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Abstract. The recurrence and birecurrence property in Finsler space have

been studied by the Finslerian geometricians. The aim of this paper is to

obtain the necessary and sufficient condition for Cartan’s second curvature

tensor that is recurrent and birecurrent in generalized BP−recurrent space and

generalized BP−birecurrent space, respectively. We discuss certain identities

belong to the mentioned spaces. Further, we end up this paper with some

illustrative examples.
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1. Introduction

Finsler geometry is usually considered as a generalization of Riemannian

geometry. The historical studies about development stages for Finsler geometry

have been introduced by Matsumoto [16] and Won [35]. The metric tensor in

Finsler space is a function of line element i.e. function of positional coordinate

and directional coordinate, while the metric tensor in Riemannian space is a

function of positional coordinate only [9, 34, 17]. Qasem [22] and Saleem and

Abdallah [31] discussed the curvature tensor U i
jkh which satisfies the recurrence

property in sense of Berwald and Cartan, respectively.

Mandal [14] generalized the concept of recurrent Finsler connection. Pandey

and Shukla [19] generalized and extended some results to a larger class of recur-

rent spaces. Recently, Pfeifer et al. [21] introduced a necessary and sufficient

condition which a Finsler geometry to be Berwald type.

Pandey et al. [20], Qasem and Abdallah [24], Qasem and Baleedi [25] and

Awed [8] obtained the necessary and sufficient condition for some tensors that

be generalized recurrent in the generalized H–recurrent Finsler space, gen-

eralized BR−recurrent space, generalized BK−recurrent space, generalized

Ph−recurrent space, respectively. In addition, the necessary and sufficient con-

dition for normal projective curvature tensorN i
jkh that be generalized recurrent

in sense of Berwald and Cartan has been obtained by Qasem and Saleem [28]

and Saleem [30], respectively.

Zlatanovic and Mincic [37] introduced several identities for some curvature

tensors in generalized space. Zafar and Musavvir [36] discussed some identities

of W– curvature tensor.

Qasem [23] and Qasem and Hadi [26] acquired the necessary and sufficient

condition for Berwald curvature tensor Hi
jkh and Cartan’s third curvature ten-

sor Ri
jkh that is generalized birecurrent in sense of Berwald. Also, the necessary

and sufficient condition for projective curvature tensor W i
jkh that is generalized

birecurrent in sense of Berwald and Cartan has been studied by Qasem and

Saleem [27] and Al – Qashbari [7], respectively.

The projection on indicatrix for some tensors which behave as recurrent

and birecurrent have been discussed by Alaa et al. [1] and Saleem and Abdal-

lah [32]. In this paper, we discuss the necessary and sufficient condition for

Cartan’s second curvature tensor when behaves as recurrent and birecurrent.

Additionally, diverse theorems have been established and proved.

License.
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2. Preliminaries

In this section, some basic concepts and definitions will be provided for the

purpose of this paper. An n−dimensional space Xn equipped with a function

F (x, y) which denoted by Fn = (Xn, F (x, y)) and is called a Finsler space if the

function F (x, y) satisfying the request conditions [5, 11, 18, 10, 33]. The metric

tensor gij(x, y) is positively homogeneous of degree zero in yi and symmetric

in its indices which is defined by

gij (x, y) =
1

2
∂̇i∂̇jF

2 (x, y) .

The metric tensor gij and its associative gij are related by

gijg
ik = δkj =

{
1 if j = k,

0 if j ̸= k,
(2.1)

where

gij = δki gkj . (2.2)

Matsumoto [15] introduced the (h)hv−torsion tensor Cijk that is positively

homogeneous of degree -1 in yi and symmetric in all its indices which is defined

by

Cijk =
1

2
∂̇i gjk =

1

4
∂̇i∂̇j ∂̇k F 2.

This tensor satisfies the following

a) Ci
jkyi = 0, b) Cijk = ghjC

h
ik, c) δijC

j
kh = Ci

kh and d) Ci
ji = Cj , (2.3)

where Ci
jk is called associate tensor of the (h)hv−torsion tensor Cijk.

The unit vector li and the associative vector li with the direction of yi are

given by

a) li =
yi

F
, and b) li =

yi
F
. (2.4)

Cartan h−covariant differentiation (Cartan’s second kind covariant differenti-

ation) with respect to xk is given by [29]

Xi
|k = ∂kX

i −
(
∂̇r Xi

)
G r

k +XrΓ∗ i
rk

The h−covariant derivative of the vector yi and the metric tensor gij are vanish

identically i.e.

a) yi|k = 0 and b) gij|k = 0. (2.5)

Berwald’s covariant derivative BkT
i
j of an arbitrary tensor field T i

j with respect

to xk is given by [29]

BkT
i
j = ∂kT

i
j −

(
∂̇rT

i
j

)
Gr

k + T r
j G

i
rk − T i

rG
r
jk
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Berwald’s covariant derivative of the vector yi is vanish identically i.e.

Bk yi = 0. (2.6)

But the Berwald’s covariant derivative of the metric tensor gij does not vanish

in general, i.e. Bkgij ̸= 0. It is given by

Bkgij = −2Cijk|hy
h = −2yhBhCijk. (2.7)

The processes of Berwald’s covariant differentiation with respect to xh and the

partial differentiation with respect to yk commute according to(
∂̇kBh −Bh∂̇k

)
T i
j = T r

j G
i
khr − T i

rG
r
khj . (2.8)

for an arbitrary tensor field T i
j .

The tensor P i
jkh is called the hv−curvature tensor (Cartan’s second curva-

ture tensor) which is positively homogeneous of degree -1 in yi is defined by

[29]

P i
jkh = Ci

kh|j − girCjkh|r + Cr
jkP

i
rh − P r

jhC
i
rk, (2.9)

and satisfies the relation

P i
jkhy

j = Γ∗i
jkhy

j = P i
kh = Ci

kh|ry
r, (2.10)

where P i
kh is called the (v)hv−torsion tensor. The associate tensor Pijkh,

P−Ricci tensor Pjk and the tensor (Pij − Pji) are given by [29]

a) Pijkh = girP
r
jkh, b) Pjk = P i

jki and c) Pij − Pji = Pijkhg
kh. (2.11)

Also, the hv−curvature tensor P i
jkh satisfies the identity

P i
jkh − P i

kjh = Ci
kh|j + Ci

sjP
s
kh − j/k. (2.12)

Definition 2.1. Let the current coordinates in the tangent space at the point

x0 be xi, then the indicatrix In−1 is a hypersurface defined by F
(
x0, x

i
)
= 1

or by the parametric form defined by xi = xi (ua) , a = 1, 2, . . . , n− 1.

Definition 2.2. The projection of any tensor T i
j on indicatrix In−1 is given

by [12]

a) p.T i
j = T a

b h
i
ah

b
j where b) hi

c = δic − lilc. (2.13)

The projection of the vector yi, unit vector li and metric tensor gij on the

indicatrix are given by p.yi = 0, p.li = 0 and p.gij = hij , where hij = gij − lilj .

Alaa et al. [2, 4, 6] introduced the generalized BP−recurrent space and

generalized BP−birecurrent space which are characterized by the conditions

BmP i
jkh = λmP i

jkh + µm(δijgkh − δikgjh), P i
jkh ̸= 0, (2.14)

and

BlBmP i
jkh (2.15)

= almP i
jkh + blm(δijgkh − δikgjh)− 2ytµmBt(δ

i
jCkhl − δikCjhl), P i

jkh ̸= 0,
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respectively. These spaces are denoted by G(BP )−RFn and G(BP )−BRFn.

Let us consider a G(BP ) − RFn. Transvecting the condition (2.15) by gil,

using eqs. (2.11), (2.7) and (2.2), we get

BmPljkh = λmPljkh + µm (gjlgkh − gklgjh) + 2P i
jkhy

tBtCilm

Transvecting above equation by gkh, using eqs. (2.11), (2.1) and (2.2), we get

Bm(Plj − Pjl) = λm(Plj − Pjl) + 2gkhP i
jkhy

tBtCilm + PljkhBmgkh

This shows that

Bm(Plj − Pjl) = λm(Plj − Pjl) (2.16)

if and only if

2gkhP i
jkhy

tBtCilm + PljkhBmgkh = 0. (2.17)

3. Necessary and Sufficient Condition for P i
jkh to be Recurrent in

Generalized BP− Recurrent Space

The main aim of this section is studying the necessary and sufficient con-

dition for Cartan’s second curvature tensor P i
jkh that satisfies the recurrence

property in generalized BP−recurrent space. Let Cartan’s h−covariant deriv-

ative of first order for the (h)hv−torsion tensor Cijk and its associative Ci
jk

which satisfy {
a) Ci

kh|r = ∝rC
i
kh + ωr(δ

i
kyh − δihyk)

b) Cjkh|r = ∝rCjkh + ωr(gjkyh − gjhyk),
(3.1)

where ∝r and ωr are non - covariant vectors field. Also, let Berwald’s covariant

derivative of first order for the tensors Ci
kh and Cjkh which satisfy [3]{

a) BmCi
kh = ∝mCi

kh + ωm(δikyh − δihyk)

b) BmCjkh = ∝mCjkh + ωm(gjkyh − gjhyk).
(3.2)

In next theorem we obtain the necessary and sufficient condition for Cartan’s

second curvature tensor that is recurrent.

Theorem 3.1. In G(BP ) − RFn, the behavior of Cartan’s second curvature

tensor P i
jkh as recurrent if and only if[
∝jωm −∝mωj +Bmωj − ωmωyj

]
(δikyh − δihyk) + (Bm∝j)C

i
kh

−(Bm∝i)Cjkh +
[
∝mωi −∝iωm −Bmωi

]
(gjkyh − gjhyk)

+(Bm ∝ + ∝ ∝m)(Cr
jkC

i
rh − Cr

jhC
i
rk) (3.3)

+(Bmω)(yjC
i
kh) + 2ωi(yhCjkm|sy

s − ykCjhm|sy
s) = 0.
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Proof. Multiplying eq. (3.1) by yr, using eqs. (2.5) and (2.10), we get

P i
kh = Ci

kh|ry
r =∝ Ci

kh + ω(δikyh − δihyk), (3.4)

where ∝= ∝ry
r and ω = ωry

r.

Using eqs. (3.1) and (3.4) in eq. (2.9), using eq. (2.3), we get

P i
jkh = ∝jC

i
kh −∝iCjkh+ ∝ (Cr

jkC
i
rh − Cr

jhC
i
rk) + ωj(δ

i
kyh − δihyk) (3.5)

−ωi(gjkyh − gjhyk) + ω(yjC
i
kh),

where ∝i = ∝rg
ir and ωi = ωrg

ir.

Taking B−covariant derivative for eq. (3.5) with respect to xm and using

eq. (2.6), we get

BmP i
jkh

= (Bm∝j)C
i
kh +∝jBmCi

kh − (Bm∝i)Cjkh −∝iBmCjkh + (Bm ∝)

(Cr
jkC

i
rh − Cr

jhC
i
rk)

+ ∝
[
(BmCr

jk)C
i
rh + Cr

jk(BmCi
rh)− (BmCr

jh)C
i
rk − Cr

jh(BmCi
rk)

]
+(Bmωj)(δ

i
kyh − δihyk)− (Bmωi)(gjkyh − gjhyk) + (Bmω)(yjC

i
kh)

+ω(yjBmCi
kh)− ωi(yhBmgjk − ykBmgjh).

Using eq. (3.2) in above equation, using eq. (2.7), we get

BmP i
jkh

= ∝m

[
∝jC

i
kh −∝iCjkh+ ∝ (Cr

jkC
i
rh − Cr

jhC
i
rk) + ω(yjC

i
kh)

]
+ (Bm∝j)C

i
kh

− (Bm∝i)Cjkh + (Bm ∝ + ∝ ∝m)(Cr
jkC

i
rh − Cr

jhC
i
rk) + (∝jωm)(δikyh − δihyk)

− ∝iωm(gjkyh − gjhyk) + (Bmωj)(δ
i
kyh − δihyk)− (Bmωi)(gjkyh − gjhyk)

+ (Bmω)(yjC
i
kh)− ωmωyj(δ

i
kyh − δihyk) + 2ωi(yhCjkm|sy

s − ykCjhm|sy
s).

Using eq. (3.5) in above equation, we get

BmP i
jkh

= ∝m

[
P i
jkh − ωj(δ

i
kyh − δihyk) + ωi(gjkyh − gjhyk)

]
+ (Bm∝j)C

i
kh

− (Bm∝i)Cjkh + (Bm ∝ + ∝ ∝m)(Cr
jkC

i
rh − Cr

jhC
i
rk) +∝jωm(δikyh − δihyk)

− ∝iωm(gjkyh − gjhyk) + (Bmωj)(δ
i
kyh − δihyk)− (Bmωi)(gjkyh − gjhyk)

+ (Bmω)(yjC
i
kh)− ωmωyj(δ

i
kyh − δihyk) + 2ωi(yhCjkm|sy

s − ykCjhm|sy
s).

This shows that

BmP i
jkh = ∝mP i

jkh (3.6)

The equation (3.6) refers that the Cartan’s second curvature tensor P i
jkh behave

as recurrent in G(BP )−RFn if and only if eq. (3.3) holds. The proof for this

theorem is completed. □
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Now, we infer some corollaries related to the previous theorem. Taking

B−covariant derivative for eq. (3.4) with respect to xm, using eq. (2.6), we

get

BmP i
kh = (Bm ∝)Ci

kh+ ∝ (BmCi
kh) + (Bmω)(δikyh − δihyk).

Using eq. (3.2) in above equation, we get

BmP i
kh (3.7)

= (Bm ∝ + ∝ ∝m)Ci
kh+ ∝ ωm(δikyh − δihyk) + (Bmω)(δikyh − δihyk).

In view of eq. (3.4), we obtain

Ci
kh =

1

∝

[
P i
kh − ω(δikyh − δihyk)

]
. (3.8)

Using eq. (3.8) in eq. (3.7), we get

BmP i
kh = λmP i

kh + µm(δikyh − δihyk), (3.9)

where λm =
(

Bm∝
∝ +∝m

)
and µm =

[
∝ ωm +Bmω − ω

(
Bm∝
∝ +∝m

)]
Thus, we conclude the following corollary.

Corollary 3.2. In G(BP ) − RFn, the (v)hv−torsion tensor P i
kh necessarily

is given by eq. (3.9) [provided eq. (3.2) holds].

Contracting the indices i and h in eq. (2.12), using eqs. (2.11) and (2.3),

we get

Pjk − Pkj = Ck|j − Ci
sjP

s
ki − j/k. (3.10)

Taking B−covariant derivative for eq. (3.10) with respect to xm, we get

Bm(Pjk − Pkj) = Bm(Ck|j − Ci
sjP

s
ki − j/k).

Using eq. (2.16) in above equation, then using eq. (3.10), we get

Bm(Ck|j − Ci
sjP

s
ki − j/k) = λm(Ck|j − Ci

sjP
s
ki − j/k). (3.11)

Thus, we conclude the following corollary:

Corollary 3.3. In G(BP )−RFn, the behavior of the tensor (Ck|j −Ci
sjP

s
ki −

j/k) behaves as recurrent [provided eq. (2.17) holds].

Differentiating eq. (2.16) partially with respect to yh, we get

∂̇hBm(Plj − Pjl) = (∂̇hλm)(Plj − Pjl) + λm∂̇h(Plj − Pjl).

Using the commutation formula exhibited by eq. (2.8) for
(
Plj − Pjl

)
in above

equation, we get

Bm

[
∂̇h(Plj − Pjl)

]
− (Plr − Prl)G

r
mhj − (Prj − Pjr)G

r
mhl

= (∂̇hλm)(Plj − Pjl) + λm∂̇h(Plj − Pjl). (3.12)
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If the tensor ∂̇h

(
Plj − Pjl

)
is recurrent, i.e. satisfies the following

Bm

[
∂̇h(Plj − Pjl)

]
= λm∂̇h(Plj − Pjl). (3.13)

Using eq. (3.13) in eq. (3.12), we get

(∂̇hλm)(Plj − Pjl) = −(Plr − Prl)G
r
mhj − (Prj − Pjr)G

r
mhl.

If ∂̇hλl = 0, then above equation becomes as

(Plr − Prl)G
r
mhj + (Prj − Pjr)G

r
mhl = 0. (3.14)

Thus, we conclude the following corollary:

Corollary 3.4. In G(BP ) − RFn, we have the identity (3.14) [provided eqs.

(3.13), (2.17) hold and ∂̇hλl = 0].

4. Necessary and Sufficient Condition for P i
jkh to be Birecurrent in

Generalized BP− Birecurrent Space

The main aim of this section is studying the necessary and sufficient condi-

tion for Cartan’s second curvature tensor P i
jkh that satisfies the birecurrence

property in generalized BP−birecurrent space. Let Berwald’s covariant deriv-

ative of second order for the (h)hv−torsion tensor Cijk and its associative Ci
jk

which satisfy [13]

{
a) BlBmCi

kh = almCi
kh + blm(δikyh − δihyk)

b) BlBmCjkh = almCjkh + blm(gjkyh − gjhyk),
(4.1)

where alm and blm are non - zero covariant tensors field.

In next theorem we obtain the necessary and sufficient condition for Cartan’s

second curvature tensor that is birecurrnt.



The Necessary and Sufficient Condition for Cartan’s Second Curvature Tensor 121

Theorem 4.1. In G(BP )−BRFn, the behavior of Cartan’s second curvature

tensor P i
jkh as birecurrent if and only if

[
(BlBm∝j) + (Bm∝j)∝l + (Bl∝j)∝m + (BlBmω)yj

+(Bmω)∝lyj + (Blω)∝myj + almyjω
]
Ci

kh

−
[
(BlBm∝i) + (Bm∝i) ∝l +(Bl∝i)∝m

]
Cjkh

+
[(

BlBm ∝) + 2∝l(Bm ∝) + 2∝m(Bl ∝)+ ∝ alm

+2 ∝ ∝l∝m

]
(Cr

jkC
i
rh − Cr

jhC
i
rk)

+
[
(Bm∝j)ωl + (Bl∝j)ωm +∝jblm + (BlBmωj) + (Bmω)yjωl + (Blω)yjωm

+ωyjblm − 2ωlωmyj − almωj

]
(δikyh − δihyk)

+
[
(Bm∝i)ωl + (Bl∝i)ωm + (BlBmωi) +∝iblm + almωi

]
(gjkyh − gjhyk)

+2(Bmωi)(yhCjkl|sy
s − ykCjhl|sy

s) + 2(Blω
i)(yhCjkm|sy

s − ykCjhm|sy
s)

−ωi(yhBlBmgjk − ykBlBmgjh) = 0. (4.2)

Proof.

Taking B− covariant derivative for eq. (3.5) twice with respect to xm and

xl, successively, using eq. (2.6), we get

BlBmP i
jkh

= (BlBm∝j)C
i
kh + (Bm∝j)(BlC

i
kh) + (Bl∝j)(BmCi

kh)

+∝j(BlBmCi
kh)− (BlBm∝i)Cjkh

−(Bm∝i)(BlCjkh)− (Bl∝i)(BmCjkh)−∝i(BlBmCjkh)

+(BlBm ∝)(Cr
jkC

i
rh − Cr

jhC
i
rk)

+(Bm ∝)
[
(BlC

r
jk)C

i
rh + Cr

jk(BlC
i
rh)− (BlC

r
jh)C

i
rk − Cr

jh(BlC
i
rk)

]
+(Bl ∝)

[
(BmCr

jk)C
i
rh + Cr

jk(BmCi
rh)− (BmCr

jh)C
i
rk − Cr

jh(BmCi
rk)

]
+ ∝

[
(BlBmCr

jk)C
i
rh + (BmCr

jk)(BlC
i
rh) + (BlC

r
jk)(BmCi

rh)

+Cr
jk(BlBmCi

rh)− (BlBmCr
jh)C

i
rk − (BmCr

jh)(BlC
i
rk)− (BlC

r
jh)(BmCi

rk)

−Cr
jh(BlBmCi

rk)
]
+ (BlBmωj)(δ

i
kyh − δihyk)− (BlBmωi)(gjkyh − gjhyk)

−(Bmωi)(yhBlgjk − ykBlgjh)

+(BlBmω)(yjC
i
kh) + (Bmω)(yjBlC

i
kh) + (Blω)(yjBmCi

kh) + ω(yjBlBmCi
kh)

−(Blω
i)(yhBmgjk − ykBmgjh)− ωi(yhBlBmgjk − ykBlBmgjh).
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Using eqs. (3.2) and (4.1) in above equation, then using eqs. (2.7) and (2.3),

we get

BlBmP i
jkh

= alm

[
∝jC

i
kh −∝iCjkh+ ∝ (Cr

jkC
i
rh − Cr

jhC
i
rk) + ω(yjC

i
kh)

]
+
[
(BlBm ∝) + 2∝l(Bm ∝) + 2∝m(Bl ∝)+ ∝ alm

+2 ∝ ∝l∝m

]
(Cr

jkC
i
rh − Cr

jhC
i
rk)

+
[
(Bm∝j)ωl + (Bl∝j)ωm +∝jblm + (BlBmωj) + (Bmω)yjωl

+(Blω)yjωm + ωyjblm − 2ωlωmyj

]
(δikyh − δihyk)

+
[
(Bm∝i)ωl + (Bl∝i)ωm + (BlBmωi) +∝iblm

]
(gjkyh − gjhyk)

+(BlBm∝j)C
i
kh + (Bm∝j)∝lC

i
kh + (Bl∝j)∝mCi

kh − (BlBm∝i)Cjkh

−(Bm∝i)∝lCjkh − (Bl∝i)∝mCjkh

+
[
(BlBmω) + (Bmω)∝l + (Blω)∝m + almω

]
(yjC

i
kh)

+2(Bmωi)(yhCjkl|sy
s − ykCjhl|sy

s) + 2(Blω
i)(yhCjkm|sy

s − ykCjhm|sy
s)

−ωi(yhBlBmgjk − ykBlBmgjh).

Using eq. (3.5) in above equation, we get

BlBmP i
jkh

= alm

[
P i
jkh − ωj(δ

i
kyh − δihyk) + ωi(gjkyh − gjhyk)

]
+
[
(BlBm ∝) + 2∝l(Bm ∝) + 2∝m(Bl ∝)+ ∝ alm + 2 ∝ ∝l∝m

]
×(Cr

jkC
i
rh − Cr

jhC
i
rk) +

[
(Bm∝j)ωl

+(Bl∝j)ωm +∝jblm + (BlBmωj) + (Bmω)yjωl + (Blω)yjωm + ωyjblm

−2ωlωmyj

]
(δikyh − δihyk) +

[
(Bm∝i)ωl + (Bl∝i)ωm + (BlBmωi) +∝iblm

]
×(gjkyh − gjhyk) + (BlBm∝j)C

i
kh + (Bm∝j)∝lC

i
kh + (Bl∝j)∝mCi

kh

−(BlBm∝i)Cjkh − (Bm∝i)∝lCjkh − (Bl∝i)∝mCjkh

+
[
(BlBmω) + (Bmω)∝l + (Blω)∝m + almω

]
(yjC

i
kh)

+2(Bmωi)(yhCjkl|sy
s − ykCjhl|sy

s)

+2(Blω
i)(yhCjkm|sy

s − ykCjhm|sy
s)− ωi(yhBlBmgjk − ykBlBmgjh).

This shows that

BlBmP i
jkh = almP i

jkh (4.3)
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The equation (4.3) refers that the Cartan’s second curvature tensor P i
jkh be-

have as birecurrent in G(BP )−BRFn if and only if eq. (4.2) holds. The proof

for this theorem is completed.

Now, we infer a corollary related to the previous theorem. Taking B−
covariant derivative for eq. (3.4) twice with respect to xm and xl, successively,

using eq. (2.6), we get

BlBmP i
kh

= (BlBm ∝)Ci
kh + (Bm ∝)(BlC

i
kh) + (Bl ∝)(BmCi

kh)+ ∝ (BlBmCi
kh)

+(BlBmω)(δikyh − δihyk).

Using eqs. (3.2) and (4.1) in above equation, we get

BlBmP i
kh

=
[
(BlBm ∝) + (Bm ∝)∝l + (Bl ∝)∝m+ ∝ alm

]
Ci

kh

+
[
(Bm ∝)ωl + (Bl ∝)ωm+ ∝ blm + (BlBmω)

]
(δikyh − δihyk).

Using eq. (3.8) in above equation, we get

BlBmP i
kh = clmP i

kh + dlm(δikyh − δihyk). (4.4)

where

clm =
(BlBm ∝)

∝
+

(Bm ∝)∝l

∝
+

(Bl ∝)∝m

∝
+ alm.

and

dlm = (Bm ∝)ωl + (Bl ∝)ωm+ ∝ blm + (BlBω)

−ω
[ (BlBm ∝)

∝
+

(Bm ∝)∝l

∝
+

(Bl ∝)∝m

∝
+ alm

]
.

Thus, we conclude the following corollary:

Corollary 4.2. In G(BP )−BRFn, the (v)hv− torsion tensor P i
kh, necessarily

is given by eq. (4.4) [provided eqs. (3.2) and (4.1) hold].

5. Examples

In order to illustrate the effectiveness of the proposed findings, some exam-

ples related to the previous mentioned theorems will be discussed.

Example 5.1. The Cartan’s second curvature tensor P i
jkh behaves as recurrent

if and only if satisfies

Bm

(
p.P i

jkh

)
= ∝m

(
p.P i

jkh

)
.
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Firstly, since Cartan’s second curvature tensor P i
jkh behaves as recurrent,

then the condition (3.6) is satisfied. In view of eq. (2.13)a, the projection of

Cartan’s second curvature tensor P i
jkh on indicatrix is given by

p.P i
jkh = P a

bcdh
i
ah

b
jh

c
kh

d
h. (5.1)

Using B−covariant derivative for eq. (5.1) with respect to xm, using eq. (3.6)

and the fact that ha
b is covariant constant in above equation, we get

Bm

(
p.P i

jkh

)
= ∝m

(
P a
bcdh

i
ah

b
jh

c
kh

d
h

)
.

By using eq. (5.1) in above equation, we get

Bm

(
p.P i

jkh

)
= ∝m

(
p.P i

jkh

)
. (5.2)

Above equation means the projection on indicatrix for the Cartan’s second

curvature tensor P i
jkh behaves as recurrent.

Secondly, let the projection on indicatrix for the Cartan’s second curvature

tensor P i
jkh is recurrent i.e. satisfy eq. (5.2). Using eq. (2.13)a in eq. (5.2),

we get

Bm

(
P a
bcd hi

ah
b
jh

c
kh

d
h

)
= ∝m

(
P a
bcd hi

ah
b
jh

c
kh

d
h

)
.

Using eq. (2.13)b in above equation, we get

Bm

[
P i
jkh − P a

jkdl
dl h − P i

jchl
clk + P i

jcdl
clkl

dlh − P i
bkhl

blj

+P i
bkdl

blj l
dlh + P i

bchl
blj l

clk − P i
bcdl

blj l
clkl

dlh − P a
jkhl

ila + P a
jkdl

ilal
dlh

+P a
jchl

ilal
clk − P a

jcdl
ilal

clkl
dlh + P a

bkhl
ilal

blj − P a
bkdl

ilal
blj l

dlh

−P a
bchl

ilal
blj l

clk + P a
bcdl

ilal
blj l

clkl
dlh

]
= ∝m

[
P i
jkh − P i

jkdl
dlh − P i

jchl
clk + P i

jcdl
clkl

dlh − P i
bkhl

blj

+P i
bkdl

blj l
dlh + P i

bchl
blj l

clk − P i
bcdl

blj l
clkl

dlh − P a
jkhl

ila + P a
jkdl

ilal
dlh

+P a
jchl

ilal
clk − P a

jcdl
ilal

clkl
dlh + P a

bkhl
ilal

blj − P a
bkdl

ilal
blj l

dlh

−P a
bchl

ilal
blj l

clk + P a
bcdl

ilal
blj l

clkl
dlh

]
.

In view of eq. (2.4) and if P a
bcd ya = P a

bcd yb = P a
bcd yc = P a

bcd yd = 0, then

above equation can be written as

BmP i
jkh = ∝mP i

jkh.

Above equation means the Cartan’s second curvature tensor P i
jkh behaves as

recurrent.

Example 5.2. The Cartan’s second curvature tensor P i
jkh behaves as recurrent

if and only if satisfies

BlBm

(
p.P i

jkh

)
= alm

(
p.P i

jkh

)
.
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Firstly, since Cartan’s second curvature tensor P i
jkh behaves as birecurrent,

then the condition (4.3) is satisfied.

By using B−covariant derivative for eq. (5.1) twice with respect to xm and

xl, respectively, using eq.(4.3) and the fact that ha
b is covariant constant, we

get

BlBm

(
p.P i

jkh

)
= alm

(
P a
bcdh

i
ah

b
jh

c
kh

d
h

)
.

Using eq. (5.1) in above equation, we get

BlBm

(
p.P i

jkh

)
= alm

(
p.P i

jkh

)
. (5.3)

Equation (5.3) means the projection on indicatrix for the Cartan’s second cur-

vature tensor P i
jkh behaves as birecurrent.

Secondly, let the projection on indicatrix for the Cartan’s second curvature

tensor P i
jkh is birecurrent, i.e satisfy eq. (5.3). Using eq. (2.13)a in eq. (5.3),

we get

BlBm

(
P a
bcd hi

ah
b
jh

c
kh

d
h

)
= alm

(
P a
bcd hi

ah
b
jh

c
kh

d
h

)
.

By using eq. (2.13)b in above equation, we get

BlBm

[
P i
jkh − P a

jkdl
dlh − P i

jchl
clk + P i

jcdl
clkl

dlh − P i
bkhl

blj + P i
bkdl

blj l
dlh

+P i
bchl

blj l
clk − P i

bcdl
blj l

clkl
dlh − P a

jkhl
ila + P a

jkdl
ilal

dlh + P a
jchl

ilal
clk

−P a
jcdl

ilal
clkl

dlh + P a
bkhl

ilal
blj − P a

bkdl
ilal

blj l
dlh − P a

bchl
ilal

blj l
clk

+P a
bcdl

ilal
blj l

clkl
dlh

]
= alm

[
P i
jkh − P a

jkdl
dlh − P i

jchl
clk + P i

jcdl
clkl

dlh − P i
bkhl

blj

+P i
bkdl

blj l
dlh + P i

bchl
blj l

clk − P i
bcdl

blj l
clkl

dlh − P a
jkhl

ila

+P a
jkdl

ilal
dlh + P a

jchl
ilal

clk − P a
jcdl

ilal
clkl

dlh + P a
bkhl

ilal
blj

−P a
bkdl

ilal
blj l

dlh − P a
bchl

ilal
blj l

clk + P a
bcdl

ilal
blj l

clkl
dlh

]
.

In view of eq. (2.4) and if P a
bcdya = P a

bcdy
b = P a

bcdy
c = P a

bcdy
d = 0, then above

equation can be written as

BlBmP i
jkh = almP i

jkh.

Last equation means the Cartan’s second curvature tensor P i
jkh behaves as

birecurrent.

6. Conclusion

The necessary and sufficient condition for Cartan’s second curvature ten-

sor which satisfies the recurrence and birecurrence property has been obtained

in generalized BP−recurrent space and generalized BP−birecurrent space, re-

spectively. Also, certain identities belong to these spaces have been studied. In

addition, we find the condition for the projection of Cartan’s second curvature

tensor on indicatrix to be recurrent and birecurrent tensor.
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