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Abstract. In this paper, we investigate pseudo-Riemannian manifolds those
eigenvalues of the Weyl conformal Jacobi operators are constant on the unit
sphere bundles. Using a result of [1], we give an explicit construction of con-
formally Osserman manifold which is not locally conformally flat.

Keywords: conformal Jacobi operator, conformally Osserman manifold, Weyl
conformal curvature operator.

*Corresponding Author
AMS 2020 Mathematics Subject Classification: 53B30, 53C25, 53C50

This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 Inter-
national License.
Copyright (©) 2024 The Author(s). Published by University of Mohaghegh Ardabili
25


https://doi.org/10.22098/jfga.2024.14364.1111
https://orcid.org/0000-0003-4254-5829
 https://creativecommons.org/licenses/by-nc/4.0/

26 M. A. Boye, A. S. Diallo and M. El B. Mame

1. Introduction

Let (M, g) be a pseudo-Riemannian manifold of dimension m with Levi-
Civita connection V. Let R(X,Y) := VxVy — VyVx — Vix,y] be the cur-
vature operator and R(X,Y,Z,T) = g(R(X,Y)Z,T) its Riemann curvature
tensor. The Jacobi operator is defined by Jr(X) : YV — R(Y,X)X. It is a
self-adjoint operator and it plays an important role in the curvature theory.
The geodesic deviation is measured by this part of the curvature tensor and
because of its fundamental role in the Jacobi equation, many geometric prop-
erties can be derived from the knowledge of the Jacobi operators [10, 11]. Since
for each vector X, the Jacobi operator is a self-adjoint operator, the study of
its eigenvalues is of great interest. In the Lorentzian case especially, they play
a fundamental role in the construction of mathematical models in general rela-
tivity. On the other hand, the eigenvalues of the Jacobi operator depend both
on a point p € M and a direction X € T, M.

Let S*(M, g) be the pseudo-sphere bundles of unit spacelike and timelike
tangent vectors. Then (M, g) is said to be spacelike Osserman (respectively
timelike Osserman) if the eigenvalues of Jz(-) are constant on the unit sphere
bundles ST (M, g) (respectively S~ (M, g)). The notions of spacelike Osserman
and timelike Osserman are equivalent and if (M, g) is either of them, then
(M, g) is said to be Osserman. Many mathematicians have studied Osserman
manifolds (see e.g. [l1] for the Riemannian case and [8, 9, 10] for pseudo-
Riemannian case).

Let {e;} be a local frame for the tangent bundle. We set g;; := g(e;, e;) and
let g% be the inverse matrix. The Ricci operator p, the associated Ricci tensor
p(+,+), the scalar curvature 7 and the Weyl conformal curvature operator W
are given by

pX =Y gIR(X,ei)e;,
)

p(X, Y) = g(pX,Y),
T = Zgijp<eiaej>7
i,J

T

W(X,Y)Z = R(X,Y)Z + m—Dm-2

RYX,Y)Z

+ ! LX,Y)Z

(m—2)""" 7
where
RUX,Y)Z = g(Y,2)X —g(X, 2)Y,
LX,Y)Z = g(pY,2)X — g(pX, Z)Y +g(Y,Z)pX — g(X, Z)pY,

for XY, Z € X(M). The Weyl conformal curvature W as a conformal invariant
is important in the understanding of conformal pseudo-Riemannian geometry.
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It is well known that an m-dimensional pseudo-Riemannian manifold, m > 4,
is conformally flat if and only if its Weyl conformal curvature vanishes. Note
that, a Riemannian manifold (M, g) is said to be locally conformal flat if around
every point p € M, there exists a metric ¢’ which is conformal to g and ¢’ is
flat. In [5], multidimensional cosmological solutions which are locally confor-
mally flat are described. These solutions correspond to generalizations of the
Friedmann-Robertson-Walker cosmology. Moreover, the authors [0], construct
new examples of complete locally conformally flat manifolds of negative curva-
ture by means of warped product and multiply warped product structures.

The Weyl conformal Jacobi operator Jy(-) is defined by
Jw(X)Y = W(Y, X)X, (11)

for X,Y € ST (M, g). We say that (M, g) is conformally Osserman if the eigen-
values of Jyy(+) are constant on S*(M, g) and (M, g) is nilpotent conformally
Osserman if the conformal Jacobi operator of (M, g) is nilpotent.

In the paper [2], the authors characterize manifolds which are locally confor-
mally equivalent to either complex projective space or to its negative curvature
dual. In particular, they classify the conformally complex space forms if the
dimension is at least 8. The authors [3] proves that a 4-dimensional oriented
Riemannian manifold is conformally Osserman if and only if it is self-dual or
anti-self dual. It is shown in [4] that the conformally Osserman condition is a
conformal invariant and that any Lorentzian [1] or odd-dimensional Riemann-
ian [2] conformally Osserman manifold is locally conformally flat. Recently,
in the paper [7], an example of a nilpotent conformally Osserman manifold of
signature (2,2) and geodesically complete is exhibited.

Motivated by [7], we exhibit an example of pseudo-Riemannian metric of
signature (2,2) which is conformally Osserman and is not locally conformally
flat. In section 2, we will present some results concerning conformally spacelike
and timelike Jordan Osserman manifolds. In section 3, we describe the metric
that we considered.

2. Conformally Osserman manifolds

The study of conformally Osserman manifolds was started in [2] and then
continued in [1, 3, 4, 12]. We say that (M, g) is conformally Osserman if the
eigenvalues of the Weyl conformal Jacobi operator Jy, are constant on the unit
fiber spheres.

Recall that two metrics g; and go are said to be conformally equivalent if
there is a positive scaling function a € C>®(M) so that g1 = ags. We let
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[g] be the set of all pseudo-Riemannian metrics on M which are conformally
equivalent to g.

Theorem 2.1. Let g1 and g2 be conformally equivalent metrics on M. Then
(M, g1) is conformally Osserman if and only if (M, gs) is conformally Osser-
man.

We have the following result for later use.

Theorem 2.2. If (M, g) is Finstein, then (M, g) is conformally spacelike (re-
spectively timelike) Jordan Osserman if and only if (M, g) is pointwise spacelike
(respectively timelike) Jordan Osserman.

The classification is complete in certain settings:

Theorem 2.3. [1] Assume either that (M, g) is an odd dimensional Riemann-
ian manifold or that (M, g) is a Lorentzian manifold. Then (M, g) is confor-
mally spacelike Jordan Osserman if and only if (M, g) is conformally flat.

Any local rank 1 Riemannian symmetric space is necessarily conformally Os-
serman since the group of local isometries acts transitively on the unit sphere
bundle. The authors [4] conjecture that the converse holds; this is the analogue
of the Osserman conjecture in this setting:

Conjecture: A connected Riemannian manifold (M, g) is conformally Osser-
man if and only if (M, g) is locally conformally equivalent to a rank 1 symmetric
space.

This conjecture holds if m is odd. The situation is considerably more com-
plicated in the higher signature setting. There are conformally spacelike Jordan
Osserman manifolds which are not conformally flat.

In the paper [2], the authors characterize manifolds which are locally confor-
mally equivalent to either complex projective space or to its negative curvature
dual.

Theorem 2.4. [2] Let (M, g) be a conformally Osserman Riemannian manifold
of dimension m.

(1) If m is odd, then (M, g) is conformally flat.

(2) If m =4k +2 > 10 and if p is a point of M where W, # 0, then there
is an open neighborhood of p in M which is conformally equivalent to
an open subset of either complex projective space with the Fubini-Study
metric or its negative curvature dual

In [3], the following characterization in dimension four is obtained :

Theorem 2.5. [3] Let (M, g) be a 4-dimensional oriented Riemannian mani-
fold. The followin conditions are equivalent:
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(1) (M, g) is conformally Osserman.
(2) (M, g) is self-dual or anti-self dual.

In [1], the author proves that in Lorentzian manifolds of dimension greater
than three, the conformally Osserman condition is equivalent to the confor-
mally flat condition. Also it is proved that, in the Lorentzian setting, timelike
conformally Osserman manifolds are spacelike conformally Osserman manifolds
and vice versa.

Recently, The author of the paper [12] answers some part of the conjecture
made by Blazic and Gilkey that a conformally Osserman manifold of dimension
n # 3,4, 16 is locally conformally equivalent either to a Euclidean space or to
a rank-one symmetric space.

Theorem 2.6. [12] A connected C*° Riemannian conformally Osserman man-
ifold of dimension n # 3,4,16 is locally conformally equivalent to a Euclidean
space or to a rank-one symmetric space

3. Four dimensional of conformally Osserman manifolds

Let M = R* be the 4-dimensional Euclidean space with usual coordinates
(u1,ug,us,ug). Then Dy = span{dy,d2} and Dy = span{ds,ds} define two
distributions of T'M. The splitting T'M = D; & D5 is just the usual splitting
TR* = TR? & TR?. We define a pseudo-Riemannian metric of neutral sinature
(2,2) by setting

9 frforh) = usfi(ug)duy @ duy + ug fo(ur)dus @ dusg
+[du; ® dug + dus ® duq]
+[duy ® dus + dug ® duq]
+[dus ® dug + dug ® dus], (3.1)

where f; and fy are smooth real valued functions satisfying
O2f1+ 01f2 = 0. (3.2)

Furthermore, the distribution D is totally isotropic with respect to the pseudo-
Riemannian metric gz, ,,n)-
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The non zero Christoffel symbols of the pseudo-Riemannian gy, f, n) are
given by

h = -4,

Fzﬂ = u32f127

Iy = —@4-%7

s, — U3<922f17

i, = U45;1f27

F%z& = %7

F34 = %

F%Q = *%a

ry, = U4Tf22 (3.3)

From (3.2) and (3.3), the only non zero components of the covariant derivatives
are given by

Vo, 03 = %83;

Vo, 0y = —%62+(%+%)83+“42f2284;

Ve = Lo,

Vo dy — u382f183—u482f15 )
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From (3.2) and (3.4), we obtain that the non zero components of the curvature
operator are

R(@l 82)81 _ anl 61 . U3f182f1 83
5 = > 5
uzdsof1 | usfodafi  wafidafi  Oofi  fif
+( S e _2_4)847
R0, — g, 1ROl
) = 9 5
(Pl | whiuh whi %h Sl
2 4 4 2 4 35
0
R(01,82)85 = _szla%
0
R(81,82)34 - _ 22f184,
0
R(61’83)81 = 22f1847
0
R(81563)82 = _2Tfl837
0
R(2,04)01 = 22f1847
0
RO00% =~ (3.5)

And from (3.5), we obtain that the non zero components of the (0,4)— curva-
ture tensor are given by

u3zd3yf1 | usfo0afi  usfr02f1 Rfi  fif

R(01,02,01,00) = B, whth_uhdih 0 .
Rty — (M0l WIS et Bt ik
R(01,02,01,05) = a22fl7
R(0y,0,85,0,) = — 322]”1 ’
R(01,00,05,04) = 822f17
R(01,0,04,05) = %. o

From (3.6), we can see that all components of the Ricci tensor vanishes. Hence
the scalar curvature is zero. We have the following result.

Proposition 3.1. The pseudo-Riemannian metric (3.1) is Einstein.

If X = Z?Zl «;0; is a tangent vector on M, then the associated Jacobi
operator Jz(X) = R(-, X)X defines a self-adjoint endomorphism of the tangent



32 M. A. Boye, A. S. Diallo and M. El B. Mame

space at each point of M given by

JR(X)() = afR(-,01)01 + a1aaR(-,01)02 + a1azR(,01)03 + ajasR(-,01)04
+  a1R(-,02)01 + A3R(:,02)02 + azasR (-, 02)03 + aoasR(+,02)04
+  a1a3R(-,03)01 + azazR(+,03)02 + a3R(+,03)93 + azaaR(+,03)04
+ a1y R(-,04)01 + aasR(+,04)02 + asasR(-,04)03 + aZR(~, 04)0y.

The matrix associated to Jacobi operator Jgr(X) with respect to the basis
{0;,1 =1,2,3,4} is given by

Jin Ji2 Ji13 Jia

Jo1 Jo2  J23 Jo24
Jr(X)) = . . . . , 3.7
( R( )) J3t  J32 J33 J34 ( )

Jar Ja2  Jaz  Jaa

where

i = o %af1
Ji1 109 9 ;
SN Y Y
J21 27
0 202 P
Ja1 = a%lTh_aza332fl_a§“3 22fl _a§u3f24 2 J1

2U3f132f1 2U43%f2 2U4f131f2 a2flf2~

o B 27 2 1 27,




Ja1

Ji2
Joo

Ja2

Ja2

J13
J23
J33
Ja3
J14
J24
J34

Jaa
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01 f2 02 f1 02 f1 usd3 f1
ol —— — g —— + a3 —— + Qo
2 2 2 2
us3 f20 ug0? Ua f10
Fagas 3.f202 f1 ¥ oqas 4 1f2+a1a2 1101 f2
4 2 4
0
+agu4f2 1f2 7a1a2f1f2;
2 4
_ Qanl_
1 2 9
1o 81f2'
1662 2 )
0 0 0 02
— 0y Lf2 +0420¢4 1f2+a1a3 2 f1 +a1a2u3 b [1
2 2 2 2
1o, 1o, ?
+a?u3f12 2 f1 +a1a2u3f24 b f1 +a1a2u4 1f2
uy f101 f2 Jif2
+041042T* 1042T;
O 02 O
oz% 2f1 —a1a481f2—o€u3 2f1 —a?quz 2f1
2 2 4
2usdifo  yusfidif usfoife | o fife,
—af 9 —aj 1 — 12 9 + af 1
0;
0;
oo D2f1
1662 2 )
_ 90af1
1 2 i
0;
0;
_ o0ifs,
2 2 )
oDl
12—

It follows from the matrix of the Jacobi operator Jg (X), where X is a non null
vector on M that te characteristic polynomial satisfies Py (Jg (X)) = A%

Proposition 3.2. The pseudo-Riemannian metric (3.1) is Osserman.

From Theorem 2.2, by using Propositions 3.1 and 3.2 the pseudo-Riemannian

metric (3.1) is conformally Osserman.
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