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Abstract. In this paper, we study reversibility of Riemann Curvature and

Ricci curvature for the Ingarden-Támassy metric and prove two global results.

First, we prove that a Ingarden-Támassy metric is R-reversible if and only if

si = 0, sij|k = 0. Then we show that a Ingarden-Támassy metric is Ricci-

reversible if and only if si = 0.
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1. Introduction

In this paper, we study the following Finsler metric

F = α+
β2

α
, (1.1)

where α =
√
aij(x)yiyj is a Riemannian metric and β = bi(x)y

i is a 1-form

on M . It is remarkable that, this metric was introduced by R. Ingarden and

S. Tamássy in [5], when they were studying physical applications of Finsler

metrics in electron optic and thermodynamic. Then the Finsler metric (1.1) is

called the Ingarden-Tamássy metric.

Recently, Crampin proved that a Randers metric F = α + β has reversible

geodesics if and only if β is parallel with respect to α [2]. Then Masca-Sabau-

Shimada investigate (α, β)-metrics with reversible geodesics and projectively
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reversible geodesics [7][8]. In general, the Finsler metrics might not be re-

versible. In spite of the non-reversibility of Finsler metrics, the geodesics and

curvatures might be reversible.

In [10], Shen-Yang introduced R-reversibility and Ricci-reversibility. They

proved that Randers metrics are R-reversible or Ricci-reversible if and only if

they are R-quadratic or Ricci-quadratic, respectively. Recently, in [14], Tayebi-

Tabatabeifar studied the reversibility of Riemann curvature and Ricci curvature

for a Matsumoto metric F = α2/(α−β) which is called by Matsumoto’s slope-

of-a-mountain metric, also. This metric was introduced by Matsumoto as a

realization of Finsler’s idea “a slope measure of a mountain with respect to a

time measure” [11][12]. He gave an exact formulation of a Finsler surface to

measure the time on the slope of a hill and introduced the Matsumoto metrics

in [9][13].

The Riemann curvature Ry : TxM → TxM is a family of linear maps on

tangent spaces. A Finsler metric F on a manifold M is said to be R-quadratic

if it’s Riemann curvature Ry is quadratic in y ∈ TxM [6][10]. Also, F is called

R-reversible if R(x, y) = R(x,−y) (see [10]).

A Finsler metric F is called Ricci-quadratic if it’s Ricci curvature Ricy, is

quadratic in y ∈ TxM . F is called Ricci-reversible if Ricy = Ric−y (see [10]).

In this paper, we are going to prove the following:

Theorem 1.1. The Ingarden-Támassy metric is R-reversible if and only if β

satisfies si = 0 and sij|k = 0.

Theorem 1.2. The Ingarden-Támassy metric is Ricci-reversible if and only if

β satisfies si = 0.

2. Preliminaries

LetM be an n-dimensional C∞-manifold. Denote by TxM the tangent space

at x ∈M and by TM := ∪x∈MTxM the tangent bundle ofM . Each element of

TM has the form (x, y), where x ∈M and y ∈ TxM . Let TM0 = TM\{0} [15].

A Finsler metric on M is a function F : TM −→ [0,∞), with the following

properties:

(i) F is C∞ on TM0,

(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM ;

(iii) The Hessian of F 2/2 with element gij = 1
2

∂2F 2

∂yi∂yj is positive definite on

TM0.

The pair Fn = (M, g) is called a Finsler space of dimension n. F is called

fundamental function and gij is called the fundamental tensor of the Finsler

space Fn. By the homogeneity of F , we have F (x, y) =
√
gij(x, y)yiyj . An

important class of Finsler metrics are Riemann metrics, which are in the form

of F (x, y) =
√
gij(x)yiyj . Another important class of Finsler metrics are

Minkowski metrics, which are in the form of F (x, y) =
√
gij(y)yiyj [4].
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Given a Finsler manifold (M,F ), then a global vector field G is induced by

F on TM0, which in a standard coordinate (xi, yi) for TM0 is given by

G = yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
,

where

Gi =
1

4
gil

{
[F 2]xmylym − [F 2]xl

}
. (2.1)

G = Gi(x, y) are called the spray coefficients. G is called the spray associated

with F .

For a non-zero vector y ∈ TxM0, the Riemann curvature is a family of linear

transformation Ry : TxM −→ TxM with homogeneity Rλy = λ2Ry,∀λ > 0

which is defined by

Ry(u) := Ri
k(y)u

k ∂
∂xi , where

Ri
k(y) := 2

∂Gi

∂xk
− ∂2Gi

∂xj∂yk
yj + 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
. (2.2)

The family R := {Ry}y∈TM0
is called the Riemann curvature.

The Ricci curvature is the trace of Riemann curvature means Ric(x, y) :=

Rm
m(x, y) and the Ricci tensor is defined by

Ricij :=
1

2
Ricyiyj .

Let F = αϕ(s), s = β/α, be an (α, β)-metric on a manifold M , where

ϕ = ϕ(s) is a scalar function on the interval (−b0, b0), α =
√
aij(x)yiyj is a

Riemannian metric and β = bi(x)y
i is a 1-form on M .

rij :=
1

2
(bi|j + bj|i), sij :=

1

2
(bi|j − bj|i), (2.3)

where ’—’denotes the covariant derivative with respect to the Levi-Civita conec-

tion of α. Let

rij := aimrmj , ri0 := rijy
j , r00 := rijy

iyj , rj := bmrmj , r0 := rjy
j ,

r := biri, sj := bmsmj , sij := aimsmj , si0 := sijy
j , s0 := sjy

j .

Lemma 2.1. [1, 3] Let Gi = Gi(x, y) and Ĝi = Ĝi(x, y) denote the geodesic

coefficients of F and α respectively. Then we have

Gi = Ĝi + αQsi0 + (r00 − 2Qαs0)(θl
i + ψbi), (2.4)

where

Q :=
ϕ′

ϕ− sϕ′
, θ :=

ϕϕ′ − s(ϕϕ′′ + ϕ′
2
)

2ϕ[ϕ− sϕ′ + (B − s2)ϕ′′]
, ψ :=

ϕ′′

2[ϕ− sϕ′ + (B − s2)ϕ′′]
.

Here li := yi/α and B := b2. By (2.4), we can rewrite the geodesic coefficients

of an (α, β)-metric as

Gi = Ĝi + T i, (2.5)
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where

T i = αQsi0 + θ{r00 − 2Qαs0}li + ψ{r00 − 2Qαs0}bi.
From (2.2) and by use of a technique for computing Riemannian curvature (see

Proposition 3.1 in [4]) and (2.5), we have

Ri
j = R̂i

j +RT i
j , (2.6)

where R̂i
j denotes the Riemann curvature of α.

Also, the Ricci curvature of F is related to the Ricci curvature R̂ic of α (see

Proposition 3.3 in [4]) by

Ric = R̂ic+ Tm
m. (2.7)

3. Proof of Theorem 1.1

The Riemannian curvature of Ingarden-Támassy metric F = α + β2/α is

given by

Ri
j =

( 1

α(α− β)3(α+ β)3(α2 + β2)3(2Bα2 + α2 − 3β2)4

)
Σ21

k=0tkα
k, (3.1)

where

t0 := 81si0|0β
20yj .

All the coefficients of tk are tedious, listed in Appendix 1.

Let F be R-reversible, R(y) = R(−y). Then by contracting both sides (3.1)

with α(α − β)3(α + β)3(α2 + β2)3(2Bα2 + α2 − 3β2)4 and by a quite long

computational procedure using Maple program, we obtain

Σ10
i=0t

′
2iα

2i = 0, (3.2)

where 

t′0 := −81si0|0β
20yj ,

.

.

.

t′20 := yj (2B + 1)
3
(
− 8 bis20 + (2B + 1)si0|0

)
,

and other coefficients of t′2i are listed in Appendix 2. By (3.2), it follows that

α2 divides t′0, which is impossible. Therefore t′0 = 0, we get

si0|0 = 0. (3.3)

Putting it in others implies that t′2 = 0. Put si0|0 = 0 in others. Then, one can

show that

s20 = 0. (3.4)

Conversely, by placing si = 0 and sij|k = 0, in (3.1), we have

Σ10
i=0t

′′
2iα

2i = 0, (3.5)
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where

t′′0 := 18β16
(
− 24β2yiyjrk0s

k
0 + 4Bβyiyjr00|0 − 10Byiyjr

2
00 + 3β3δijr00|0 − 5β2δijr

2
00

+ 27si0r00β
2yj − 3ri0r00β

2yj − 3β2yibjr00|0 + 4βyibjr
2
00 + yir00β

2rj0 + 6β3yirj0|0

− 6β3yir00|j + 9yir00β
2s0j + 4βyiyjr00r0 − 3biyjr00|0β

2 + 8biyjβr
2
00 − 4βyiyjr00|0

+ 12yiyjr
2
00

)
− 81R̂i

jβ
20,

and other coefficients of t′′2i are listed in Appendix 3. By (3.5), F is R-reversible.

4. Proof of Theorem 1.2

The Ricci curvature of Ingarden-Támassy metric F = α+ β2/α is given by

Ric =
( 1

(α4 − β4)2(α2 − β2)(2Bα2 + α2 − 3β2)4

)
Σ18

k=0dkα
k, (4.1)

where

d0 := 18β16
(
3(n− 2)βr00|0 − (5n− 22)r200

)
− 81R̂icβ18,

and other coefficients of dk are listed in Appendix 4.

Let the Ricci curvature of F be reversible, i.e., Ric(y) = Ric(−y). Then by

contracting both of (4.1) with (α4 − β4)2(α2 − β2)(2Bα2 + α2 − 3β2)4 and by

computational procedure using Maple program, we obtain

Σ7
i=0d

′
2iα

2i = 0, (4.2)

where 

d′0 := 1296
(
n− 1

)
s20β

15

.

.

.

d′14 := 16
(
n− 1

)(
2B + 1

)4

s20β,

and other coefficients of d′2i are listed in Appendix 5. By (4.2), it follows that

α2 divides d′0, which is impossible. Thus d′0 = 0, we get

s20 = 0. (4.3)

Conversely, by placing si = 0 in (4.1), we have

Σ9
i=0d

′′
2iα

2i = 0, (4.4)

where

d′′0 := 18β16
(
3(n− 2)βr00|0 − (5n− 22)r200

)
− 81R̂icβ18, (4.5)

and other coefficients of d′′2i are listed in Appendix 6. By (4.4) F is Ricci-

reversible.
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5. Appendix 1

t1 := 18β
16
(
− 24β

2
y
i
yjrk0s

k
0 + 4βy

i
yjBr00|0 − 10y

i
yjBr

2
00 − 9s

i
0|0β

3
yj + 3β

3
δ
i
jr00|0 − 5β

2
δ
i
jr

2
00 + 27s

i
0r00β

2
yj

−3r
i
0r00β

2
yj − 3β

2
y
i
bjr00|0 + 4βy

i
bjr

2
00 + y

i
r00β

2
rj0 + 6β

3
y
i
rj0|0 − 6β

3
y
i
r00|j + 9y

i
r00β

2
s0j + 24β

2
y
i
yjs0|0

+4βy
i
yjr00r0 − 28βy

i
yjs0r00 − 3b

i
yjr00|0β

2
+ 8b

i
yjβr

2
00 − 4βy

i
yjr00|0 + 12y

i
yjr

2
00

)
− 81R̂

i
jβ

20

t2 := −108 (2B + 1) s
i
0|0β

18
yj

t3 := −6β
14
(
45s

i
0|0β

3
yj − 27s

i
0|0β

4
bj − 243s

i
0β

4
s0j − 36β

4
y
i
sj|0 + 72β

4
y
i
s0|j + 8By

i
r00β

2
rj0 − 240β

2
y
i
yjBs

k
0rk0

−24βy
i
yjBr0r00 + 104βy

i
yjBr00s0 − 30β

2
y
i
bjr00|0 + 64βy

i
bjr

2
00 − 3b

i
r00β

3
rj0 − 144β

3
y
i
yjsks

k
0 − 54s

i
0|jβ

5

+27s
i
j|0β

5
+ 7r

i
0β

3
s0yj − 6r

i
0r00β

2
yj − 162s

i
0r00β

2
yj − 27b

i
r00β

3
s0j + 6y

i
r00β

3
sj − 18s

i
r00β

3
yj + 216y

i
β
3
s0s0j

+18y
i
r00β

2
s0j − 72β

4
y
i
rjks

k
0 + 36β

4
y
i
rk0s

k
j + 108β

4
s
i
ks

k
0yj + 81s

i
0r00 β

3
bj − 72Bs

i
0|0β

3
yj − 324s

i
0β

3
s0yj

−9r
i
0r00β

3
bj − 12Br

i
0r00β

2
yj + 18β

3
δ
i
jBr00|0 − 24β

3
δ
i
jr00r0 − 16β

2
δ
i
jBr

2
00 + 72β

3
y
i
bjs0|0 − 80βy

i
yjs0r00

+96β
2
y
i
yjBs0|0 + 96β

2
y
i
yjrk0s

k
0 − 96β

2
y
i
yjs0r0 + 16βy

i
yjB

2
r00|0 − 8βy

i
yjBr00|0 + 48βy

i
yjr00r0 − 9r

i
jr00β

4

−36β
4
δ
i
js0|0 + 18β

3
δ
i
jr00|0 − 38β

2
δ
i
jr

2
00 − 36β

3
y
i
r00|j + 36β

3
y
i
rj0|0 − 72β

4
δ
i
jrk0s

k
0 + 12y

i
r00β

3
rj

+10y
i
r00β

2
rj0 − 36By

i
β
3
r00|j + 36By

i
β
3
rj0|0 + 36β

3
y
i
bjrk0s

k
0 − 6Bβ

2
y
i
bjr00|0 + 36β

2
y
i
bjr00r0 − 162β

2
y
i
bjs0r00

−22βy
i
bjBr

2
00 + 90By

i
r00β

2
s0j + 162Bs

i
0r00β

2
yj + 140y

i
yjr

2
00 + 10b

i
yjBr

2
00β − 9b

i
bjr00|0β

3
+ 27b

i
bjr

2
00β

2

+36b
i
yjs

k
0rk0β

3 − 12b
i
yjBr00|0β

2
+ 30b

i
yjr00r0β

2 − 228b
i
yjβ

2
s0r00 + 72b

i
yjs0|0β

3 − 6b
i
yjr00|0β

2
+ 8b

i
yjβr

2
00

−12y
i
yjB

2
r
2
00 + 16y

i
yjBr

2
00 + 288β

2
y
i
yjs

2
0 + 48β

2
y
i
yjs0|0 − 44βy

i
yjr00|0 − 9b

i
β
4
r00|j + 9b

i
β
4
rj0|0 + 9r

i
0β

4
rj0

−36 y
i
r0β

3
rj0 + 96β

3
δ
i
js0r00

)
+ 108R̂

i
jβ

18
(2B + 1)

t4 := 27β
16

yj

(
8B

2
s
i
0|0 + 24b

i
s
2
0 + 8Bs

i
0|0 − 7s

i
0|0

)
,

t5 := 2β
12
(
18 b

i
r00β

4
rj − 648b

i
yjs

k
0β

4
sk + 360b

i
yjBβ

3
s0|0 + 36b

i
yjs

k
0rk0 β

3 − 432b
i
yjr0s0 β

3 − 12b
i
yjB

2
r00|0 β

2

−36b
i
bjBr00|0 β

3
+ 288 β

3
y
i
bjBs0|0 + 612 β

3
y
i
bjrk0s

k
0 − 504 β

3
y
i
bjs0r0 + 12 β

2
y
i
bjB

2
r00|0 − 36 βy

i
bjB

2
r
2
00

−114 β
2
y
i
bjBr00|0 + 264 β

2
y
i
bjr00r0 + 96 β

2
y
i
yjB

2
s0|0 + 16 βy

i
yjB

3
r00|0 + 96 β

2
y
i
yjBs0|0 + 1128 β

2
y
i
yjrk0s

k
0

−384 β
2
y
i
yjs0r0 − 300βy

i
yjBr00|0 + 260 βy

i
yjr00r0 − 1900 βy

i
yjs0r00 + 72b

i
yjBs

k
0rk0 β

3
+ 60b

i
yjBr0r00 β

2

−420b
i
yjBr00β

2
s0 + 36y

i
yjB

2
r
2
00 + 654y

i
yjBr

2
00 − 1728β

2
y
i
yjs

2
0 + 24β

2
y
i
yjs0|0 − 148βy

i
yjr00|0 + 324B

2
s
i
0r00 β

2
yj

+96β
2
y
i
yjBr0s0 − 64βy

i
yjB

2
r0r00 + 128βy

i
yjB

2
r00s0 + 56βy

i
yjBr0r00 − 280βy

i
yjBr00s0 − 288β

3
y
i
yjBs

k
0sk

+162r
i
0β

4
s0bj − 18r

i
0r00β

3
bj − 204y

i
r0β

3
rj0 + 18 y

i
r00 β

2
rj0 − 216B

2
s
i
0|0β

3
yj − 672β

2
y
i
yjB

2
s
k
0rk0 + 36b

i
bjr

2
00β

2

−6Bb
i
r00 β

3
rj0 − 72 β

3
y
i
bjBs

k
0rk0 + 24 β

2
y
i
bjBr0r00 + 168 β

2
y
i
bjBr00s0 + 588y

i
yjr

2
00 − 1944Bs

i
0β

3
s0yj

−1134Bs
i
0r00 β

2
yj − 108Bb

i
r00 β

3
s0j + 864By

i
β
3
s0s0j + 216By

i
s
k
jβ

4
rk0 − 144 y

i
β
4
s0 rj + 60 y

i
r00β

3
rj

−18By
i
r00 β

2
s0j − 432By

i
s
k
0β

4
rjk + 864Bs

i
ks

k
0β

4
yj + 486Bs

i
0r00β

3
bj + 27s

i
j|0β

5 − 54s
i
0|jβ

5 − 12 b
i
yjBr00|0 β

2

+30b
i
yjr00r0 β

2
+ 816b

i
yjβ

2
s0 r00 − 12b

i
yjBr

2
00β − 144β

3
y
i
yjsks

k
0 + 432 β

5
δ
i
jsks

k
0 − 216 β

4
δ
i
jBs0|0 + 1296 β

3
y
i
bjs

2
0

+108β
4
y
i
rk0s

k
j + 144β

3
y
i
bjs0|0 − 114β

2
y
i
bjr00|0 + 462βy

i
bjr

2
00 + 810 b

i
β
4
s0 s0j + 162s

i
ks

k
0β

5
bj − 972s

i
0β

4
s0bj

−486s
i
0r00β

3
bj + 252B

2
y
i
r00 β

2
s0j + 90 β

3
δ
i
jBr00|0 + 108 b

i
r00 β

3
s0j − 216Bs

i
0|0β

4
bj − 216 β

4
δ
i
jrk0s

k
0

+36 β
3
δ
i
jB

2
r00|0 − 12 β

2
δ
i
jB

2
r
2
00 − 216β

5
y
i
sks

k
j − 120β

3
δ
i
jr00r0 + 432β

3
δ
i
js0r00 − 108β

2
δ
i
jBr

2
00 + 1584b

i
yjβ

3
s
2
0

−144b
i
yjs0|0β

3
+ 78b

i
yjr00|0β

2 − 222b
i
yjβr

2
00 − 54b

i
β
5
sj|0 − 54r

i
0β

5
sj − 54s

i
β
5
rj0 + 135s

i
0|0β

4
bj + 162s

i
ks

k
jβ

6

+288 β
4
δ
i
js0 r0 + 1215s

i
0β

4
s0j − 432Bs

i
0|jβ

5
+ 108 b

i
β
5
s0|j + 216Bs

i
j|0β

5 − 108β
4
y
i
s j|0 + 216 β

4
y
i
s0|j + 108s

i
0|0β

3
yj

+90b
i
bjr0 r00 β

3 − 738b
i
bjr00 β

3
s0 + 36b

i
bjBr

2
00β

2
+ 360Br

i
0β

3
s0 yj − 40β

4
s
i
ks

k
0yj − 12Br

i
0r00β

2
yj + 2916s

i
0β

3
s0yj

+624 β
2
y
i
yjBs

k
0rk0 + 36β

3
y
i
r00|j − 36β

3
y
i
rj0|0 + 27b

i
β
4
rj0|0 + 27r

i
0β

4
rj0 − 432 β

4
δ
i
js

2
0 − 108 β

4
δ
i
js0|0

−18 β
3
δ
i
jr00|0 − 60 β

2
δ
i
jr

2
00 + 108r

i
jβ

5
s0 − 27r

i
jr00 β

4 − 27 b
i
β
4
r00|j − 432 β

4
δ
i
jBs

k
0rk0 − 648 β

4
y
i
bjsks

k
0

+18 b
i
β
4
s0 rj0 + 54b

i
s
k
jβ

5
rk0 − 12B

2
r
i
0r00β

2
yj − 96β

3
δ
i
jBr0r00 + 28β

3
δ
i
jBr00s0 + 162b

i
bjβ

4
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