
Journal of Finsler Geometry and its Applications

Vol. 1, No. 2 (2020), pp 73-82

DOI: 10.22098/jfga.2020.1241

On L-Reducible Finsler Manifolds

Sareh Beizavi ∗

School of Mathematics, Iran University of Science and Technology

Narmak, Tehran, 16846 -13114, Iran

E-mail: h beizavi@mathdep.iust.ac.ir

Abstract. In this paper, we consider the class of L-reducible Finsler met-

rics which contains the class of C-reducible metrics and the class of Landsberg

metrics. Let (M,F ) be a 3-dimensional L-reducible Finsler manifold. Suppose

that F has relatively isotropic mean Landsberg curvature. We find a condi-

tion on the main scalars of F under which it reduces to a Randers metric or a

Landsberg metric..
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1. Introduction

In [10], Takano wrote a paper on the subject of Physics and studied the

field equation in Finsler manifolds. He proposed some important geometrical

problems in Finsler geometry, namely, he asked to find some interesting special

forms of hv-curvature from the standpoint of Physics. Very soon, Matsumoto

introduced the notion of L-reducible (P-reducible in the sense of Matsumoto)

Finsler metrics as an answer to Takano. This new class of Finsler metrics

were a generalization of C-reducible Finsler metrics [6]. Then for a Finsler

manifold of dimension n ≥ 3, he obtained some elegant conditions under which

the manifold reduces to a L-reducible manifold. After that, the study of hv-

curvature of Finsler connection and its derivatives become urgent necessity

for the Finsler Geometry as well as for Theoretical Physics. This cause that

Matsumoto-Shimada studied the curvature properties of L-reducible Finsler
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metrics in [7]. They found an important and almost complex problem which is

given as the following open problem:

Is there any non-trivial L-reducible Finsler metric which is not C-reducible?

It is remarkable that, Matsumoto-Hōjō proved that a Finsler metric F is C-

reducible if and only if it is a Randers metric or Kropina metric [3]. These

metrics defined by F = α+β and F = α2/β, respectively, where α =
√
aijyiyj

is a Riemann metric and β := bi(x)y
i a 1-form on a manifold M . Let (M,F )

be a Finsler manifold. The second derivatives of 1
2F

2
x at y ∈ TxM0 is an inner

product gy on TxM . The third order derivatives of 1
2F

2
x at y ∈ TxM0 is a

symmetric trilinear forms Cy on TxM . We call gy and Cy the fundamental

form and the Cartan torsion, respectively. The rate of change of Cy along

geodesics is the Landsberg curvature Ly on TxM for any y ∈ TxM0. F is said

to be Landsbergian if L = 0. Taking a trace of C and L give us mean Cartan

torsion I and mean Landsberg curvature J, respectively. A Finsler metric F

on an n-dimensional manifold M is C-reducible if its Cartan torsion is give by

Cijk =
1

n+ 1

{
Iihjk + Ijhik + Ikhij

}
. (1.1)

A Finsler metric F on an n-dimensional manifold M is L-reducible if its Lands-

berg curvature is give by

Lijk =
1

n+ 1

{
Jihjk + Jjhik + Jkhij

}
. (1.2)

By taking a horizontal derivation from (1.1), one can get (1.2). Thus every

C-reducible metric is L-reducible. But the converse may not true in general.

In [16], Tayebi-Sadegi studied a class of Finsler metrics called generalized P-

reducible metrics that contains the class of L-reducible metrics. They proved

that every generalized P-reducible (α, β)-metric with vanishing S-curvature re-

duces to a Berwald metric or C-reducible metric. It results that there is not any

concrete L-reducible (α, β)-metric with vanishing S-curvature. In [11], Tayebi-

Bahadori-Sadeghi studied the C-reducibility and L-reducibility condition for

the class of spherically symmetric Finsler metrics. They proved the following.

Theorem A. Let F = uϕ(r, s) be a spherically symmetric Finsler metric on a

domain Ω ⊆ Rn. Then F is a L-reducible metric if and only if it satisfies the

following PDE

(ϕ− sϕs)L1 − 3ϕssL2 = 0. (1.3)
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where

P :=− 1

ϕ

(
sϕ+ (r2 − s2)ϕs

)
Q+

1

2rϕ

(
sϕr + rϕs

)
,

Q :=
1

2r

−ϕr + sϕrs + rϕss

ϕ− sϕs + (r2 − s2)ϕss
,

L1 := 3ϕsPss + ϕPsss +
(
sϕ+ (r2 − s2)ϕs

)
Qsss,

L2 :=−sϕPss + ϕs(P − sPs) +
(
sϕ+ (r2 − s2)ϕs

)
(Qs − sQss).

It is easy to see that, if L1, L2 ̸= 0 then one can get a L-reducible spherically

symmetric Finsler metric which is not C-reducible.

Let (M,F ) be a 3-dimensional L-reducible Finsler manifold. Suppose that

F has relatively isotropic mean Landsberg curvature. In this paper, we find a

condition on the main scalars of F under which it reduces to a Randers metric

or a Landsberg metric. More precisely, we prove the following.

Theorem 1.1. Let (M,F ) be a 3-dimensional L-reducible Finsler manifold

such that bi = bi(x, y) is constant along Finslerian geodesics. Suppose that F

has relatively isotropic mean Landsberg curvature

J = cF I, (1.4)

where c = c(x) is a scalar function on M . Then one of the following holds

(1) F is a Randers metric;

(2) F is a Landsberg metric;

In this paper, we use the Berwald connection and the h- and v- covariant

derivatives of a Finsler tensor field are denoted by “ | ” and “, ” respectively.

2. Preliminaries

Let M be a n-dimensional C∞ manifold. Denote by TxM the tangent space

at x ∈ M , and by TM = ∪x∈MTxM the tangent bundle of M . A Finsler metric

on M is a function F : TM → [0,∞) which has the following properties:

(i) F is C∞ on TM0 := TM \ {0};
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM ;

(iii) for each y ∈ TxM , the following quadratic form gy on TxM is positive

definite,

gy(u, v) :=
1

2

∂2

∂s∂t

[
F 2(y + su+ tv)

]
|s,t=0, u, v ∈ TxM.

Let x ∈ M and Fx := F |TxM . To measure the non-Euclidean feature of Fx,

define Cy : TxM × TxM × TxM → R by

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]
|t=0, u, v, w ∈ TxM.
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The family C := {Cy}y∈TM0 is called the Cartan torsion. It is well known that

C=0 if and only if F is Riemannian.

For y ∈ TxM0, define mean Cartan torsion Iy by Iy(u) := Ii(y)u
i, where

Ii := gjkCijk

and u = ui∂/∂xi|x. By Diecke Theorem, F is Riemannian if and only if Iy = 0.

For y ∈ TxM0, define the Matsumoto torsion My : TxM ×TxM ×TxM → R
by My(u, v, w) := Mijk(y)u

ivjwk where

Mijk := Cijk − 1

n+ 1

{
Iihjk + Ijhik + Ikhij

}
,

and

hij := FFyiyj = gij −
1

F 2
gipy

pgjqy
q

is the angular metric. A Finsler metric F is said to be C-reducible if M = 0.

This quantity is introduced by Matsumoto [6]. Matsumoto proves that every

Randers metric satisfies that M = 0. It is remarkable that, a Randers metric

F = α + β on a manifold M is just a Riemannian metric α =
√
aijyiyj

perturbated by a one form β = bi(x)y
i on M such that ∥β∥α < 1. Later on,

Matsumoto-Hōjō proves that the converse is true too.

Lemma 2.1. ([3]) A Finsler metric F on a manifold of dimension n ≥ 3 is a

Randers metric if and only if My = 0, ∀y ∈ TM0.

A Finsler metric F o an n-dimensional manifoldM is called semi-C-reducible

if its Cartan tensor is given by

Cijk =
p

1 + n

{
hijIk + hjkIi + hkiIj

}
+

q

||I||2
IiIjIk,

where p = p(x, y) and q = q(x, y) are scalar function on TM and ||I||2 = IiIi.

Multiplying the definition of semi-C-reducibility with gjk shows that p and q

must satisfy p + q = 1. If p = 0, then F is called C2-like metric. In [4],

Matsumoto and Shibata proved that every (α, β)-metric is semi-C-reducible.

Let us remark that an (α, β)-metric is a special Finsler metric on M defined by

F := αϕ(s), s = β/α, where ϕ = ϕ(s) is a C∞ function on the (−b0, b0) with

certain regularity, α =
√
aijyiyj is a Riemannian metric and β = bi(x)y

i is a

1-form on M on such that ∥β∥α < 1 (see [1], [5], [9], [12], [13], [14], [15], [16]

and [17]).

Theorem 2.2. ([4][5]) Let F = ϕ(s)α, s = β/α, be a non-Riemannian (α, β)-

metric on a manifold M of dimension n ≥ 3. Then F is semi-C-reducible.



Short title of the paper 77

The horizontal covariant derivatives of C along geodesics give rise to the

Landsberg curvature Ly : TxM ⊗ TxM ⊗ TxM → R defined by

Ly(u, v, w) := Lijk(y)u
ivjwk,

where

Lijk := Cijk|sy
s,

u = ui∂/∂xi|x, v = vi∂/∂xi|x and w = wi∂/∂xi|x. The family L := {Ly}y∈TM0

is called the Landsberg curvature. A Finsler metric is called a Landsberg metric

if L = 0.

Given a Finsler manifold (M,F ), then a global vector field G is induced by

F on TM0, and in a standard coordinate (xi, yi) for TM0 is given by

G = yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
,

where Gi = Gi(x, y) are scalar functions on TM0 given by

Gi :=
1

4
gij

{
∂2[F 2]

∂xk∂yj
yk − ∂[F 2]

∂xj

}
, y ∈ TxM.

The vector field G is called the spray associated with (M,F ).

For y ∈ TxM , define Jy : TxM → R by Jy(u) := Ji(y)u
i, where

Ji := gjkLijk.

By definition, Jy(y) = 0. J is called the mean Landsberg curvature or J-

curvature. A Finsler metric F is called a weakly Landsberg metric if Jy = 0.

By definition, every Landsberg metric is a weakly Landsberg metric. Mean

Landsberg curvature can be defined as following

Ji := ym
∂Ii
∂xm

− Im
∂Gm

∂yi
− 2Gm ∂Ii

∂ym
.

By definition, we get

Jy(u) :=
d

dt

[
Iσ̇(t)

(
U(t)

)]
t=0

,

where y ∈ TxM , σ = σ(t) is the geodesic with σ(0) = x, σ̇(0) = y and U(t) is

a linearly parallel vector field along σ with U(0) = u. In local coordinate, it

defines as follows

Ji = Ii|mym.

Then the mean Landsberg curvature Jy is the rate of change of Iy along

geodesics for any y ∈ TxM0. It has been shown that on a weakly Landsberg

manifold, the volume function V ol(x) is a constant.
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A Finsler metric F on a manifold M is called of relatively isotropic mean

Landsberg curvature if

J+ cF I = 0,

where c = c(x) is a scalar function on M .

For y ∈ TxM0, define M′
y : TxM × TxM × TxM → R by M′

y(u, v, w) :=

M ′
ijk(y)u

ivjwk where

M ′
ijk := Lijk − 1

n+ 1

{
Jihjk + Jjhik + Jkhij

}
.

A Finsler metric F is said to be L-reducible if M′ = 0. It is easy to see that

every C-reducible metric is a L-reducible metric.

3. Proof of Theorem 1.1

A Finsler metric F is called C3-like if its Cartan tensor is given by

Cijk =
{
Aihjk +Ajhki +Akhij

}
+

{
BiIjIk + IiBjIk + IiIjBk

}
, (3.1)

where Ai = Ai(x, y) and Bi = Bi(x, y) are y-homogeneous scalar functions on

TM of degree -1 and 1, respectively. By definition, we have some special cases

as follows:

(i) If Ai = 0, then we have

Cijk =
{
BiIjIk + IiBjIk + IiIjBk

}
.

Contracting it with gij implies that

Bi =
1

3||I||2
Ii.

Then F is a C2-like metric;

(ii) If Bi = 0, then we have

Cijk =
{
Aihjk +Ajhki +Akhij

}
.

Contracting it with gij implies that

Ai =
1

n+ 1
Ii.

Then F is a C-reducible metric;

(iii) Let us put

Ai =
p

n+ 1
Ii, Bi =

q

3||I||2
Ii,

where p = p(x, y) and q = q(x, y) are scalar functions on TM , then F is a

semi-C-reducible metric.
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It is remarkable that, in [4] Matsumoto-Shibata introduced the notion of

semi-C-reducibility and proved that every non-Riemannian (α, β)-metric on a

manifold M of dimension n ≥ 3 is semi-C-reducible. Therefore the study of the

class of C3-like Finsler spaces will enhance our understanding of the geometric

meaning of (α, β)-metrics.

Proof of Theorem 1.1: In [8], Moór introduced a special orthonormal frame

field (ℓi,mi, ni) in the three dimensional Finsler space. The first vector of

the frame is the normalized supporting element, the second is the normalized

mean Cartan torsion vector, and third is the unit vector orthogonal to them.

Let (M,F ) be a 3-dimensional Finsler manifold. Suppose that ℓi := Fyi is the

unit vector along the element of support, mi is the unit vector along mean

Cartan torsion Ii, i.e.,

mi :=
1

||I||
Ii,

where ||I|| :=
√
IiIi and ni is a unit vector orthogonal to the vectors ℓi and

mi. Then the triple (ℓi,mi, ni) is called the Moór frame. It is proved that the

Cartan torsion of 3-dimensional Finsler metric F is given by following

Cijk =
{
Aihjk +Ajhki +Akhij

}
+

{
BiIjIk +BjIiIk +BkIiIj

}
, (3.2)

where Ai = Ai(x, y) and Bi = Bi(x, y) are scalar functions on TM and given

by where

Ai :=
1

3F

[
3Imi + J ni

]
, Bi :=

F

3(H+ I)2
[
(H− 3I)mi − 4J ni

]
. (3.3)

Here, H = H(x, y), I = I(x, y) and J = J (x, y) are the main scalars of F . It

is easy to see that Aiy
i = 0 and Biy

i = 0. Multiplying (3.2) with gij implies

that

4Ai = (1− 2BmIm)Ii − ||I||2Bi, (3.4)

where ||I||2 = ImIm. Putting (3.4) in (3.2) yields

Cijk =
1

4

{
Iihjk + Ijhki + Ikhij

}
− 1

2

{
Iihjk + Ijhki + Ikhij

}
ImBm

− ||I||2

4

{
Bihjk +Bjhki +Bkhij

}
+
{
BiIjIk +BjIiIk +BkIiIj

}
,(3.5)

or equivalently

Mijk = −1

2

{
Iihjk + Ijhki + Ikhij

}
BmIm − 1

4

{
Bihjk +Bjhki +Bkhij

}
||I||2

+
{
BiIjIk + IiBjIk + IiIjBk

}
.(3.6)
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By taking a horizontal derivation of (3.6), we have

M ′
ijk = − 1

2

(
JmBm + ImB′

m

){
Iihjk + Ijhki + Ikhij

}
−1

2

{
Jihjk + Jjhki + Jkhij

}
BmIm

−1

4

{
B′

ihjk +B′
jhki +B′

khij

}
||I||2

−1

4

(
JmIm + ImJm

){
Bihjk +Bjhki +Bkhij

}
+Bi

{
JjIk + IjJk

}
+Bj

{
JiIk + IiJk

}
+Bk

{
JiIj + IiJj

}
+
{
B′

iIjIk +B′
jIiIk +B′

kIiIj

}
, (3.7)

where

B′
i = Bi|sy

s

and

M ′
ijk = Lijk − 1

4

{
Jihjk + Jjhki + Jkhij

}
.

Since Bi is constant along geodesics, i.e., B
′
i = 0, then (3.7) reduces to following

M ′
ijk = −1

2
Bm

[{
Iihjk + Ijhki + Ikhij

}
Jm +

{
Jihjk + Jjhki + Jkhij

}
Im

]

−1

4

(
JmIm + ImJm

){
Bihjk +Bjhki +Bkhij

}
+Bi

{
JjIk + IjJk

}
+Bj

{
JiIk + IiJk

}
+Bk

{
JiIj + IiJj

}
. (3.8)

Let F is of relatively isotropic mean Landsberg curvature

J = cF I. (3.9)

By putting (3.9) in (3.8), we get

M ′
ijk = 2cF

{
BiIjIk +BjIiIk +BkIiIj

}
−cF

{
Iihjk + Ijhki + Ikhij

}
BmIm

−1

2
cF

{
Bihjk +Bjhki +Bkhij

}
||I||2. (3.10)

By considering (3.5) and (3.10), we have

M ′
ijk = 2cFCijk − cF

2

{
Iihjk + Ijhki + Ikhij

}
or equivalently

M′ = 2cFM. (3.11)
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Since F is L-reducible then by (3.11), we get

cFM = 0.

We have two main cases as follows:

If c = 0, then we get

J = 0.

By assumption, F is L-reducible

Lijk =
1

n+ 1

{
Jihjk + Jjhik + Jkhij

}
.

Then it reduces to a Landsberg metric.

If c ̸= 0, then we get M = 0. Therefore by Matsumoto-Hōjō’s Lemma, F

is a Randers metric. This completes the proof. □
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