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1. Introduction

In 1929, Berwald construct an interesting family of projectively flat Finsler

metrics on the unit ball Bn which as follows

F =

(√
(1− |x|2)|y|2 + ⟨x, y⟩2 + ⟨x, y⟩

)2
(1− |x|2)2

√
(1− |x|2)|y|2 + ⟨x, y⟩2

. (1.1)

He showed that this class of metrics has constant flag curvature [4]. Berwald’s

metric can be expressed as

F =
(α+ β)2

α
, (1.2)

where

α =

√
(1− |x|2)|y|2 + ⟨x, y⟩2

(1− |x|2)2
, β =

⟨x, y⟩
(1− |x|2)2

.

An Finsler metric in the form (1.2) is called a square metric.

The geometry of invariant Finsler metrics on homogeneous manifolds is one

of the interesting subjects in Finsler geometry which has been studied by some

Finsler geometers, for example see [1, 2, 6, 12]. The object of this paper is
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to give a formula for flag curvature of homogeneous Finsler space with square

metric. The square metric belong to the class of (α, β)-metrics. An (α, β)-

metric is a Finsler metric of the form F = αϕ(s), s = β
α , where α =

√
aij(x)yiyj

is induced by a Riemannian metric ã = aijdx
i
⊗

dxj on a connected smooth

n-manifold M and β = bi(x)y
i is a 1-form on M [5, 14].

2. Preliminary

Let M be a smooth n-dimensional C∞ manifold and TM be its tangent

bundle. A Finsler metric on a manifold M , is a non-negative function F :

TM −→ R with the following properties [3]:

(1) F is smooth on the slit tangent bundle TM0 := TM \ {0};
(2) F (x, λy) = λF (x, y) for any x ∈ M,y ∈ TxM and λ > 0;

(3) The n× n Hessian matrix

(gij) =
(1
2

∂2F 2

∂yi∂yj

)
is positive definite at every point (x, y) ∈ TM0.

The following bilinear symmetric form gy : TxM×TxM → R is positive definite

gy(u, v) =
1

2

∂2

∂s∂t
F 2(x, y + su+ tv)|s=t=0.

Definition 2.1. Let α =
√
ãij(x)yiyj be a Riemannian metric and β(x, y) =

bi(x)y
i be a 1-form on an n-dimensional manifold M . Let

∥β(x)∥α :=
√
ãij(x)bi(x)bj(x)

Now, let the function F is defined as follows

F := αϕ(s), s =
β

α
, (2.1)

where ϕ = ϕ(s) is a positive C∞ function on −b0, b0 satisfying

ϕ(s)− sϕ′(s) + (b2 − s2)ϕ′′(s) > 0, |s| ≤ b < b0.

Then by lemma 1.1.2 of [5], F is a Finsler metric if ∥β(x)∥α < b0 for any

x ∈ M . A Finsler metric in the form (2.1) is called an (α, β)-metric [1].

Let (M,F ) be a Finsler manifolds and G = yiδ/δxi be its induced spray on

TM which in a standard coordinate (xi, yi) for TM0 is given by

G = yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
,

where

Gi :=
1

4
gil
[ ∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl

]
.
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Then, for a non-zero vector y ∈ TxM0, the Riemann curvature is a family

of linear transformation Ry : TxM → TxM with homogeneity Rλy = λ2Ry,

∀λ > 0 which is defined by Ry(u) := Ri
k(y)u

k ∂
∂xi , where

Ri
k(y) = 2

∂Gi

∂xk
− ∂2Gi

∂xj∂yk
yj + 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
.

The family R := {Ry}y∈TM0 is called the Riemann curvature.

For a flag P := span{y, u} ⊂ TxM with flagpole y, the flag curvature K =

K(P, y) is defined by

K(x, y, P ) :=
gy
(
u,Ry(u)

)
gy(y, y)gy(u, u)− gy(y, u)2

.

The flag curvature K(x, y, P ) is a function of tangent planes P = span{y, v} ⊂
TxM . This quantity tells us how curved the space is at a point. If F is a

Riemannian metric, K(x, y, P ) = K(x, P ) is independent of y ∈ P \ {0}. Thus
the flag curvature in Finsler geometry is a natural extension of the sectional

curvature in Riemannian geometry.

3. Flag curvature of invariant square metrics on homogeneous spaces

In this section, we are going to study the flag curvature of invariant square

metrics on homogeneous spaces. Let M be a smooth manifold. Suppose that ã

and β are a Riemannian metric and a 1-form on M , respectively. In this case,

we can write the square metric on M as follows:

F =
(α+ β)2

α
= αϕ(s),

where ϕ(s) = 1+s2+2s. The Riemannian metric ã induce a linear isomorphism

between T ∗
xM and TxM . Then the 1-form β corresponds to a vector field X

on M , such that

ã(Xx, y) = β(x, y).

Therefore we can write the square metric F = (α+β)2

α as follows:

F (x, y) =
(
√
ã(y, y) + ã(Xx, y))

2√
ã(y, y)

(3.1)

Theorem 3.1. Let g and h be Lie algebras of the compact Lie group G and

its closed subgroup H respectively and ≪ −,− ≫ a bi-invariant on G. Further

let ã be any invariant Riemannian metric on the homogeneous space G
H such

that ã(Y,Z) =≪ φY,Z ≫ where φ : g → g is a positive definite endomorphism

and Y, Z ∈ g. Also suppose that X̃ is an invariant vector field on G
H where is

parallel with respect to ã and ã(X̃, X̃) < 1, X̃H = X.
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Assume that F = (α+β)2

α be the square metric arising from ã and X̃ and

(P, Y ) be a flag in Tn
G
H such that {U, Y } is an orthonormal basis of P with

respect to ã. Then the flag curvature of the flag (P, Y ) is given by

K(P, Y ) =
A⟨U,R(U, Y )Y ⟩+ (6r2 + 18r + 11)ã(X,U)⟨X,R(U, Y )Y ⟩

B3((2 + r2 + 3r)a2(X,U)− (2r2 + 3r))
,

where r := ã(X,Y )√
ã(Y,Y )

and

A := 1− r4 − 3r3 + 3r, B := 1 + r2 + 3r.

Proof. Since X̃ is parallel with respect to ã, so β is parallel with respect to

ã. Therefore F is a Berwald metric, i.e. the Chern connection of F coinside

with the Riemannian connection of ã. Thus the Finsler metric F has the same

curvature tensor as that of the Riemannian metric ã and we denote it by R.

Using (3.1), we can write

F (Y ) =
(
√
ã(Y, Y ) + ã(Xp, Y ))2√

ã(Y, Y )

By using the formula

gY (U, V ) =
1

2

∂2

∂s∂t
[F 2(Y + sU + tV )]|s=t=0,

we get

gY (U, V ) = (1 + r2 + 3r)2ã(U, V )

+ (2r3 + 9r2 + 11r + 3)ã(Y, U)

(
ã(X,V )√
ã(Y, Y )

− ã(X,Y )ã(Y, V )

ã(Y, Y )
3
2

)

+ (6r2 + 18r + 11)

(
ã(X,V )√
ã(Y, Y )

− ã(X,Y )ã(Y, V )

ã(Y, Y )
3
2

)
(3.2)

×

(
ã(X,U)

√
ã(Y, Y )− ã(Y, U)ã(X,Y )√

ã(Y, Y )

)

+
2r3 + 9r2 + 11r + 3√

ã(Y, Y )
(ã(X,U)ã(Y, V )− ã(U, V )ã(X,Y )) .

From equation (3.2), we get

gY (U,U) = (1− r4 − 3r3 + 3r) + (6r2 + 18r + 11)ã2(X,U), (3.3)

gY (Y, Y ) = (1 + r2 + 3r)2 (3.4)

and

gY (Y, U) = (2r3 + 9r2 + 11r + 3)ã(X,U). (3.5)
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Therefore

gY (Y, Y )gY (U,U)− g2Y (Y, U) = (1 + r2 + 3r)2
(
(r4 + 6r3 + 13r2 + 12r

+3)ã(X,U)− (2r4 + 9r3 + 11r2 + 3r)
)

Also,

gY (R(U, Y )Y, U) = (1− r4 − 3r3 + 3r)ã(R(U, Y )Y, U)

+
(
(2r3 + 9r2 + 11r + 3)ã(X,U)− ((2r + 3)2

+(2 + 2r2 + 6r))ã(X,U)
)
× ã(R(U, Y )Y, Y )

+
(
((2r + 3)2 + (2 + 2r2 + 6r))ã(X,U)ã(R(U, Y )Y,X)

)
.

The flag curvature is given by

K(P, Y ) =
gY (U,R(U, Y )Y )

gY (Y, Y )gY (U,U)− g2Y (y, U)
(3.6)

Substituting the above relations in (3.6) give us the proof. □

A change of Finsler metric F → F̄ is called a Randers change of F , if

F̄ (x, y) = F (x, y) + β(x, y), (3.7)

where β(x, y) = bi(x)y
i is a 1-form on a smooth manifold M . It is easy to see

that, if supF (x,y)=1 |bi(x)yi| < 1, then F̄ is again a Finsler metric. Hashiguchi-

Ichijyō showed that if β is closed, then F̄ is pointwise projective to F . The

notion of a Randers change has been proposed by Matsumoto, named by

Hashiguchi-Ichijyō and studied in detail by Shibata [7][11][15]. If F reduces

to a Riemannian metric then F̄ reduces to a Randers metric. Due to this

reason the transformation (3.7) has been called the Randers change of Finsler

metric.

Theorem 3.2. Let G be a compact Lie group and ≪,≫ a bi-invariant metric

on G. Also let X̃ be an invariant vector field on G which is parallel with respect

to ≪,≫. Suppose that F = (α+β)2

α + β is the Randers changed square Finsler

metric arising from ≪,≫ and X̃ and (P, Y ) be a flag in Te
G
H such that {U, Y }

be an orthonormal basis of P with respect to ≪,≫. Then the flag curvature of

the flag (P, Y ) is given by

K(P, Y ) =
C∥[Y, U ]∥2 +D ≪ X,U ≫≪ [X,Y ], [U, Y ] ≫

4E4 + 8E3 ≪ X,U ≫2 −4E(2r2 + 3r)
, (3.8)

where r =≪ X,Y ≫ and

C := 1− r4 − 3r3 + 3r, D := (2r + 3)2 + 2(1 + r2 + 3r), E := 1 + r2 + 3r.
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Proof. Since X̃ is parallel with respect to ≪,≫, the Levi-Civita connection

of ≪,≫ and the Chern connection of F and therefore their curvature tensor

coincide. So we have

R(U, Y )Y =
1

4
[Y, [U, Y ]].

From equation (3.2), we deduce following equations

4gY (R(U, Y )Y, U) = (1− r4 − 3r3 + 3r) ≪ [Y, [U, Y ]], U ≫
+ (2r + 3)(1 + r2 + 3r) ≪ X,U ≫
− (6r2 + 18r + 11) ≪ X,U ≫≪ Y, [Y, [U, Y ]] ≫
+ (6r2 + 18r + 11) ≪ X,U ≫≪ X, [Y, [U, Y ]] ≫,

and

gY (U,U) = (1 + r2 + 3r)2 + (6r2 + 18r + 11) ≪ X,U ≫2

−(1 + r2 + 3r)(2r + 3)r.

Also, we get

gY (Y, Y ) = (1 + r2 + 3r)2,

and

gY (Y, U) = (1 + r2 + 3r)(2r + 3) ≪ X,U ≫

By substituting the above equations in equation (3.6) and using the equations

≪ X, [Y, [U, Y ]] ≫=≪ [X,Y ], [U, Y ] ≫

and

≪ Y, [Y, [Y, U ]] ≫= 0

we get (3.8). □
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