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Abstract. In this paper, we study the Finsler warped product metric which is

Einstein. We find equation that characterize Einstein Finsler warped product

metrics with vanishing Douglas curvature. Moreover, we obtain the differential

equation that characterizes Einstein Finsler warped product metrics of locally

projectively flat.
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1. Introduction

The warped product metrics form an essential and a rich class of metrics

in Riemann geometry and Finsler geometry. Recently, Chen, Shen, and Zhao

have introduced a new class of Finsler metric which is as an extension to the

Finsler geometry by using the concept of the warped product structure on an

n-dimensional manifold M := I × M̆ where I is an interval of R and M̆ is an

(n− 1)-dimensional manifold equipped with a Riemannian metric, [1]. In fact,
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it is considered in the following form:

F (u, v) = ᾰ(ŭ, v̆)ϕ

(
u1,

v1

ᾰ(ŭ, v̆)

)
, (1.1)

where u = (u1, ŭ), v = v1 ∂
∂u1 + v̆ and ϕ is a suitable function defined on a

domain of R2.

The class of Finsler warped product metrics can be considered as the spher-

ically symmetric Finsler metrics. It is a fact that a Finsler metric F is called

to be spherically symmetric if the orthogonal group O(n) acts as isometries

on F . The flag curvature and Ricci curvature of Finsler warped product met-

rics have been obtained by Chen-Shen-Zhao, [1]. Also, they have characterized

these metrics to be Einstein metrics, [1]. H. Liu and X. Mo have obtained the

differential equation to classify these kind of metrics with vanishing Douglas

curvature, [6]. In [3], Gabrani, Rezaei, and Sevim have characterized Finsler

warped product metric with isotropic mean Berwald curvature. Moreover, they

have studied and classified the Landsberg Finsler warped product metrics [4].

Moreover, Gabrani, Rezaei, and Sevim have studied the volume form dV on n-

dimensional Finsler manifold which admits the Finsler warped product metrics

to introduce and classified the S-curvature of Finsler warped product metrics

(for more details see [2]).

There are several important non-Riemannian quantities in Finsler geometry

such as the Cartan torsion C, the Berwald curvature B, the Douglas curvature

D, the Landsberg curvature L, the S-curvature S, the χ-curvature χ, the H-

curvature H. Since they all vanish in Riemannian manifold, they are called

non-Riemannian quantities. In this paper, we study Einstein Finsler warped

product metrics with some non-Riemannian quantities. First, we classify these

type of metrics with vanishing Douglas curvature. Troughout this paper, our

index conventions are as follows:

1 ≤ A ≤ B ≤ . . . ≤ n, 2 ≤ i ≤ j ≤ . . . ≤ n.

Theorem 1.1. Let F = ᾰϕ(r, s), r = u1, s = v1

ᾰ be a Douglas warped product

metric on an n-dimensional manifold M := I×M̆ . Then F has isotropic Ricci

curvature

Ric = (n− 1)K(u)F 2

if and only if ᾰ has constant Ricci curvature (n− 2)c,K(u) = K(r) and

(n− 1)
{
Ψ2 − [sΨr − 2(ξs2 + η)Ψs] + c

}
+ 2(2ηξ + η

′
)− c = (n− 1)Kϕ2,(1.2)

where Ψ = sϕr

2ϕ − ϕs

ϕ [ξ(r)s2+η(r)] and ξ = ξ(r) and η = η(r) are two differential

functions.

Moreover, we prove the following theorem:
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Theorem 1.2. Let F = ᾰϕ(r, s), r = u1, s = v1

ᾰ be a locally projectively flat

warped product metric on an n-dimensional manifold M := I × M̆ , where ᾰ is

Ricci flat, c = 0. Then F has isotropic Ricci curvature

Ric = (n− 1)K(u)F 2

if and only if the function ϕ satisfies the following PDE:

Ψ2 − sΨr +
2η2 − η

′
s2

η
Ψs = Kϕ2, (1.3)

where

Ψ =
sϕr

2ϕ
− ϕs

ϕ
[
2η2 − η

′
s2

2η
], η = η(r)

is a differential functions.

2. Preliminaries

In this section, we briefly introduce some geometric quantities and definitions

in Finsler geometry to proof the main theorems.

Let M be an n-dimensional manifold. It is known that a Finsler metric is a

non-negative function F (x, y) on TM which has the following properties:

(a) F (u, v) is C∞ on TM\{0};
(b) the restriction Fu := F|TuM is a Minkowski function on TuM for all

u ∈ M .

For y ∈ TxM0, define the Berwald curvatureBy : TxM×TxM×TxM → TxM

and the mean Berwald curvature Ey : TxM × TxM → R by By(u, v, w) :=

Bi
jkl(y)u

jvkwl ∂
∂xi |x and Ey(u, v) := Ejk(y)u

jvk, where

Bi
jkl :=

∂3Gi

∂yj∂yk∂yl
, Ejk :=

1

2
Bm

jkm,

u = ui ∂
∂xi |x, v = vi ∂

∂xi |x and w = wi ∂
∂xi |x. Finsler metrics satisfying B = 0

are called Berwald metrics and those satisfying E = 0 called mean Berwald

metrics, respectively.

DefineDy : TxM×TxM×TxM → TxM byDy(u, v, w) := Di
jkl(y)u

ivjwk ∂
∂xi |x

where

Di
jkl := Bi

jkl −
2

n+ 1

{
Ejkδ

i
l + Ejlδ

i
k + Eklδ

i
j + Ejk,ly

i
}
.

We call D := {Dy}y∈TM0 the Douglas curvature. A Finsler metric with D = 0

is called a Douglas metric.

For a non-zero vector y ∈ TxM0, the Riemann curvature is a family of linear

transformation Ry : TxM → TxM with homogeneity Rλy = λ2Ry, ∀λ > 0
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which is defined by Ry(u) := Ri
k(y)u

k ∂
∂xi , where

Ri
k(y) = 2

∂Gi

∂xk
− ∂2Gi

∂xj∂yk
yj + 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
.

The family R := {Ry}y∈TM0
is called the Riemann curvature.

Let (M,F ) be an n-dimensional Finsler manifold. Put

Ric :=

n∑
i=1

gij
(
Ry(bi), bj

)
,

where {bi} is a basis for TxM . Ric is a well-defined scalar function on TM0.

We call Ric the Ricci curvature (or Ricci scalar). In a local coordinate system,

Ric = gijRij = Rm
m.

Then, F is called of isotropic Ricci curvature if

Ric = (n− 1)KF 2,

where K = K(x) is a scalar function on M .

3. Finsler Warped Product Metrics

Assume that F is a Finsler metric on an n-dimensional manifold M . In local

coordinate u1, . . . , un and v = vA
∂

∂vA
,

G = vA
∂

∂uA
− 2GA ∂

∂vA

is a spray induced by F . The spray coefficients GA are locally expressed as

follows:

GA :=
1

4
gAB

{
[F 2]uCvBvC − [F 2]uB

}
,

where gAB(u, v) =
[
1
2F

2
]
vAvB and (gAB) = (gAB)

−1.

The spray coefficients of Finsler warped product metrics F = ᾰϕ(r, s) has

been introduced by the following Lemma:

Lemma 3.1. The spray coefficients GA of a Finsler warped product metric

F = ᾰϕ(r, s) are given by [1]

G1 = Φᾰ2, Gi = Ği +Ψᾰ2 l̆i, (3.1)

where l̆i = vi

ᾰ and

Φ =
s2(ωrωss − ωsωrs)− 2ω(ωr − sωrs)

2(2ωωss − ω2
s)

, (3.2)

Ψ =
s(ωrωss − ωsωrs) + ωsωr

2(2ωωss − ω2
s)

, (3.3)
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where ω = ϕ2. Φ and Ψ can be rewritten as follows:

Φ = sΨ+A, (3.4)

Ψ =
sϕr

2ϕ
− ϕs

ϕ
A, (3.5)

where

A :=
sϕrs − ϕr

2ϕss
. (3.6)

We give the definition of Douglas tensor:

D = DA
BCEdu

B ⊗ duC ⊗ duE

is a tensor on TM \ {0}, where

DA
BCE :=

∂3

∂vB∂vC∂vE

(
GA − 1

n+ 1

∂GM

∂vM
vA

)
. (3.7)

A Finsler metric F is called Douglas metric if D = 0.

H. Liu and X. Mo have proved that a warped product Finsler metric F =

ᾰϕ(r, s) is of Douglas type metric if and only if

A = ξ(r)s2 + η(r), (3.8)

where ξ = ξ(r) and η = η(r) are differential functions, [6]. Moreover, they have

charcterized the Finsler warped product metrics to be Berwaldian. They have

obtained the following lemma:

Lemma 3.2. [6] Let F = ᾰϕ(r, s) be a Finsler warped product metric, where

r = u1 and s = v1

ᾰ . Then F is a Berwald metric if and only if

Φ = a(r)s2 + b(r), Ψ = c(r)s, (3.9)

where a = a(r), b = b(r) and c = c(r) are differentiable functions and Φ and Ψ

are defined in (3.4) and (3.5), respectively.

Lemma 3.3. [1] For a Finsler warped product metric F = ᾰϕ(r, s), the Ricci

curvature Ric is given by

Ric = R̆ic+ ᾰ2[λ+ (n− 1)µ− ν], (3.10)

where

λ = (2Φr − sΦrs) + (2ΦΦss − Φ2
s) + 2(Φs − sΦss)Ψ− (2Φ− sΦs)Φs,(3.11)

µ = Ψ2 − 2sΨΨs − sΨr + 2ΦΨs, (3.12)

τ = 2Ψr − sΨrs + s(Ψ2
s − 2ΨΨss) + 2ΨssΦ−ΨsΦs, (3.13)

ν = sτ + µ. (3.14)
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Lemma 3.4. [7] Let F = ᾰϕ(r, s), r = u1, s = v1

ᾰ be a warped product metric on

an n-dimensional manifold M := I × M̆ . Then F has isotropic Ricci curvature

Ric = (n− 1)K(u)F 2

if and only if ᾰ has constant Ricci curvature (n− 2)c,K(u) = K(r) and

(n− 1)[K(r)ϕ2 − µ] + ν − λ = (n− 2)c. (3.15)

We recall that for a Finsler metric F = F (x, y), its geodesics curves are

characterized by the system of differential equations c̈i + 2Gi(ċ) = 0, where

the local functions Gi = Gi(x, y) are called the spray coefficients. Two Finsler

metrics F and F̄ on a manifold M are called projectively related if any geodesic

of the first is also geodesic for the second and the other way around. Hereby,

there is a scalar function P (x, y) defined on TM0 such that

Gi = Ḡi + Pyi,

where Gi and Ḡi are the geodesic spray coefficients of F and F̄ , respectively.

The problem of projectively related Finsler metrics is quite old in geometry

and its origin is formulated in Hilberts Fourth Problem: determine the metrics

on an open subset in Rn, whose geodesics are straight lines. Projectively flat

Finsler metrics on a convex domain in Rn are regular solutions to Hilbert’s

Fourth Problem. A Finsler metric F on an open subset U ⊂ Rn is called

projectively flat if all geodesics are straight in U . In this case, F and the

Euclidean metric on U are projectively related [5]. In this paper, we will study

Einstein Finsler warped product metrics of locally projectively flat.

Lemma 3.5. [8] Let F = ᾰϕ(r, s), r = u1, s = v1

ᾰ be a warped product met-

ric. Then F is locally projectively flat if and only if ᾰ has constant sectional

curvature κ ( ᾰ is locally projectively flat) and ϕ satisfies

(ϕ− sϕs)r = 2
[
− η +

2η
′ − κ

4η
s2
]
ϕss , (3.16)

where η = η(r) is a differential function.

4. Proof of Main Theorems

In this section, we are going to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Let F = ᾰϕ(r, s), r = u1, s = v1

ᾰ be a Douglas

warped product metric. Then, from Eq. (3.8), we have

A = ξ(r)s2 + η(r), (4.1)
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where ξ = ξ(r) and η = η(r) are differential functions, [6]. Now, suppose that

F has isotropic Ricci curvature. Therefore, by lemma 3.4, ᾰ has constant Ricci

curvature (n− 2)c,K(u) = K(r) and

(n− 1)[K(r)ϕ2 − µ] + ν − λ = (n− 2)c, (4.2)

where

λ = (2Φr − sΦrs) + (2ΦΦss − Φ2
s) + 2(Φs − sΦss)Ψ− (2Φ− sΦs)Φs,

µ = Ψ2 − 2sΨΨs − sΨr + 2ΦΨs,

τ = 2Ψr − sΨrs + s(Ψ2
s − 2ΨΨss) + 2ΨssΦ−ΨsΦs,

ν = sτ + µ,

where

Φ = sΨ+A,

Ψ =
sϕr

2ϕ
− ϕs

ϕ
A.

Then, by (4.1) and (4.2), we have

(n− 1)
{
Ψ2 − [sΨr − 2(ξs2 + η)Ψs] + c

}
+ 2(2ηξ + η

′
)− c = (n− 1)Kϕ2,(4.3)

where

Ψ =
sϕr

2ϕ
− ϕs

ϕ

[
ξ(r)s2 + η(r)

]
and ξ = ξ(r) and η = η(r) are two differential functions. This completes the

proof of Theorem 1.1. □

Proof of Theorem 1.2. Let F = ᾰϕ(r, s), r = u1, s = v1

ᾰ be a locally

projectively flat warped product metric. Then, from Lemma 3.5, we have

A = 2
[
η − 2η

′ − κ

4η
s2
]
, (4.4)

where η = η(r) is a differential function. When c = 0, by (4.2) and (4.4), we

obtain

Ψ2 − sΨr +
2η2 − η

′
s2

η
Ψs = Kϕ2, (4.5)

where

Ψ =
sϕr

2ϕ
− ϕs

ϕ

[2η2 − η
′
s2

2η

]
and η = η(r) is a differential functions. This completes the proof of Theorem

1.2. □
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