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1. Introduction

In 1929, Berwald construct an interesting family of projectively flat Finsler
metrics on the unit ball B” which as follows
2
(VT=TaP)IyP + (2 5)? + (z.9))
F= 3 —— = (1.1)
(1= [2[%)2y/ (1 = [Py + (=, )
He showed that this class of metrics has constant flag curvature [4]. Berwald’s
metric can be expressed as

(a+pB)?

[e%

F = , (1.2)

where

_VIEPWP P )
(1—|z[?)? ’ (1—1z[?)*
An Finsler metric in the form (1.2) is called a square metric.
The geometry of invariant Finsler metrics on homogeneous manifolds is one
of the interesting subjects in Finsler geometry which has been studied by some
Finsler geometers, for example see [1, 2, 6, 12]. The object of this paper is
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to give a formula for flag curvature of homogeneous Finsler space with square
metric. The square metric belong to the class of («, 8)-metrics. An («, §)-
metric is a Finsler metric of the form F' = a¢(s), s = =, where a = \/a;;(x)y'y?
is induced by a Riemannian metric @ = a;;dz’ @ dz? on a connected smooth
n-manifold M and 8 = b;(x)y* is a 1-form on M [5, 14].

2. Preliminary

Let M be a smooth n-dimensional C*> manifold and T'M be its tangent
bundle. A Finsler metric on a manifold M, is a non-negative function F' :
TM — R with the following properties [3]:

(1) F is smooth on the slit tangent bundle TM° := TM \ {0};
(2) F(z, \y) = A\F(z,y) for any x € M,y € T, M and X\ > 0;
(3) The n x n Hessian matrix
1 0?F?
) = (L2
2 0yt oy’
is positive definite at every point (x,y) € TMP°.
The following bilinear symmetric form g, : T, M x T, M — R is positive definite

1 02
gy(u,v) = iasatFZ(a:,y—|—3u—|—tv)|3:t=0.

Definition 2.1. Let o = /a;;(z)y'y? be a Riemannian metric and B(x,y) =
bi(z)y' be a 1-form on an n-dimensional manifold M. Let

1B(2)la =1/ @ (2)bi(x)b; (x)

Now, let the function F is defined as follows

F:=a¢(s), s= o (2.1)

where ¢ = @(s) is a positive C™ function on —bg, by satisfying
¢(s) = s¢/(s) + (0° — 5%)¢"(5) > 0,]s] < b < bo.

Then by lemma 1.1.2 of [5], F is a Finsler metric if |3(x)|la < bo for any
x € M. A Finsler metric in the form (2.1) is called an (o, §)-metric [1].

Let (M, F) be a Finsler manifolds and G = y*0/dx® be its induced spray on
TM which in a standard coordinate (x%,y*) for T My is given by

.0 , 0
=y —2G¢ =
G=y'552G (x,y)ayl,
where - )
i 1o O°F" _ oF
Ghi= 19 [axkayly 8331]



52 Parastoo Habibi

Then, for a non-zero vector y € T, My, the Riemann curvature is a family
of linear transformation R, : T, M — T, M with homogeneity Ry, = )\2Ry,
VX > 0 which is defined by R, (u) := R};(y)uk%, where

i 20 92 Vel
oG PG PG 9G9GT
ozk  Oxioyk Oyidyk  Oyi Oyk

The family R := {R, }yern, is called the Riemann curvature.

Rj(y) =2

For a flag P := span{y,u} C T, M with flagpole y, the flag curvature K =
K(P,y) is defined by

_ Gy (“v Ry(u))
9y(Y, ¥) gy (u, u) — gy (y,u)*’

The flag curvature K(z,y, P) is a function of tangent planes P = span{y,v} C
T,M. This quantity tells us how curved the space is at a point. If F' is a
Riemannian metric, K(x,y, P) = K(z, P) is independent of y € P\ {0}. Thus
the flag curvature in Finsler geometry is a natural extension of the sectional
curvature in Riemannian geometry.

K(z,y,P) :

3. Flag curvature of invariant square metrics on homogeneous spaces

In this section, we are going to study the flag curvature of invariant square
metrics on homogeneous spaces. Let M be a smooth manifold. Suppose that a
and [ are a Riemannian metric and a 1-form on M, respectively. In this case,
we can write the square metric on M as follows:

(a+p)?

F= = ad(s),

where ¢(s) = 1+s%+2s. The Riemannian metric @ induce a linear isomorphism
between 1M and T, M. Then the 1-form 3 corresponds to a vector field X
on M, such that

a(Xa,y) = B(z,y).

2
Therefore we can write the square metric F' = % as follows:

(Valy,y) + a(Xs,y))?

Fle,y) = a(y,y)

(3.1)

Theorem 3.1. Let g and b be Lie algebras of the compact Lie group G and

its closed subgroup H respectively and < —, — > a bi-invariant on G. Further

let @ be any invariant Riemannian metric on the homogeneous space % such

that a(Y, Z) =< @Y, Z > where ¢ : g — g is a positive definite endomorphism
and Y, Z € g. Also suppose that X is an invariant vector field on % where is
parallel with respect to a and E(X, 5() <1, Xy =X.
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Assume that F = % be the square metric arising from a and X and
(PY) be a flag in T,,S such that {U,Y'} is an orthonormal basis of P with
respect to a. Then the flag curvature of the flag (P,Y) is given by

AU, R(U,Y)Y) + (6r2 + 18r + 11)a(X, U)(X, R(U, Y)Y
B3((2+ 12+ 3r)a?(X,U) — (2r2 + 3r)) ’

K(PY)=

a(X,Y)
(YY)

where r := and

A=1-r"=3"+3r, B:=1+7r>+3r

Proof. Since X is parallel with respect to a, so ( is parallel with respect to
a. Therefore F' is a Berwald metric, i.e. the Chern connection of F' coinside
with the Riemannian connection of a. Thus the Finsler metric F' has the same
curvature tensor as that of the Riemannian metric @ and we denote it by R.
Using (3.1), we can write

a(Y)Y)

By using the formula

1 0%
gy (UV) = 555 [F° (Y + sU + V)] |s=t=0,
we get
gy (U, V) = (1+7r*+3r)2%aU,V)

+ (2% +9r% + 11r 4+ 3)a(Y, U) ( aX,v) _ax,Yjal, V)>

a(y,Y) a(y,vy)s

+ (67 +18r 4 11) < aEX’ V) _ E({’ Y)a(i’ V)> (3.2)
a(Y,Y) a(Y,Y)?2
_ = aY,U)a(X,Y)
X <a(X7 U)yva(Y,Y) — 5(Y»Y)>
23 4+ 9r2 +11r+3 - ~ ~
+ YY) (a(X,0)a(Y,V) —a(U,V)a(X,Y)).
From equation (3.2), we get
gy (U, U) = (1 —r* = 3r® 4 3r) + (6r* + 18 + 11)a*(X, U), (3.3)
gy (Y, Y) = (1 + 72 + 3r)? (3.4)

and
gy (Y,U) = (2r3 + 9r* + 11r + 3)a(X, U). (3.5)
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Therefore
gy (V.Y )gy (U,U) = g3 (V,U) = (1412 4+ 30)2 ((r* + 6% + 1302 127
13)A(X,U) — (2t + 903 + 1172 + 3r))
Also,
gy (RUY)Y,U) = (1—r*=3r+3r)a(R(U,Y)Y,U)
+ ((2r3 Y92 4 11 4 3)a(X, U) — ((2r + 3)?
F(2 4202 4 6r))a(X, U)) < a(R(U,Y)Y,Y)
+ ((@r+3)+ 2+ 2% + 67)a(X, U)a(RU, Y)Y, X) ).

The flag curvature is given by

gv (U, R(U,Y)Y)
gy (V.Y)gy (U, U) = g3 (y,U)

Substituting the above relations in (3.6) give us the proof. O

K(PY) = (3.6)

A change of Finsler metric F' — F is called a Randers change of F, if

F(z,y) = F(z,y) + B(x,y), (3.7)
where 3(z,y) = b;(z)y" is a 1-form on a smooth manifold M. It is easy to see
that, if supp(, . —1 [bi(2)y’| < 1, then F is again a Finsler metric. Hashiguchi-
Ichijyo showed that if g8 is closed, then F' is pointwise projective to F. The
notion of a Randers change has been proposed by Matsumoto, named by
Hashiguchi-Ichijyo and studied in detail by Shibata [7][11][15]. If F' reduces
to a Riemannian metric then F reduces to a Randers metric. Due to this
reason the transformation (3.7) has been called the Randers change of Finsler
metric.

Theorem 3.2. Let G be a compact Lie group and <,>> a bi-invariant metric
on G. Also let X be an invariant vector field on G which is parallel with respect
to <,>. Suppose that F = % + B is the Randers changed square Finsler
metric arising from <,> and X and (P,Y) be a flag in T.% such that {U,Y}
be an orthonormal basis of P with respect to <,>. Then the flag curvature of
the flag (P,Y") is given by

CIlY,UII?+ D < X,U >< [X,Y],[U,Y] >
AF* 4+ 8E3 <« X, U >2 —4E(2r2 4+ 3r)

where r = X, Y > and

K(PY) =

(3.8)

C=1-1r"-33+3r, D:=2r+3)*+2(1+r*+3r), E:=1+r>+3nr
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Proof. Since X is parallel with respect to <,>>, the Levi-Civita connection
of <,> and the Chern connection of F' and therefore their curvature tensor
coincide. So we have

RUY)Y = i[y, U, Y]],

From equation (3.2), we deduce following equations

49y (RUY)Y,U) = (1—7*=3r4+3r) < [Y,[U,Y]],U >

+ 2r4+3)A+r?+3r) < X, U >
— (6r* +18r +11) < X,U > Y, [V, [U, Y]] >
+ (6r2+18r+11) < X, U >< X, [V, [U, Y]] >,

and

gy (U, U) = (1472 +3r)2+ (6r> +18r +11) < X, U >>

—(1+7%+3r)(2r + 3)r.

Also, we get
gy(YY) = (1+r*+3r),

and

gy(Y,U) = (1+7r*+3r)(2r+3) < X, U >

By substituting the above equations in equation (3.6) and using the equations

< X,[Y,|[U,Y]] >=< [X,Y],[U,Y] >

and

<Y, [Y,[Y,U]] =0

we get (3.8). O
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