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Abstract. In this paper, we study the projective vector fields on two special
(@, B)-metrics, namely Kropina and Matsumoto metrics. First, we consider
the Kropina metrics, and show that if a Kropina metric F = o?/3 admits
a projective vector field, then this is a conformal vector field with respect to
Riemannian metric a or F' has vanishing S-curvature. Then we study the
Matsumoto metric ' = o?/(a — ) and prove that if the Matsumoto metric
F = o2/ admits a projective vector field, then this is a conformal vector field
with respect to Riemannian metric a: or F' has vanishing S-curvature.
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1. INTRODUCTION

The projective Finsler metrics are smooth solutions to the historic Hilberts
fourth problem. Unlike the Riemannian metrics, a non-projective Finsler met-
ric may be of constant flag curvature in Finsler geometry [2]. A good way
to characterizing the projective metrics is the projective vector fields. A vec-
tor field V is called projective if its flow takes (unparameterized) geodesics
to geodesics. The collection of all projective vector fields on a Finsler space
(M, F) is a finite dimensional Lie algebra with respect to the usual Lie bracket,
called the projective algebra and denoted by p(M, F'). Searching about projec-
tive vector fields and determining the dimension of this algebra is of interest in
physical and geometrical discussions.
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In this paper, we study a class of Finsler metric called general (v, 8)-metrics.
An (a, 8)-metric is a scalar function F' on TM defined by F' := a¢(s), s = 5/a,
where ¢ = ¢(s) is a C* function on an open interval (—bg,by) with certain
regularity, @ = \/a;j(z)y’y7 is a Riemannian metric and 8 = b;(z)y’ is a 1-
form on M. The Randers metric F = «a + 3, the Kropina metric F' = %2,
the generalized Kropina metric F = o!'~™3™ and Matsumoto metric F =
a?/(a — B) are special (o, 3)-metrics with ¢(s) =1+ s, ¢(s) = 1/s, ¢(s) = s™
and ¢ = 1/(1 — s), respectively. The class of Randers metrics are popular
Finsler metrics appearing in many physical and geometric studies. In [10],
M. Rafie-Rad and B. Rezaei studied the projective vector fields on Randers
metrics. They proved that if (M, F) be an n-dimensional (n > 3) equipped
with a Randers metric of constant flag curvature and M be compact, then
the dimension of the projective algebra p(M, F) is either n(n + 2) or at most
equals n(n + 1)/2. Moreover, they showed that a vector field V' on Randers
space (M, F') is projective vector field if and only if V' is projective vector field
on (M, «) and

0y (') = 0.
In [9], Rafie-Rad studied the projective vector fields on the class of Randers
metrics. He introduced Lie sub-algebra of projective vector fields of a Finsler
metric and proved that a Randers metric of non-zero constant S-curvature is
projective if and only if the dimension of this sub-algebra is n(n + 1)/2.

In this paper, we study the projective vector fields on two important subclass
of (a, B)-metrics. First, we study the Kropina metrics. The Kropina metrics are
closely related to physical theories. These metrics, was introduced by Berwald
in connection with a two-dimensional Finsler space with rectilinear extremal
and was investigated by Kropina [8]. We prove the following.

Theorem 1.1. Let F = o2/ be a Kropina metric on manifold M. Suppose
that F' admits a projective vector field V.. Then one of the following holds

a) V is a conformal vector field with respect to «;
b) F has vanishing S-curvature S = 0.

The Matsumoto metric was introduced by Matsumoto as a realization of
Finsler’s idea “a slope measure of a mountain with respect to a time measure”
[12]. He gave an exact formulation of a Finsler surface to measure the time on
the slope of a hill and introduced the Matsumoto metrics in [6]. Here we study
the projective vector fields on Matsumoto metric and prove the following.

Theorem 1.2. Let F' = aa—_gﬁ be a Matsumoto metric on a manifold M. suppose
that F' admits a projective vector field V.. Then one of the following holds

a) V is a conformal vector field with respect to «;

b) F has vanishing S-curvature S = 0.
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2. PRELIMINARIES

Let M be an n-dimensional C'*° manifold. Denote by T, M as the tangent
space at * € M, and by TM = UgepyT,M as the tangent bundle of M.
Each element of TM has the form (z,y), where € M and y € T, M. Let
TMy = TM\{0}. The natural projection 7 : TM — M is given by

m(z,y) = .
The pull-back tangent bundle 7*T M is a vector bundle over T'M, whose fiber
7 TM at v € TMy is just T, M, where w(v) = z. Then
7 TM = { (2., )|y € ToeMo,v € T,M}.

A Finsler metric on a manifold M is a function ' : TM — [0, 00) which has
the following properties:
(1) Fis C*° on T My;
(2) F(z, y) = AF(z,y), \>0;
(3) For any tangent vector y € T, M, the vertical Hessian of F'?/2 given by

gij(x,y) = BFQ}

yiyd
is positive definite.
Every Finsler metric F' induces a spray

. 0 ; 0

G=y'— —2G" —

Y o (z,9) oy

by
i L a 991 99jk ik
G'zy) = 19 (%y){?@(%y) ~ (%y)}yjy : (2.1)

The homogeneous scalar functions G are called the geodesic coefficients of F.
The vector field G is called the associated spray to (M, F).

The Busemann-Hausdorff volume form dVr = o (z)dzt A --- A da™ related
to F' is defined by

_ Vol(B™(1))
Vol{(yi) € Rn F(yi%

or(z):

2) <1}
where B™(1) denotes the unit ball in R™.
The distortion 7 = 7(z,y) on T'M associated with the Busemann-Hausdorff
volume form on M, i.e., dVgy = o(x)dx' Adx?... Adx™, is defined by following

det (gij (xv y))
o(x) '

7(z,y) =1In
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Then the S-curvature is defined by

S(a,y) = 4 [r(ev), )]

t
where ¢ = ¢(t) is the geodesic with ¢(0) = = and ¢(0) = y. In alocal coordinates,
the S-curvature is given by

~oG™  0(no)

S=—— — .
aym Y axm

A Finsler metric F' has vanishing S-curvature if S = 0.

As we know, the geodesic coefficients G* of F' and geodesic coefficients G,
of «v are related as follows [7]:

G' =Gl 4+ aQs'y + a7 10{rg — 2aQs. }y' + U{rey — 2aQs, ', (2.2)

where
__ ¢
M
o_ 98 —s(69" — ')
2{(¢ — s¢') + (b? — s2)¢"}’
\Ij ¢/l

~ 20— s) + (1P~ D)o}

Denote the Levi-Civita connection of a by V and define b;; by (b; j)ej =
db; — b;0,”, where ' := dx® and 0,” := I/, dz*. For a generic (a, 3)-metric, we
use usually the following notations:

1 1
rij =g (bz‘lj + bj|i>’ Sij = 5 (bz‘\j - bjli)'
Furthermore, we denote

i ._ ik o i, . j o Q17

' i=a""Tgi, oo = Tijy Yy, Tioi=riyy,  ri=rbth,

i . ik Y i — j 2. pi

S = a " Skj, S5 = b Sijs S0 ‘= Sy, S0 +— Sijyj, b*:=b bl

Let us define
A=145Q+ (V¥ —sH)Q, (2.3)
O = —(Q—sQ)nA+1+5Q) — (b* —s)(1+sQ)Q".  (2.4)

In [3], Cheng-Shen characterized (a, §)-metrics with isotropic S-curvature.

Theorem A. ([3]) Let F = a¢(s) , s = B/a, be an non-Riemannian («, 3)-
metric on a manifold and b := ||8;]|o. Suppose that F' is not a Finsler metric
of Randers type. Then F is of isotropic S-curvature, S = (n+1)cF, if and only
if one of the following holds
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(i) B satisfies

Tij = 6([)2aij - bibj), S5 = 0, (25)
where € = () is a scalar function, and ¢ = ¢(s) satisfies
PA?
where k is a constant. In this case, S = (n + 1)cF with ¢ = ke.
(ii) B satisfies
Tij = 0, Sj = 0. (27)

In this case, S = 0, regardless of choices of a particular ¢.

One of special type of the (a, 8)-metrics that we are interested to study in
this paper is Kropina metric. Let F' = a2/ be a Kropina metric on a manifold
M. Then geodesic coefficients G*(z,y) are given by

a? 1 /a? ;1 p i
%S 0+27b2<?$0+7'00)b —bf2<80+¥7"00>y . (28)

For more details, see [15].

G =Gl -

Another metric that we study in this paper is named Matsumoto metric
F = o?/a— 3. In this case, by (2.2) the geodesic coefficients of F' are as
follows

Gi=Gi - Ailsio + (2‘“;(;1—1‘112’”0) [(2,41 1)yt — 2abi], (2.9)
where
A = Aq(s) :=2s — 1,
Ay = Ay(s) :=3s — 2b* — 1.
See [13].

Every vector field V' on M induces naturally a transformation under the
following infinitesimal coordinate transformations on TM, (z¢,y%) — (¢, 7%)
given by

=g+ Vidt,
OV
Oxk

7=y +y dt.
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This leads to the notion of the complete lift V (or traditionally denoted by V¢,
see [14]) of V to a vector field on T'My, given by

R R A
V_Vﬁxk+y Ox* Oyt

(2.10)

Since almost geometric objects in Finsler geometry depends on the both points
and velocities, the Lie derivatives of such geometric objects should be regarded
with respect to 1% (Receives a family to the theory of Lie derivatives in Finsler
geometry in [12]). It is a notable remark in the Lie derivative computations that
Kvyi = 0 and the differential operators £, % and 8%7?

vector field V' on (M, F) is called projective if each local flow diffeomorphism

commute. A smooth

associated with V' maps geodesics onto geodesics. If V is projective and each
such map preserves affine parameters, then V is called affine, otherwise it is
said to be proper projective. It is easy to prove that a vector field V' on the
Finsler space (M, F') is a projective if and only if there is a function P defined
on T My such that

L, G = Py’ (2.11)

and V is affine if and only if P = 0.

3. PROOF OF MAIN THEOREMS

Kropina metrics were first introduced by L. Berwald in connection with a
two-dimensional Finsler space with rectilinear extremal and were investigated
by Kropina [5]. This metric seem to be among the simplest nontrivial Finsler
metric with many interesting applications in physics, electron optics with a
magnetic field, dissipative mechanics, irreversible thermodynamics and general
dynamical system represented by a Lagrangian function [1, 4, 11]. We consider
that there is a projective vector field on Kropina space and prove it.

Proof of Theorem 1.1. A vector field V on (M, F) is projective if and only
if there is a 1-form P = P;(z,y)y’ on M such that EVGi = Py'. In the case of
Kropina metrics, by (2.8) we can write this equation as follows

iy 1 o? . g i i
€V<G(¥250+2b2(ﬁ50+r00)b 1)2(50+062T00)y> :Py
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Let £y a;; = ti; where t;; = t;;(x) is a scalar function on M, then equation
mentioned above is equivalent to the following equality

2Btog — 2042E‘7ﬁ 2

0 = 0,G) — Py’ — ( 15 )sio — %&,Sio

1 ra? 1 /fBtog — a?ly 3 o? .
=gt (G4 ruo) i (S0 G byso + gun O
g (oo o0 b+ = (50 + o)

1 a?ly B — Btoo s i
3 (KVSO T+ ?5‘77“00>y : (3.1)

Multipling both sides of this very equation by 2a*82b* to remove denominators
and sorting by «, we can rewrite (3.1) as follows

0= Aba® + Ala* + Ala® + Af, (3.2)
where
AL = b‘%vﬁsio — Bb4€‘78i0 — Bsoff/bgbi + Bbeié‘;so — é‘;ﬁsobzbi
+BLy 50070,
Al = 2B8%0Y, Gl — Bbtoos'y — BProoly b2’ + Bbtogs’ o + B0y roob’
+B26%rooly b’ + 2250l by — 28°6% 0 soy’ — 28701 Py,
Ay = 2B%raolp by’ — 28707 rooly By — 2B°6% L o0y,
A = —28°0*toorooy’.

By (3.2) we can conclude that Aj must be coefficient of o2, i.e., there is scalar
function ¢(x) on M such that

ro0 = c(x)a?

Then F must has vanishing S-curvature, or

too = c(z)a?.
Thus V is conformal projective vector field with respect to the Riemannian
metric a. O

The Matsumoto metric was introduced by Matsumoto as a realization of
Finsler’s idea (a slope measure of a mountain with respect to a time measure)
[12]. He gave an exact formulation of a Finsler surface to measure the time
on the slope of a hill and introduced the Matsumoto metric [6, 13]. In this
paper, we also study the projective vector field on Matsumoto space and get
the following result:
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Proof of Theorem 1.2: If a Matsumoto metric F = o?/(a — 3) admits a
projective vector field V| then by (2.9) and (2.11) we can say

ly <Gg— QSQ_ '+ 2a((2 20;83 ;gz - ;?;Oi) 3 (2(25—1)+1)yl—2ab1] — Py

(3.3)
We simplify the equation mentioned above by using Maple program and mul-
tiply this equation by 4a3(a —23)?((1+2b%)a — 33)? to remove denominators.

Then we get the following

0= Bia®+ Bia” + Bia® + Bia® + Bia* + Bia® + Bia® + Bia + Bl, (3.4)

where

Bi = 16b*y sy + 16£,b%b' sy — 160,b'b%sg — 160y,50b%b’
+16b% (5" — 8L b sg — 8Ly sob” + 8b'sg + 4Ly ',

By = —8(yb*'rog + 8Ly b'b rog + 40L,b'Bsg — 168" sy — 16y" Pb*
—80y S0y'b* — 16y° Pb* + 400y, s08b" + 320y, b s’y — 32b Bly, 5",
+805moob?b" — 40L, BbT s + 320, Bbs' ) + 8Ly, Bs’y + 4Ly roob’
+4€‘;bi7“00 — 4bi7‘00 + 165‘7Giab4 + 16£‘7Giab2 — 4€V80yi + 4yi80
—320;, Bb%b s + 320,50b> Bb" — 320, b7 Bb' s + 320, b'b* B
+80p 0%y sg — 3280y 5"y — 80b* By s’y + 4y G’ — APY',

Bl = —640p,G' b3 — 1120,,G" \b*B + 36(y50y" B + 40y' PP + 2to0s’,

—24y" Bsg — 480y, bi3%sg — 480y so7b" — 48(y, BBs" ) — 280 b" Brog
+12€Vﬁbir00 — 4£Vb2yiroo + 4€Vrooyib2 — 4évﬁyiso + 8b2t005i0
—4bsotoo + %Vrooyi — 2y'roo — 8b%bisorn + 16€Vﬁyib2so
+320,b% Bb'rog — 3205b'b Brog — 3265 m0ob? BbT + 96Ly, BBb'so
—480 b7y Bso + 480y soy' b B + 112y Pb? B + 8458 Ly, 5"

+96b% B2y 5"y — 280500 8" + 168b'rog + 8b*rogs’y + 64y’ Pb*B
—960,8b°Bs"y — 406, G, B,
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B;

By
By
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1480;,G* , 3% + 326% B sotoo + 720y, 83"y + 644y,b' B71ro0
+6405m00 2" — 168%b'rog — 20Btg0s’y + 640G b* 52
+2560,G* b B> — 1044y, sy’ 8% — 148y' PB* + 32y" %3¢
—2205 00y B — 72058\ 3* — 205 By'ron — 56b%Btoos’
—320,,6% B2b'rog + 3200 B2 rog + 320 r00b? B2b" + 16y Brog
—480:, BBb'roo + 408b soroo — 64y' Pb* B + 6405, b7y B2 sg
—640, s0y"'b* 8% — 256y’ Pb* 3% + 320, 6%y’ Broo — 320y r0oy b 3
+480 By’ Bso — 32b* Btoos’y — 16 By b oo,

192y PY? % + 644y, By'b* Broo — 80y by B2roo — 72Bb' sotoo
—1920, G b*B% + 96b* B2 tog s’y — 96¢ betay’ B2so — y'Tootoo
—480¢,100B%b" + 960y s0y" B° — 2y"b?rooton + 804y o0y b% 5
+8€‘;,6’yiﬁr00 + 88€Vrooyiﬁ2 — 40y* B%roo — 240(96?&53
+66/3%t00s" g — 68b'rotoo + 48L BB b rag + 2y Bsotoo
—8y'b?Bsotoo — 480yb" Brop + 240y' PB3,

= —4B(160yBy"b*Broo — 16067y B2roo + 1645100y b B2
—6y"b*rootoo + 20y By Broo + 380y rooy’ B — 8y Broo
—360,,GL B + 18%t00s" o — 68b"Tootoo — 3y'Tootoo
+6y" Bsotoo + 36y° PB3),

= 24B%(=3y"b*rootoo + 4oy’ B2 + 2y Bsotoo
—Bb'rootoo — 2y'Tootoo),

= 16y B*rootoo(4b* + 5),
= —48y"B*rootoo.

From equation (3.4), we can get two fundamental equations

0 = Bia®+ Bia® + Bia* + Bia® + B,
0 = Bia® + Bia* + Bia® + Bi.

From these equations we can conclude that o2 divides B and B}, in this way
we have the following cases

Case 1: o? divides tgg, therefore there is scalar function ¢ = c(z) on M

such that

too = Lya® = c(z)a’.
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Then V is a conformal vector field respect on a.

Case 2: o? divides rgg, therefore there is scalar function ¢ = c(z) on M
such that

oo = c(x)a’.
Replacing this quantity into (3.3) and sorting again by «, we can get the
following equation

0= Bia" + Bia® + Bia® + Bia* + Bia® + Bia? + Bia + B, (3.7)
where
BL = 48y B*to0(Be + s0). (3.8)
From (3.7) we have this fundamental equation
0= Bja® + Bia* + Bia® + BE. (3.9)

By the equation mentioned above we can conclude that B must be divided by
a?, if o2 divide tgo, then the equality and the reduce to the case 1, otherwise
(Bc+ so) must be remove. So, we have s; = —b;c. By contracting it with b we
can obtain ¢(z) = 0. Then sy = rgp = 0. It means that Matsumoto metric has
vanishing S-curvature. O
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