β)

+α7(−10b2βεyi£V̂ β − 4b4βεyi£V̂ β + b4yiεt◦◦ + b2yiεt◦◦

−7βb2εbit◦◦ + 2bib2β2ε£V̂ β − 4βεyi£V̂ β + 6β2εyi£V̂ b
2)

+α6(4b2β2yiε£V̂ β − 5b2βεyit◦◦ − 3b4βεyit◦◦ + 2b4β2εyi£V̂ β

−2β3εyi£V̂ b
2 + 8β2εyi£V̂ β)

+α5(−2β3εyi£V̂ β + β2εyit◦◦ + 3b4β2yiεt◦◦ + 6b2β3εyi£V̂ β

+6yib2β3εt◦◦)

+α4(b2β3yiεt◦◦ − b4β3εyit◦◦ − 4b2β4yiε£V̂ β − εβ3yit◦◦

−2β4yiε£V̂ β)

+α3(−5β4b2εyit◦◦ − β4εyit◦◦ − 2yiβ5ε£V̂ β)

+α2(2β5b2εyit◦◦ + 2β6εyi£V̂ β)

+α1(2β6εyit◦◦)

+α0(−β7εyit◦◦).

By changing all the terms y to −y in (4.10) we obtain L(x, y) = D(x, y) = 0.

From equation D(x) = 0, we can get two fundamental equations

a9α
8 + a7α

6 + a5α
4 + a3α

2 + a1α
0 = 0,

a8α
8 + a6α

6 + a4α
4 + a2α

2 + a0α
0 = 0. (4.11)

where

a9 = 2yiε£V̂ b
2,

a8 = −6βyiε£V̂ b
2 + 2εb4yi£V̂ β + 4b2yiε£V̂ β,

a7 = −10b2βεyi£V̂ β − 4b4βεyi£V̂ β + b4yiεt◦◦ + b2yiεt◦◦,

7βb2εbit◦◦ + 2bib2β2ε£V̂ β − 4βεyi£V̂ β + 6β2εyi£V̂ b
2,

a6 = 4b2β2yiε£V̂ β − 5b2βεyit◦◦ − 3b4βεyit◦◦ + 2b4β2εyi£V̂ β,

2β3εyi£V̂ b
2 + 8β2εyi£V̂ β,
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a5 = −2β3εyi£V̂ β + β2εyit◦◦ + 3b4β2yiεt◦◦ + 6b2β3εyi£V̂ β

+6yib2β3εt◦◦,

a4 = b2β3yiεt◦◦ − b4β3εyit◦◦ − 4b2β4yiε£V̂ β − εβ3yit◦◦ − 2β4yiε£V̂ β,

a3 = −5β4b2εyit◦◦ − β4εyit◦◦ − 2yiβ5ε£V̂ β,

a2 = 2β5b2εyit◦◦ + 2β6εyi£V̂ β,

a1 = 2β6εyit◦◦,

a0 = −β7εyit◦◦.

From (4.11), we see that a0 has the factor α2 and then t◦◦ = ci(x)α2 for some

scalar function ci(x) on M .

Replacing this quantity t◦◦ = ci(x)α2 into (4.9) and sorting sorting again by

α, we have equation

L(x, y)α+D(x, y)es = 0 (4.12)

By similar computations we can conclude L(x, y) = D(x, y) = 0. Equation

D(x, y) = 0 is as

m9α
9 +m8α

8 +m7α
7 +m6α

6 +m5α
5 +m4α

4 +m3α
3 +m2α

2 = 0. (4.13)

where

m3 = −2β5εyi£V̂ β + 2β6εyici(x),

m2 = +2β6εyi£V̂ β − β7εyici(x).

From (4.13), we have two fundamental equation

m9α
6 +m7α

4 +m5α
2 +m3α

0 = 0,

m8α
6 +m6α

4 +m4α
2 +m2α

0 = 0.

By the equations mentioned above we conclude that m2,m3 must be divided

by α2, therefore there are two scalar function qi(x), gi(x) on M where

−2εyi£V̂ β + 2βεyici(x) = qi(x)α2, (4.14)

2εyi£V̂ β − βεyici(x) = gi(x)α2. (4.15)

Let us compute the terms given by (4.14) and (4.15),

βεyici(x) = (qi(x) + gi(x))α2. (4.16)

Taking into account the non-degeneracy of ε, β ̸= 0 yields

ci(x) = 0,

therefore

t◦◦ = 0.

Plugging ci(x) = 0 in (4.14) follows that

£V̂ β = 0.
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Now, let us assume β satisfies

r◦◦ = 0, s◦ = 0.

In this case, S = 0. Substituting r◦◦ = 0 and s◦ = 0 in (2.1), the spray

coefficients of F can be calculated by Gi = Gi
α + αQsi◦, i.e.

Gi = Gi
α +

α2

α− β
si◦. (4.17)

Suppose that si◦ = 0, so we observe

Gi = Gi
α.

In this case one can see that the projective algebra p(M,F ) of F is coincides

with the projective algebra p(M,α) of α and this proves (a).

If si◦ ̸= 0 and V be a projective vector field on (M,F ). From remark 3.1, V

is a special projective vector field on M , so

£V̂ G
i = Pyi.

where P (x, y) = Pk(x)y
k. From (4.17)

£V̂ G
i = £V̂ (G

i
α +

α2

α− β
si◦) = £V̂ G

i
α +£V̂ (

α2

α− β
si◦) = Pyi.

Therefore

£V̂ G
i = £V̂ G

i
α+

t◦◦
α− β

si◦−
1

2

αt◦◦
(α− β)2

si◦+
α2£V̂ β

(α− β)2
si◦+

α2

α− β
£V̂ s

i
◦. (4.18)

By replacing yi in (4.18) with −yi we have:

£V̂ G
i = £V̂ G

i
α − t◦◦

α+ β
si◦ +

1

2

αt◦◦
(α+ β)2

si◦ +
α2£V̂ β

(α+ β)2
si◦ −

α2

α+ β
£V̂ s

i
◦ (4.19)

Let us compute the terms given by (4.18), (4.19)

αt◦◦s
i
◦(α

2 − 3β2) + 4α3βsi◦£V̂ β + 2α3£V̂ s
i
◦(α

2 − β2) = 0. (4.20)

Eq. (4.20) is equivalent to following polynimal equation:

a1 + α2a3 + α4a5 = 0. (4.21)

where

a1 = −3β2si◦t◦◦,

a3 = si◦t◦◦ − 2β2£V̂ s
i
◦ + 4βsi◦£V̂ β,

a5 = 2£V̂ s
i
◦.

we see that a1 has the factor α2 and then

t◦◦ = ci(x)α2
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for some scalar function ci(x) on M . Plugging it in (4.21), changes it into the

following equation

α2a5 + a3 + a1 = 0. (4.22)

where

a5 = 2£V̂ s
i
◦,

a3 = si◦c
i(x)α2 − 2β2£V̂ s

i
◦ + 4βsi◦£V̂ β,

a1 = −3β2si◦c
i(x).

From which it follows that α2 must divide a1 + a3, hence there is a class of

functions µi = µi(x) on M such that,

−3β2si◦c
i(x) + si◦c

i(x)α2 − 2β2£V̂ s
i
◦ + 4βsi◦£V̂ β = µi(x)α2 (4.23)

Convecting the two sides of (4.23) with yi and taking the facts that yi = aijy
j ,

yis
i
◦ = 0 and £V̂ yi = 0, Eq.(4.23) reads as µi(x)yiα

2 = 0.

After a derivation with respect to yk , we have

2µi(x)aik = 0, µi = 0.

Plugging µi = 0 in (4.23) and then (4.22) follows that

£V̂ s
i
◦ = 0

and thus,

−3β2si◦c
i(x) + si◦c

i(x)α2 + 4βsi◦£V̂ β = 0 (4.24)

From si◦ ̸= 0 we get:

−3β2ci(x) + ci(x)α2 + 4β£V̂ β = 0.

Taking into account the non-degeneracy of α2, β ̸= 0 yields ci(x) = 0,£V̂ β = 0

and completes the proof.
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