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Abstract. The generalized birecurrent Finsler space have been introduced by

the Finslerian geometers. The purpose of the present paper is to study three

special forms of P i
jkh in generalized BP−birecurrent space. We use the prop-

erties of P2−like space, P ∗−space and P−reducible space in the main space

to get new spaces that will be called a P2−like generalized BP−birecurrent

space, P ∗−generalized BP−birecurrent space and P−reducible generalized

BP−birecurrent space, respectively. In addition, we prove that the Cartan’s

first curvature tensor Si
jkh satisfies the birecurrence property. Certain identi-

ties belong to these spaces have been obtained. Further, we end up this paper

with some demonstrative examples.
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1. Introduction

Various special forms of h(hv)−curvature tensor P i
jkh and v(hv)−torsion

tensor P i
jk which are called P2−like space, P ∗−space and P−reducible space

have been studied by scientists of Finsler geometry. A review of literature for

some special Finsler spaces introduced by Dubey [9]. Tripathi and Pandey

[23] discussed a special form of h(hv)−torsion tensor Pijk in different Finsler

spaces. Wosoughi [24] introduced a new special form in Finsler space and ob-

tained the condition for Finsler space to be a Landsberg space. Furthermore,

Narasimhamurthy et al. [2, 16] studied hypersurfaces of special Finsler spaces.

The properties of P2−like space, P ∗−space and P−reducible space in the

generalized BP−recurrent space have been discussed by [2, 4]. Also, Alaa et

al. [3] introduced P2−like−BC − RFn, P ∗ − BC − RFn and P−reducible

−BC −RFn.

Qasem and Hadi [19] and Assallal [7] studied the properties of P2−like space

and P ∗−space in generalized BR−birecurrent space and generalized Ph− bire-

current space, respectively. Otman [18] introduced the P2−like−Ph−birecurrent

space and P ∗ − Ph−birecurrent space.

Dwivedi [10] obtained every C−reducible Finsler space is P−reducible and

converse is not necessarily true. Zamanzadeh et al. [25] introduced a general-

ized P−reducible Finsler manifolds. In this paper, we merge the generalized

BP−birecurrent space with special spaces in Finser space to get new spaces

contain the same properties of the main space.

2. Preliminaries

In this section, some preliminary concepts which are necessary for the

discussion of the following sections. An n−dimensional space Xn equipped

with a function F (x, y) which denoted by Fn = (Xn, F (x, y)) called a Finsler

space if the function F (x, y) satisfying the request conditions [1, 2, 6, 8, 17, 22].

The covariant vector yi is defined by

yi = gij(x, y)y
j (2.1)

where the metric tensor gij(x, y) is positively homogeneous of degree zero in yi

and symmetric in its indices which is defined by

gij (x, y) =
1

2
∂̇i∂̇jF

2 (x, y) .
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Copyright © 2023 The Author(s). Published by University of Mohaghegh Ardabili



90 Alaa et al.

The metric tensor gij and its associative gij are related by

gijg
ik = δkj =

{
1 if j = k,

0 if j ̸= k.
(2.2)

In view of (2.1) and (2.2), we have

a) δijgir = gjr, b) δijyi = yj and c) δijy
j = yi. (2.3)

Matsumoto [14] introduced the (h)hv−torsion tensor Cijk that is positively

homogeneous of degree -1 in yi and defined by

Cijk =
1

2
∂̇i gjk =

1

4
∂̇i∂̇j ∂̇k F 2.

This tensor satisfies the following

a) Ci
jkyi = 0, b) Ch

ik = ghjCijk, c) Ci
ri = Cr, d) Cijk = ghjC

h
ik, (2.4)

e) δijCikl = Cjkl, f) δijC
j
kh = Ci

kh and g) Cijky
i = Ckijy

i = Cjkiy
i = 0,

where Ci
jk is called associate tensor of the (h)hv−torsion tensor Cijk.

The unit vector li and associate vector li with the direction of yi are given

by

a) li =
yi

F
and b) li =

yi
F
. (2.5)

Cartan h−covariant differentiation with respect to xk is given by [20]

Xi
|k = ∂kX

i − (∂̇rx
i)Gr

k +XrΓ∗i
rk.

The h−covariant derivative of the vector yi and associate metric tensor gij are

vanish identically i.e.

a) yi|k = 0, and b) gij|k = 0. (2.6)

Berwald covariant derivative BkT
i
j of an arbitrary tensor field T i

j with re-

spect to xk is given by [20]

BkT
i
j = ∂kT

i
j − (∂̇rT

i
j )G

r
k + T r

j G
i
rk − T i

rG
r
jk.

Berwald covariant derivative of the vector yi vanish identically i.e.

Bky
i = 0. (2.7)

The tensor P i
jkh is called hv−curvature tensor (Cartan’s second curvature

tensor) which is positively homogeneous of degree -1 in yi and defined by

P i
jkh = ∂̇hΓ

∗i
jk + Ci

jrP
r
kh − Ci

jh|k

and satisfies the relation

P i
jkhy

j = Γ∗i
jkhy

j = P i
kh = Ci

kh|ry
r, (2.8)
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where P i
kh is called the (v)hv−torsion tensor. This tensor and its associative

tensor Prkh are related by

P i
kh = girPrkh. (2.9)

The associate tensor Pijkh is given by

P r
jkh = girPijkh. (2.10)

The P−Ricci tensor Pjk, curvature vector Pk and curvature scalar P are given

by

a) Pjk = P i
jki, b) Pk = P i

ki and c) P = Pky
k (2.11)

respectively. Cartan’s second curvature tensor P i
jkh satisfies the identity

P i
jkh − P i

jhk = −Si
jkh|ry

r,

where Si
jkh is called v−curvature tensor (Cartan’s first curvature tensor) which

is defined by [20]

Si
jkh = Ci

rkC
r
jh − Ci

rhC
r
jk. (2.12)

The associate curvature tensor Spjkh of v−curvature tensor Si
jkh is given by

Spjkh = gipS
i
jkh. (2.13)

In contracting the indices i and h in (2.12), we get

Si
jki = Sjk = Cs

rkC
r
js − CrC

r
jk. (2.14)

Definition 2.1. A Finsler space Fn is called a P2−like space if the Cartan’s

secend curvature tensor P i
jkh is characterized by the condition [15]

P i
jkh = φjC

i
kh − φiCjkh, (2.15)

where φj and φi are non - zero covariant and contravariant vectors field, re-

spectively.

Definition 2.2. A Finsler space Fn is called a P ∗−Finsler space if the (v)hv-

torsion tensor P i
kh is characterized by the condition [13]

P i
kh = φCi

kh, φ ̸= 0, (2.16)

where P i
jkhy

j = P i
kh = Ci

kh|sy
s.

Definition 2.3. A Finsler space Fn is called a P−reducible space if the asso-

ciate tensor Pjkh of (v)hv−torsion tensor P i
kh is characterized by one of the

following conditions [10, 21]

Pjkh = λCjkh + φ
(
hjkCh + hkhCj + hhjCk

)
, (2.17)
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where λ and φ are scalar vectors positively homogeneous of degree one in yj

and hjk is the angular metric tensor.

Pjkh =
1

(n+ 1)

(
hjkPh + hkhPj + hhjPk

)
, (2.18)

where Pjkh = Cjkh|mym, P i
ik = Pk and hij = gij − lilj.

Definition 2.4. Let the current coordinates in the tangent space at the point

x0 be xi, then the indicatrix In−1 is a hypersurface defined by F (x0, x
i) = 1 or

by the parametric form defined by xi = xi (ua) , a = 1, 2, . . . , n− 1.

The projection of any tensor T i
j on indicatrix In−1 is given by [11]

p.T i
j = T a

b h
i
ah

b
j , (2.19)

where

hi
c = δic − lilc. (2.20)

Then, the projection of the vector yi, unit vector li and metric tensor gij on the

indicatrix are given by p.yi = 0, p.li = 0 and p.gij = hij , where hij = gij − lilj .

Alaa et al. [5] introduced the generalized BP−birecurrent space which Car-

tan’s second curvature tensor P i
jkh satisfies the condition

BlBmP i
jkh = almP i

jkh + blm(δijgkh − δikgjh)− 2ytµmBt(δ
i
jCkhl − δikCjhl).(2.21)

This space is denoted by G(BP )−BRFn.

Let us consider a G(BP )−BRFn.

Transvecting the condition (2.21) by yj , using (2.1), (2.3), (2.4), (2.7) and (2.8),

we get

BlBmP i
kh = almP i

kh + blm(yigkh − δikyh)− 2ytµmBt(y
iCkhl). (2.22)

Contracting the indices i and h in the condition (2.21), using (2.3), (2.4) and

(2.11), we get

BlBmPjk = almPjk. (2.23)

Contracting the indices i and h in (2.22) and using (2.1), (2.3), (2.4) and (2.11),

we get

BlBmPk = almPk. (2.24)

Transvecting (2.24) by yk, using (2.7), (2.11) and put (yky
k = 1), we get

BlBmP = almP. (2.25)
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Berwald’s covariant derivative of first and second order for the (h)hv−torsion

tensor Cijk and its associative Ci
jk satisfy [3, 12]

a) BmCi
kh = λmCi

kh + µm(δikyh − δihyk)

b) BmCjkh = λmCjkh + µm(gjkyh − gjhyk)

c) BlBmCi
kh = almCi

kh + blm(δikyh − δihyk)

d) BlBmCjkh = almCjkh + blm(gjkyh − gjhyk).

(2.26)

3. A P2−Like−Generalized BP−Birecurrent Space

Definition 3.1. The generalized BP−birecurrent space which is P2−like space

i.e. satisfies the condition (2.15), will be called a P2−like generalized BP−birecurrent

space and will be denoted briefly by P2− like−G(BP )−BRFn.

Remark 3.2. It will be sufficient to call the tensor which satisfies the condition

of P2−like−G(BP )−BRFn as a generalized B−birecurrent.

Let us consider a P2− like−G(BP )−BRFn.

In next theorem we obtain the tensor (φjC
i
kh−φiCjkh) satisfies the generalized

birecurrence property.

Theorem 3.3. The tensor (φjC
i
kh − φiCjkh) is generalized B−birecurrent in

P2− like−G(BP )−BRFn.

Proof. Taking B−covariant derivative for the condition (2.15) twice with re-

spect to xm and xl, respectively, using the condition (2.21), we get

BlBm(φjC
i
kh − φiCjkh) = almP i

jkh + blm(δijgkh − δikgjh)

−2ytµmBt(δ
i
jCkhl − δikCjhl).

Using the condition (2.15) in above equation, we get

BlBm(φjC
i
kh − φiCjkh) = alm(φjC

i
kh − φiCjkh) + blm(δijgkh − δikgjh)

−2ytµmBt(δ
i
jCkhl − δikCjhl). (3.1)

Hence, we have proved this theorem. □

Now, we infer a corollary related to the previous theorem.

Contracting the indices i and h in the condition (2.15), using (2.4) and (2.11),

we get

Pjk = φjCk − φiCjki. (3.2)

Taking B−covariant derivative for (3.2) twice with respect to xm and xl, re-

spectively, using (2.23), we get

BlBm(φjCk − φiCjki) = almPjk

Using (3.2) in above equation, we get

BlBm(φjCk − φiCjki) = alm(φjCk − φiCjki) (3.3)
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Thus, we conclude the following corollary:

Corollary 3.4. In P2 − like − G(BP ) − BRFn, the behavior of the tensor

(φjCk − φiCjki) as birecurrent .

4. A P ∗−Generalized BP−Birecurrent Space

Definition 4.1. [17] The generalized BP−birecurrent space which is P ∗−space

i.e. satisfies the condition (2.16), will be called a P ∗− generalized BP−birecurrent

space and will be denoted briefly by P ∗ −G(BP )−BRFn.

Remark 4.2. All results in P2−like−G(BP ) − BRFn which obtained in the

previous section are satisfied in P ∗ −G(BP )−BRFn.

Let us consider a P ∗ −G(BP )−BRFn.

In next theorem we obtain the Berwald’s covariant derivative of second order

for some tensors are non - vanishing.

Theorem 4.3. Berwald’s covariant derivative of second order for the tensors

(φCi
kh), (φCk) and (φC) are non-vanishing in P ∗ −G(BP )−BRFn.

Proof. Taking B−covariant derivative for the condition (2.16) twice with re-

spect to xm and xl, respectively, using (2.22), we get

BlBm(φCi
kh) = almP i

kh + blm(yigkh − δikyh)− 2ytµmBt(y
iCkhl).

Using the condtion (2.16) in above equation, we get

BlBm(φCi
kh) = alm(φCi

kh) + blm(yigkh − δikyh)− 2ytµmBt(y
iCkhl). (4.1)

Contracting the indices i and h in the condition (2.16), using (2.4) and (2.11),

we get

Pk = φCk. (4.2)

Taking B−covariant derivative for (4.2) twice with respect to xm and xl, re-

spectively, using (2.24), we get

BlBm(φCk) = almPk.

Using (4.2) in above equation, we get

BlBm(φCk) = alm(φCk). (4.3)

Transvecting (4.2) by yk, using (2.11) and put (Cky
k = C), we get

P = φC. (4.4)

Taking B−covariant derivative for (4.4) twice with respect to xm and xl, re-

spectively, using (2.25), we get

BlBm(φC) = almP.
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Using (4.4) in above equation, we get

BlBm(φC) = alm(φC). (4.5)

The equations (4.1), (4.3) and (4.5) prove that the tensors (φCi
kh), (φCk) and

(φC) are non-vanishing. Hence, we have proved this theorem. □

Also, in next theorem we discuss the relationship between Cartan’s first

curvature tensor Si
jkh and associate tensor Ci

jk of the (h)hv−torsion tensor

Cijk.

Theorem 4.4. The behavior of Cartan’s first curvature tensor Si
jkh, its as-

sociative curvature tensor Spjkh and S−Ricci tensor Sjk as birecurrent in

P ∗ −G(BP )−BRFn.

Proof. Taking B−covariant derivative for (2.12) twice with respect to xm and

xl, respectively, we get

BlBmSi
jkh = (BlBmCi

rk)C
r
jh + (BmCi

rk)(BlC
r
jh) + (BlC

i
rk)(BmCr

jh)

+Ci
rk(BlBmCr

jh)− (BlBmCi
rh)C

r
jk − (BmCi

rh)(BlC
r
jk)

−(BlC
i
rh)(BmCr

jk)− Ci
rh(BlBmCr

jk).

Using (2.26) in above equation, then use (2.4), we get

BlBmSi
jkh = 2(alm + λlλm)(Ci

rkC
r
jh − Ci

rhC
r
jk) + 2µlµmyj(δ

i
kyh − δihyk).

Using (2.12) in above equation, we get

BlBmSi
jkh = αlmSi

jkh, (4.6)

where αlm = 2(alm + λlλm) and δikyh = δihyk.

Transvecting (2.12) by gip, using (2.4) and (2.13), we get

Spjkh = CprkC
r
jh − CprhC

r
jk. (4.7)

Taking B−covariant derivative for (4.7) twice with respect to xm and xl, re-

spectively, we get

BlBmSpjkh = (BlBmCprk)C
r
jh + (BmCprk)(BlC

r
jh) + (BlCprk)(BmCr

jh)

+Cprk(BlBmCr
jh)− (BlBmCprh)C

r
jk − (BmCprh)(BlC

r
jk)

−(BlCprh)(BmCr
jk)− Cprh(BlBmCr

jk).

Using (2.26) in above equation, then use (2.4), we get

BlBmSpjkh = 2(alm + λlλm)(CprkC
r
jh − CprhC

r
jk) + 2µlµmyj(yhgpk − ykgph).

Using (4.7) in above equation, we get

BlBmSpjkh = αlmSpjkh. (4.8)
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where αlm = 2(alm + λlλm) and yhgnk = ykgnh.

Contracting the indices i and h in (4.6), using (2.14), we get

BlBmSjk = αlmSjk. (4.9)

The equations (4.6), (4.8) and (4.9) show that the tensors Si
jkh, Spjkh and Sjk

behave as birecurrent. Hence, we have proved this theorem. □

5. A P− Reducible−Generalized BP−Birecurrent Space

Definition 5.1. The generalized BP−birecurrent space which is P− reducible

space i.e. satisfies one of the conditions (2.17) or (2.18), will be called a

P−reducible generalized BP−birecurrent space and will be denoted briefly by

P − reducible−G(BP )−BRFn.

Remark 5.2. It will be sufficient to call the tensor which satisfies the condition

of P − reducible−G(BP )−BRFn as a generalized B−birecurrent.

In P−reducible space, the associate tensor Pijkh of hv−curvature tensor

P i
jkh is given by [10]

Pijkh =
(
ΘjCikh + ϑjhkhCi + Ekjhih +Bhjhik − i/j

)
− λSijkh, (5.1)

where

a) Θj = λj − ϑCj

b) Ekj = Ckϑj + ϑ∂jCk + ϑF−1(LjCk + LkCj)

c) Bhj = Chϑj + ϑCh|j + ϑF−1(LhCj + LjCh)

d) λj = ∂̇jλ,

e) ϑj = ∂̇jϑ,

f) F−1 = 1/F, F is the fundamental function of Finsler space.

Let us consider a P − reducible−G(BP )−BRFn.

In next theorem we obtain the tensor gir
[(

ΘjCikh+ϑjhkhCi+Ekjhih+Bhjhik−

i/j
)
− λSijkh

]
satisfies the generalized birecurrence property.

Theorem 5.3. In P − reducible−G(BP )−BRFn, the tensor gir
[(

ΘjCikh +

ϑjhkhCi + Ekjhih +Bhjhik − i/j
)
− λSijkh

]
is a generalized B−birecurrent.

Proof. Transvecting (5.1) by gir, using (2.10), we get

P r
jkh = gir

[(
ΘjCikh + ϑjhkhCi + Ekjhih +Bhjhik − i/j

)
− λSijkh

]
. (5.2)
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Taking B−covariant derivative for above equation twice with respect to xm

and xl, respectively, using the condition (2.21), we get

BlBm

(
gir

[(
ΘjCikh + ϑjhkhCi + Ekjhih +Bhjhik − i/j

)
− λSijkh

])
= almP i

jkh + blm

(
δijgkh − δikgjh

)
− 2ytµmBt

(
δijCkhl − δikCjhl

)
.

Using (5.2) in above equation, we get

BlBm

(
gir

[(
ΘjCikh + ϑjhkhCi + Ekjhih +Bhjhik − i/j

)
− λSijkh

])
= alm

(
gir

[(
ΘjCikh + ϑjhkhCi + Ekjhih +Bhjhik − i/j

)
− λSijkh

])
+blm

(
δijgkh − δikgjh

)
− 2ytµmBt

(
δijCkhl − δikCjhl

)
. (5.3)

Hence, we have proved this theorem. □

Now, we infer a corollary related to the previous theorem.

Transvecting (2.17) by gij , using (2.9) and (2.4), we get

P i
kh = λCi

kh + ϑ(hi
kCh + hkhC

i + hi
hCk) (5.4)

where hi
k = gijhjk and Ci = gijCj .

Taking B−covariant derivative for (5.4) twice with respect to xm and xl,

respectively, using (2.22), we get

BlBm

[
λCi

kh + φ
(
hi
kCh + hkhC

i + hi
hCk

)]
= almP i

kh + blm

(
yigkh − δikyh

)
−2ytµmBt

(
yiCkhl

)
.

Using (5.4) in above equation, we get

BlBm

[
λCi

kh + ϑ
(
hi
kCh + hkhC

i + hi
hCk

)]
= alm

[
λCi

kh + ϑ
(
hi
kCh + hkhC

i + hi
hCk

)]
(5.5)

+blm(yigkh − δikyh

)
− 2ytµmBt

(
yiCkhl

)
.

Also, transvecting (2.18) by gij , using (2.9), we get

P i
kh =

1

n+ 1
(hi

kPh + hkhP
i + hi

hPk), (5.6)

where hi
h = gijhhj and P i = gijPj .

Taking B−covariant derivative for (5.6) twice with respect to xm and xl,

respectively, using (2.22), we get

BlBm

[ 1

n+ 1

(
hi
kPh + hkhP

i + hi
hPk

)]
= almP i

kh + blm

(
yigkh − δikyh

)
−2ytµmBt

(
yiCkhl

)
.
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Using (5.6) in above equation, we get

BlBm

[ 1

n+ 1

(
hi
kPh + hkhP

i + hi
hPk

)]
= alm

[ 1

n+ 1

(
hi
kPh + hkhP

i + hi
hPk

)]
(5.7)

+blm

(
yigkh − δikyh

)
− 2ytµmBt

(
yiCkhl

)
.

Thus, we conclude the following corollary:

Corollary 5.4. P − reducible − G(BP ) − BRFn, Berwald’s covariant deriv-

ative of second order for the tensors
[
λCi

kh + ϑ
(
hi
kCh + hkhC

i + hi
hCk

)]
and[

1
n+1

(
hi
kPh + hkhP

i + hi
hPk

)]
are given by (5.5) and (5.7), respectively.

6. Examples

Some examples related to the previous mentioned theorems will be dis-

cussed to clarify the proved findings.

Example 6.1. The behavior of Cartan’s first curvature tensor Si
jkh as bire-

current if and only if the projection on indicatrix for Si
jkh is birecurrent.

Firstly, since Cartan’s first curvature tensor Si
jkh behaves as birecurrent,

then the condition (4.6) is satisfied. In view of (2.19), the projection of Cartan’s

first curvature tensor Si
jkh on indicatrix is given by

p.Si
jkh = Sa

bcdh
i
ah

b
jh

c
kh

d
h. (6.1)

By using B−covariant derivative for (6.1) twice with respect to xm and xl,

respectively, using (4.6) and the fact that ha
b is covariant constant in above

equation, we get

BlBm

(
p.Si

jkh

)
= αlm

(
Sa
bcdh

i
ah

b
jh

c
kh

d
h

)
.

Using (6.1) in above equation, we get

BlBm

(
p.Si

jkh

)
= αlm

(
p.Si

jkh

)
. (6.2)

Equation (6.2) refers to the projection on indicatrix for Cartan’s first curvature

tensor Si
jkh behaves as birecurrent.

Secondly, let the projection on indicatrix for Cartan’s first curvature tensor

Si
jkh is birecurrent i.e. satisfy (6.2). Using (2.19) in (6.2), we get

BlBm

(
Sa
bcd hi

ah
b
jh

c
kh

d
h

)
= αlm

(
Sa
bcd hi

ah
b
jh

c
kh

d
h

)
.
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By using (2.20) in above equation, we get

BlBm

[
Si
jkh − Si

jkdl
dlh − Si

jchl
clk + Si

jcdl
clkl

dlh − Si
bkhl

blj

+Si
bkdl

blj l
dlh + Si

bchl
blj l

clk − Si
bcdl

blj l
clkl

dlh − Sa
jkhl

ila

+Sa
jkdl

ilal
dlh + Sa

jchl
ilal

clk − Sa
jcdl

ilal
clkl

dlh + Sa
bkhl

ilal
blj

−Sa
bkdl

ilal
blj l

dlh − Sa
bchl

ilal
blj l

clk + Sa
bcdl

ilal
blj l

clkl
dlh

]
= αlm

[
Si
jkh − Si

jkdl
dlh − Si

jchl
clk + Si

jcdl
clkl

dlh − Si
bkhl

blj

+Si
bkdl

blj l
dlh + Si

bchl
blj l

clk − Si
bcdl

blj l
clkl

dlh − Sa
jkhl

ila

+Sa
jkdl

ilal
dlh + Sa

jchl
ilal

clk − Sa
jcdl

ilal
clkl

dlh + Sa
bkhl

ilal
blj

−Sa
bkdl

ilal
blj l

dlh − Sa
bchl

ilal
blj l

clk + Sa
bcdl

ilal
blj l

clkl
dlh

]
.

In view of (2.5) and if Sa
bcdya = Sa

bcdy
b = Sa

bcdy
c = Sa

bcdy
d = 0, then above

equation becomes

BlBmSi
jkh = αlmSi

jkh.

Above equation means the Cartan’s first curvature tensor Si
jkh behaves as bire-

current.

Example 6.2. The associate curvature tensor Spjkh behaves as birecurrent if

and only if satisfies

BlBm (p.Spjkh) = αlm (p.Spjkh) .

Firstly, since the associate curvature tensor Spjkh behaves as birecurrent,

then the condition (4.8) is satisfied. In view of (2.19), the projection of associate

curvature tensor Spjkh on indicatrix is given by

p.Spjkh = Sabcdh
a
ph

b
jh

c
kh

d
h. (6.3)

Using B−covariant derivative for (6.3) twice with respect to xm and xl, respec-

tively, using (4.8) and the fact that ha
b is covariant constant in above equation,

we get

BlBm (p.Spjkh) = αlm

(
Sabcdh

a
ph

b
jh

c
kh

d
h

)
.

Using (6.3) in above equation, we get

BlBm (p.Spjkh) = αlm (p.Spjkh) . (6.4)

Equation (6.4) means the projection on indicatrix for associate curvature ten-

sor Spjkh behaves as birecurrent.

Secondly, let the projection on indicatrix for associate curvature tensor Spjkh

is birecurrent i.e. satisfy (6.4). Using (2.19) in (6.4), we get

BlBm

(
Sabcd ha

ph
b
jh

c
kh

d
h

)
= αlm

(
Sabcd ha

ph
b
jh

c
kh

d
h

)
.
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By using (2.20) in above equation, we get

BlBm

[
Spjkh − Spjkdl

dlh − Spjchl
clk + Spjcdl

clkl
dlh − Spbkhl

blj

+Spbkdl
blj l

dlh + Spbchl
blj l

clk − Spbcdl
blj l

clkl
dlh − Sajkhl

alp

+Sajkdl
alpl

dlh + Sajchl
alpl

clk − Sajcdl
alpl

clkl
dlh + Sabkhl

alpl
blj

−Sabkdl
alpl

blj l
dlh − Sabchl

alpl
blj l

clk + Sabcdl
alpl

blj l
clkl

dlh

]
= αlm

[
Spjkh − Spjkdl

dlh − Spjchl
clk + Spjcdl

clkl
dlh − Spbkhl

blj

+Spbkdl
blj l

dlh + Spbchl
blj l

clk − Spbcdl
blj l

clkl
dlh − Sajkhl

alp

+Sajkdl
alpl

dlh + Sajchl
alpl

clk − Sajcdl
alpl

clkl
dlh + Sabkhl

alpl
blj

−Sabkdl
alpl

blj l
dlh − Sabchl

alpl
blj l

clk + Sabcdl
alpl

blj l
clkl

dlh

]
.

In view of (2.5) and if Sabcdy
a = Sabcdy

b = Sabcdy
c = Sabcdy

d = 0, then above

equation can be written as

BlBmSpjkh = αlmSpjkh.

Last equation refers to the associate curvature tensor Srjkh behaves as bire-

current. Also, we can apply same technique for proving the S−Ricci tensor

Sjk is birecurrent if and only if the projection on indicatrix for it behaves as

birecurrent.

7. Conclusion

We extended the generalized BP−birecurrent space by using the proper-

ties of P2−like space, P ∗−space, P−reducible space in the above mentioned

space to obtain new spaces related to it. Also, the relationship between Car-

tan’s first curvature tensor Si
jkh and associate tensor Ci

jk of the (h)hv−torsion

tensor Cijk has been discussed.
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