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Abstract. In this paper, we find necessary and sufficient conditions under
which the infinite series metric and Randers metric on a manifold M of dimen-
sion n > 3 be projectively related.
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1. Introduction

For a Finsler metric F = F(x,y), its geodesics curves are characterized by
the system of differential equations ¢ + 2G*(¢) = 0, where the local functions
G' = G'(x,y) are called the spray coefficients and given by following
1. { 0?[F? , O[F?]

Gi = gt - } T, M.
49 &rkayly oat 1 YETE

Two Finsler metrics F' and F' on a manifold M are called projectively related

if any geodesic of the first is also geodesic for the second and the other way
around. Hereby, there is a scalar function P(z,y) defined on T'Mj such that

G' =G+ Py,

where G* and G* are the geodesic spray coefficients of F and F, respectively.
The problem of projectively related Finsler metrics is quite old in geometry
and its origin is formulated in Hilberts Fourth Problem: determine the metrics
on an open subset in R™, whose geodesics are straight lines. Projectively flat
Finsler metrics on a convex domain in R™ are regular solutions to Hilbert’s
Fourth Problem. A Finsler metric F' on an open subset U C R™ is called
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projectively flat if all geodesics are straight in U. In this case, F' and the Eu-
clidean metric on U are projectively related [24]. The study of projectively
related Finsler metrics was initiated by Berwald and his studies mainly con-
cern the 2-dimensional Finsler spaces [4]. Further substantial contributions on
this topic are from Rapcsdk [20], Szabé [25] and Bécsé-Matsumoto [2][3][14].
The problem of projectively related Finsler metrics is strongly connected to
projectively related sprays, as Shen pointed out in [21].

An («, B)-metric is a Finsler metric on a manifold M defined by F' := a¢(s),
where s = B/a, ¢ = ¢(s) is a C* function on the (—bg,by) with certain
regularity, & = /a;;y%y7 is a Riemannian metric and 8 = b;(z)y" is a 1-form
on M. Randers metrics F' = o + (8 are the simplest («, 3)-metrics which were
first introduced by physicist Randers from the standpoint of general relativity
[19].

In [23], Shen-Yu studied projectively related Randers metrics. They show
that two Randers metrics are pointwise projectively related if and only if they
have the same Douglas tensors and the corresponding Riemannian metrics are
projectively related. In [8], Cui-Shen find necessary and sufficient conditions
under which a Berwald metric and a Randers metric are projectively related.
Then Zohrehvand-Rezaii found necessary and sufficient conditions under which
a Matsumoto metric and a Randers metric are projectively related [28]. Re-
cently, Chen-Cheng and Yu-You independently consider other Finsler metrics
projectively related to a Randers metric [5][27].

Let us consider the r-th series («, 8)-metric

Py (5
k=0

where we assume o < 3. If r = 1, then we get the Randers metric F' = a + .
If r = 2, then we have F' = a4+ 5+ %2, which is one of the parallel Berwald

metric in the sense of Matsumoto [15]. If r = oo, then we get infinite series

ﬁﬁfza. We have not at all investigated the geometrical meaning

about the infinite series metric by this time. But this metric is remarkable as

the difference between a Randers metric F = a + 8 and a Matsumoto metric
2
F == 5
In this paper, first we prove the following.

metric F' =

Theorem 1.1. Let F = ﬁﬁja and F = @+ f be two (o, B)-metrics on a

manifold M of dimension n > 3, where o and & are two Riemannian metrics,

B and B are two nonzero one forms with b> # 10. Then they have the same
Douglas tensor if and only if F and F are Douglas metrics.

Then, we find equations to characterize projective change between two spe-

2
cial classes of (a, §)-metrics, infinite series metric F' = ﬁﬁfa and Randers metric
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F = &+  on a manifold M of dimension n > 3, where o and & are two Rie-
mannian metrics, 5 and /3 are two nonzero one forms. More precisely, we prove
the following.

Theorem 1.2. Let F = B’B_Qa and F = & + 3 be two (o, B)-metrics on a
manifold M of dimension n > 3, where o and & are two Riemannian metrics,
B and B are two nonzero one forms with b> # 10. Then F is projectively related
to F if and only if the following equations hold

: (a) a is projectively related to a;
: (b) B is parallel with respect to o;
: (c) B is closed.

In the sequel, we use quantities with a bar to denote the corresponding
quantities of the metric F.

For a vector y € T, My, define the E-curvature by Ey, = E;;dz’ ® da’|, :

T,M ® T,M — R, where E;;(z,y) = %ay‘?gyj [%S—m} We call E; the mean

Berwald curvature. The Finsler metrics with vanishing E-curvature are called
weakly Berwald metrics. In this paper, we consider a Randers metric which is

projectively related with a weakly Berwald infinite series metric and prove the
following.
Corollary 1.3. Let F = % and F = a + B be two (o, B)-metrics on a
manifold M of dimension n > 3, where o and & are two Riemannian metrics,
B and 3 are two nonzero one forms. Suppose that F is a weakly Berwald metric.
Then F' is projectively related to F if and only if the following equations hold

: (a) « is projectively related to a;

: (b) B is closed;

: (c) B is closed.

In [1], Akbar-Zadeh considered a non-Riemannian quantity H, = H;;dz’ ®
dx’ which is obtained from the mean Berwald curvature by the covariant hor-
izontal differentiation along geodesics. More precisely, H;; := Ejjj,,,y"™, where
“” denotes the horizontal covariant differentiation with respect to the Berwald
connection. In the class of Finsler metrics of scalar flag curvature, vanishing
this quantity results that the Finsler metric is of constant flag curvature and
this fact clarifies its geometri;; meaning [16][18][26]. In continue, we consider a

B

infinite series metric F = ia which are projectively related with a Randers

metric F' = & + f3 satisfies H = 0 and prove the following.

Corollary 1.4. Let F = Bﬁéa and F = & + 3 be projectively related (., 3)-
metrics on a manifold M of dimension n > 3, where o and & are two Rie-
mannian metrics, § and  are two nonzero one forms with b* # 10. Suppose

that F satisfies H = 0. Then F and F reduce to Berwald metrics.
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Any geometric object which is identical between two projectively related
metrics is called a projective invariant. There are some well-known projective
invariants of Finsler metrics namely, Douglas curvature [3] and generalized
Douglas-Weyl curvature [17]. Define D, : T,M ® T,M ® T,M — T,M by

k

Dy (u,v,w) := D", (y)u'v’w *2-|,, where

i

G P
n+10ym~ I’

Dk = gyiayay

We call D := {D, },ernm, the Douglas curvature. A Finsler metric with D = 0
is called a Douglas metric. It is remarkable that, the notion of Douglas met-
rics was proposed by Bdcsé-Matsumoto as a generalization of Berwald metrics
[3]. Finally, we consider the infinite series metrics and Randers metrics with
vanishing Douglas curvature and prove the following.

Corollary 1.5. Let F = ﬂﬁfix and F = a + B be two (o, B)-metrics on a
manifold M of dimension n > 3, where o and & are two Riemannian metrics,
B and B are two nonzero one forms with b*> # 10. Then F is projectively related
to F if and only if they are Douglas metrics and o is projectively related to .

2. Preliminary

General (a, 8)-metrics were first studied by Matsumoto in 1972 as a direct
generalization of Randers metrics [13]. An (a, §)-metric is a Finsler metric on a
manifold M defined by F := a¢(s), where s = 5/a, ¢ = ¢(s) is a C*° function
on the (—bo, by) with certain regularity, o = y/a;;y'y? is a Riemannian metric
and 3 = b;(z)y’ is a 1-form on M. For an (o, 3)-metric, let us define b;|; by

by 09 = db; — b;0,
where 0 := dz’ and ¢} := I/, dz* denote the Levi-Civita connection form of a.
Let
1 1
Tij = i(bz‘j + bj|i)a sij = §(b1|j — b]|z)

Clearly,  is closed if and only if s;; = 0. An (o, §)-metric is said to be trivial
if Tij = Sij = 0. Put
Tio =Ty, Too = riy'y’, o= by,
S0 :— Sijyj, Sj = bisij,
To = ijj7 Sp = Sjyj.
For an («, f)-metric F' = ad(s), s = g, if we put
¢I

O
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then
;9"
V=G
Q// _ ¢/¢// + ¢¢/// 2S¢¢”2

+ .
(¢—s¢)?  (p—s¢)°
Now, let ¢ = ¢(s) be a positive C> function on (—bg,bp). For a number
be0,bg), let

A=14+sQ+ (b —sH)Q'. (2.1)

Let G* = Gi(z,y) and G! = G! (v,y) denote the coefficients of F' and «
respectively in the same coordinate system. By definition, we have

G' =G+ aQs) + (—2Qasg + roo)(@% + W), (2.2)
where

0. Q=5Q 68 —s(60" +d)
28 26[(6— s) + (12— 52)9"]
Q/ 1 (b//
T2 T 206 s¢) + (12— D)9

By (2.2), it follows that every trivial («, 8)-metric satisfies G* = G, and then
it reduces to a Berwald metric.

3. Proof of Theorem 1.1

For an infinite series metric F' = ij the following are hold

52 ;o 52
=T T T o
Then
s—2
Q=""%,
o_ s(s—4)
©2[s2(s — 1) + 2(b2 — s2)]
U = 1 ) (3.1)

For a Randers metric F = & + 3, we have

K
Il
o
—
@
N
S—
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Let
Dl = 873( i L@Gfmyl)
TR By Byk ! n+1 dy™

It is easy to verify that D := D; 2 @0; ®dz* @dz! is a well-defined tensor on
slit tangent bundle T'My. We call D the Douglas tensor. The Douglas tensor D
is a non-Riemannian projective invariant, namely, if two Finsler metrics F' and
F are projectively equivalent, G* = G* + Py, where P = P(x,y) is positively
y-homogeneous of degree one, then the Douglas tensor of F' is same as that of
F. Finsler metrics with vanishing Douglas tensor are called Douglas metrics.

(3.3)

For an («, 8)-metric , the Douglas tensor is determined by
A o° , 1 o™
= (T — —— ——), 3.4
IR Byd Oyk oyt ( n+1 oy™ y ) (3:4)

where
T := aQs) + U(roy — 2aQs0)b’, (3.5)
and
Tym = Q'so+ V' a™ (b7 —5?) (roo—20Qs0) +2V [ro— Q' (b —s)so—Qss0] . (3.6)
Now, let F' and F be two (a, 3)-metrics which have the same Douglas tensor,
ie., Dékl = D;kl. From (3.3) and (3.4), we have
o3 ;
— T T —
Oyt dyI Oy* [ n+1

Then there exists a class of scalar function H;k = H}k (z) such that

(T, — T;:;,)yi} —0. (3.7)

Y

— (T~ Ty’ = Hip, (33)

where HE, = H}k (z)y'y?, T* and T} are given by (3.5) and (3.6) respectively.
1

In this paper, we assume that A\ := P

Proof of Theorem 1.1: Since the sufficiency is obvious, then we just need
to prove the necessity. If F' and F have the same Douglas tensor, then (3.8)
holds. Plugging (3.1) and (3.2) into (3.8) implies that

ZEl T g = Hi, (3.9)
where
All = ﬂ7$6 - 3)\55T00yi
Aé = 6A\8%s0y’ — 85656 + 6AB4rgoy’
Af = 2185, + Broob’ + 10AB*soy’ + 3Ab* B2 rooy” — 2A8% 7oy’
Al = 6AB%(5Bs0 — b*Bsg + Bro — bProo)y’ — 2(9 — 2b%) 545
- 53(2530 + 3r00)bi
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AL = 24\b% 3250y’ — 2007 B%sE + 1083 s0b’

Al = —28\b?Bsgy’ — 4ND* Broy’ + 24b% 325t — 126%s0b" + 2b% Broob’

AL = 4b?B(b%sh — spb)
Al = —8b%(b?sh — sob')

and
By =7
By = —64°
By :=94°
B = 4b%p4
By 126233
Bs:=0
Bg = 4b*3
Then (3.9) is equal to following
6
ZAI = (Hy + asl) ZB ol
j=0
Replacing y* by —* in (3.12) yields
3 1
Z (2@t Z Alojya® = (Hgo — a5p) Z Bgj1ya® ™!
j=0 J=0

3

2j

—(Hky — ash) E Bja™.
Jj=0

[(3.12) + (3.13)] x « implies that

> Al = Hig(D Baj-1y0™) + aasy() | Baja®
k=1 = =

Then
4 2

ZA( H00 ZB(QJ —i—aaso(z B(jSl)a2(j—1))_

k=1 j=1

We split the proof into two cases:

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

case(1): If @ # p(x)a, then from (3.15) we see that aas) is a homogeneous

polynomial with respect to y. Therefore 5} = 0, i.e., f is closed.
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case(2): If @ = p(x)a, then (3.14) and (3.15) reduce to following

4 2 3
ZAZQk—l)a% = Héo(z B 1)04 ) + s} ZB a?) (3.16)
- =

j=1

and

4 3
5" Az = i3 Bayo™) + oY Bsa®d D). (310
= 7=0 Jj=1
By (3.17), it follows that BoH{, = 87 H}, has the factor a?. Thus H{, has the
factor o, and we can conclude that for each i there exists a scalar function

o'(z) on M such that

Hiy = o'(x)a”.

Thus (3.16) and (3.17) reduce to following

4 3
ZAE2k—1)a2k =o' ZB(QJ 1)O‘ )+ pa’ 30 23(23 -) (3.18)
k=1 j=0
and
4 ) 2 -
Z yiAEQk) = Yio Z B(Q] + j2ze’ SO(Z B(2j71)a2(J71))' (319)
- =
By multiplying (3.18) and (3.19) with y;, we have
4 2
Z yzA(zk 1)Oé = Yi0 Z B« (3.20)
k=1 j=1
and
> YAl = yio' (2)a* (Y Baja®). (3:21)
k=1 Jj=0

By (3.21), it follows that —y; A+ (y;0(z)) By = —6A3*a?(Bso+700)+87 (yio'(z))
has the factor . Thus we get

yio'(z) = 0.
Then by (3.20) and (3.21), we have

> yidjgy o™ =0 (3.22)
k=
and

> yiAfga® = 0. (3.23)
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By (3.22), we can see y; A} + y; ALa? has the factor a*. Thus (=3 + 1)3%7gg
has the factor a®. Since n > 3, then —3\ 4+ 1 # 0 and roo must has the factor
a?. Then we have

Too = ﬁ(f)a2-

From (3.23), we deduce that y; A% +y; A% a? has the factor a*. Thus (3XA—1)3%s
has the factor a2. Since n > 3 so 3\ — 1 # 0 and

80:0.

By (3.19), it follows that Aia® = —8b*s{ has the factor 3, i.e., for each i there
exists a scalar function £*(z) such that

—8b*s = £'(x)B. (3.24)
Multiplying (3.24) with a;;, and differentiating with respect to y? implies that
—8b*sy; = &k (w)b;, (3.25)

where &, := &%a;;,. Contracting (3.25) with y*y? yields

(Ek(2)y*)B = 0. (3.26)
Thus & (2)y* = 0, and so
& =0
This implies that
s = 0.

Since A} = —3A3°na?y’, then (3.18) reduces to following

4 2
- 3)\55in + Z A22k71)a2(k_2) - UZ(@(Z B(2j71)042(j_1))
k=2 j=1

3
L B — sz
j=1
By (3.27), it follows that
5, =0.
Thus in any case, 3 is closed. It is well known that the Randers metric F' = a+f3

is a Douglas metric if and only if /3 is closed. Since both F and F are Douglas
metric, then we get the proof. O



On Projectively Related (o, 8)-Metrics 73

4. Proof of Theorem 1.2

In this section, we are going to prove the Theorem 1.2. Then, we prove the
Corollaries 1.3, 1.4 and 1.5.

Proof of Theorem 1.2: First we prove the necessity. Since Douglas tensor
is an invariant under projective change between two Finsler metrics. If F is
projectively related to F', then they have the same Douglas tensor. By Theorem
1.1, we obtain that both F and F' are Douglas metrics. It is well known that
infinite series metric F' = ,86—% with b2 # 10 is a Douglas metric if and only if
[ is parallel with respect to a. Then

bij; = 0. (4.1)
Plugging (4.1) into (2.2) and considering (3.1) implies that

G'=G",. (4.2)
On the other hand, it is proved that the Randers metric F' = a+ 3 is a Douglas
metric if and only if

55 = 0. (4.3)
By putting (4.3) in (2.2) with (3.2), we get
. , 700 .
G' =G+ ———=v'. 4.4
2a+8)" 44
Since F is projectively related to F, then
G'=G'+ Py, (4.5)

where G and G* are the geodesic spray coefficients of F and F, respectively
and P = P(z,y) is positively homogeneous scalar function on T'M, of degree
one with respect to y. By (4.2), (4.4) and (4.5), it follows that
i i 00 i
Gl G&—[Q(d+ﬂ-)+Py. (4.6)
The left-hand side of the above equation is a quadratic form, then there exists
a one form 6 = 0;(z)y* on M such that,

00
= t+P=0 4.7
2(a+B) (1)
Then by (4.6) and (4.7), we have
Gl = GL + 0y". (4.8)

This means that « is projectively related to @. Thus by (4.1), (4.3) and (4.8),
we get the proof of necessity. Now, we prove the sufficiency. Since f is closed,
then it suffice to prove that F' is projectively related to @. Plugging (4.1) into
(2.2) with (3.1) yields (4.2). Plugging (4.3) into (2.2) with (3.2) yields (4.4).
From (4.3), (4.4) and (4.8) we have G* = G + 0y*. Then F is projectively
related to F. (]
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Proof of Corollary 1.3: By Theorem 1.2, the necessity is obvious. For the
sufficiency, from Theorem 1.2, we know that § is a closed 1-form, i.e., s;; = 0.
In [11], Lee-Lee proved that the infinite series metric F = % is a weakly
Berwald metric if and only if r;; = s; = 0. Thus b;; = 0, i.e., 3 is parallel with

respect to a. O

Remark 4.1. Let F' = F(x,y) be a Finsler metric on an n-dimensional man-
ifold M. The distortion 7 = 7(x,y) on TM associated with the Busemann-
Hausdorff volume form dVgpy = o(x)dx is defined by

det(gi;(z,y))
= 1 —_—
Then the S-curvature is defined by

S(r,) = 5[ (e(0),60) =0

where c(t) is the geodesic with ¢(0) = x and ¢(0) = y. The S-curvature is a
scalar function on T M, which was introduced by Shen to study volume compar-
ison in Riemann-Finsler geometry [22]. Thus, it follows that the S-curvature
S(y) measures the rate of change of the distortion on (T, M, F,) in the direction
yeT,M.

In [6], Cheng-Shen a non-Riemannian (a, B)-metric F' of non-Randers type
¢ # ki1 + kos? + ks is of isotropic S-curvature, S = (n + 1)cF, where
¢ =c(x) is a scalar function on M, if and only if one of the following holds

(a) B satisfies

ri; = e{b®a;; — bb;}, s; =0, (4.9)
where € = e(x) is a scalar function, and ¢ = P(s) satisfies
= —2n+ 1)1%5%%92 (4.10)
where k is a constant. In this case, S = (n + 1)cF with ¢ = ke.
(b) B satisfies
ri; =0, s;=0. (4.11)

In this case, S = 0, regardless of choices of a particular ¢ (see Theorem 1.2).
By a direct computation, we can obtain a formula for mean Cartan torsion
of an (o, B)-metric as follows

I, = _2A(q};>a2 (¢ — s¢")(ab; — sy;).
Then the condition ® = 0 characterizes the Riemannian metrics among (a, 3)-
metrics. Hence, we suppose that ® # 0.
In the proof of Corollary 1.3, we remark that an infinite series metric F =
,6,5_—2& is weakly Berwaldian if and only if r;; = s; = 0 [11]. Then, we conclude
the following.
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Corollary 4.2. For an infinite series metric, S = 0 if and only if E =0.

The authors guess that if they replace the condition E = 0 with the condition
of isotropic E-curvature E = %cFﬁlh, where ¢ = c(x) is a scalar function
on M and h is the angular metric, then the Corollary 1.8 is hold.

Proof of Corollary 1.4: In [7], Cheng-Shen proved that a Randers metric
F = a + B has isotropic S-curvature, S = (n + 1)cF, if and only if
éoo = 2¢(a® — %),

where &;; 1= 7;; + b;5; + b;3i, €00 = €;;4'y? and ¢ = c(z) is a scalar function on
M. In [26], Tang proved that for a Randers metric, H = 0 if and only if S = 0.
Thus H = 0 implies that

éij =0.
By assumption, 3 is closed and then

Sij = 0.
This implies that

Fij == 0
and then 3 is parallel. In [10], Hashiguchi-Ichijyo showed that for a Randers
metric F' = a+ B, if § is parallel then F is Berwaldian. On the other hand, by

assumption we have G* = G + Py, where G* and G* are the geodesic spray
coefficients of F' and F, respectively. Then

G i1 = Piwy' + Pjrd'y + Pjé'y, + Pud’;. (4.12)
Taking a trace of (4.12) implies that
2
Py = ——FE. 4.13
ik = +1 ik ( )

Plugging (4.13) in (4.12) yields
_ 9 _ . _ .
B = m{Ejkaf + Ejdy, + Erd; + Ejray'}

This means that F' is a Douglas metric. On the other hand, Lee-Park proved
that every Douglas infinite series metric F' = ﬁﬁ% with b2 # 10 on a manifold
M of dimension n > 2 is Berwaldian [12]. Then by assumptions, we can
conclude that the infinite series metric is a Berwald metric. This completes the

proof. O

Proof of Corollary 1.5: As we explain in the Corollary 1.4, it is proved
that the infinite series metric F' = Bﬁ_—: is a Douglas metric if and only if 3 is
parallel with respect to a; i.e., b;; = 0. In [9], Hashiguchi-Ichijyo showed that
a Randers metric F' = a+ ( is a Douglas metric if and only if 3 is closed. Then

by Theorem 1.2, we get the proof. O
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By Theorem 1.2, we can conclude the following.

2

Corollary 4.3. Let F = 55704 and F = a + B be two (o, B)-metrics on a
manifold M of dimension n > 3, where o and & are two Riemannian metrics,
B and B are two nonzero one forms with b> # 10. Then F is projectively
related to F if and only if F is Berwald metric and F is Douglas metric and

the corresponding Riemannian metrics o and & are projectively related.
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