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Abstract. Inspired by the notion of projectively related spherically symmetric
metrics, we study the class of Finsler metrics whose geodesics have the same
shape with a difference in rotation or reflection of their graphs. This class
of metrics contains the class of projectively related Finsler metrics. First, we
characterize the class of Randers metrics, («, 8)-metrics and spherically sym-
metric metrics in this class of metrics.
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1. INTRODUCTION

The 4-th Problem of Hilbert is finding Finsler metrics on an open subset
U C R™ whose geodesics are straight lines. The Finsler metrics which satisfy
the mentioned condition are called projective Finsler metrics (see [6], [7], [9],
[11], [14], [16]). Hamel obtained a system of PDE’s that characterizes projective
Finsler metrics [4]. He showed that a Finsler metric F' = F'(z,y) on U C R"™ is
projective if and only if its geodesic coefficients G* are given by

G'(z,y) = P(z,y)y’,
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where P : TU — R is a positively homogeneous function of degree one with
respect to y. The function P = P(x,y) is called the projective factor of F.

In Riemannian geometry, two Riemannian metrics o and @ on a manifold
M are projectively related metrics if the following relation holds

Go(z,y) = Go(x,y) +0(z,y)y",
where G?, and G are the geodesic coefficients of o and @, respectively, § =
0(x)y* is a closed 1-form on M, and (z%,y’) denotes the local coordinates in
TM.
In Finsler geometry, two Finsler metrics F' = F(z,y) and F = F(x,y) on a
manifold M are projectively related if the following holds

G'(z,y) = G'(z,y) + P(z, )y’

where G* and G are the geodesic coefficients of F' and F, respectively. In this
case, F and I have the same geodesics as point sets [2][8][10].

Let F' be a Finsler metric defined on a convex domain 2 C R™. If the
orthogonal transformations of R™ act as isometry of (2, F'), then (€, F') is called
a spherically symmetric space [17]. Let |.| and <, > denote the Euclidean norm
and inner product in R™, respectively. In [17], Zhou showed that (2, F) is
spherically symmetric if and only if

F(z,y) = up(r, s),

where
<zy>
ro=lzl, uw:=ly, s=—-—.
[yl
The geodesic spray coefficients of F' = u¢(r, s) is given by
G' = uPy' +u*Qa’, (1.1)
where
Pi= L (52 2 1260 — 56) Q + = (560 + )
. ¢ S 27"¢ T S/
_¢r + S¢'rs + T(bss
Q=

2T[¢ - 8¢s + (TQ - 82)¢ss} .
See [13]. Define Randers metrics F(z,y) = u¢(r,s) and F = ug(r, s) by

P(r,s) = 11,2 +p(r)s, (1.2)
- 1
o(r,s) = T2 q(r)s, (1.3)
where p := p(r) and ¢ := ¢(r) are two functions in R. By (1.1), we get
2
i i u i
G'(z,y) = uP(r,s)y" + 1-1-77“236 ) (1.4)
242
Gi(a,y) = uP(r,s)y + (15)

1+)\2r2x ’
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where G and G' are the spray coefficients of F' and F, respectively. (1.4) and
(1.5) imply that
G'(z,y) = AG' (A, y) + P(a, )y, (1.6)
where A is a real constant and P = P(x,y) is a positively homogeneous scalar
function of degree one with respect to y (see [12]).
By definition, every projectively related Finsler metrics satisfy (1.6) with

A = 1. The Randers metrics defined by (1.3) are special Finsler metrics, also.
Therefore the following is a natural question:

“Whenever two arbitrary Finsler metrics satisfy (1.6)%”

Since the idea of Finsler metrics satisfying (1.6) arises from two special
Randers metrics, we find the necessary and sufficient conditions under which
two arbitrary Randers metrics satisfying (1.6).

Theorem 1.1. Two Randers metrics F = a+ 3 and F' = &+ 3 on R™ satisfy
(1.6) if and only if one of the following holds

(i) a(x,y) = ca(A\x,y), and B and B satisfy
sij(sc) =\c Eij(gc),
where ¢ = c(x) is a positive scalar function on M.

(i) o and & satisfy (1.6), and B and B are closed 1-forms.

Then, we find the necessary and sufficient condition under which an (a, §8)-
metric and a Randers metric satisfy (1.6).

a Randers metric on R™ (n > 3), where o = \/a;j(2)y'y? and & = /a;;(z)yty?
are two Riemannian metrics, 8 = b;(z)y’ and f = b
forms on R™. Suppose that ¢ satisfies

2\ 7
qS:ks/% ds +ts, (1.7)

Theorem 1.2. Let F = a¢(s), s = B/a, be an (o, B)-metric and F = a+ B be
)

(x)y* are two nonzero one

where k, p, v and t are constants. Then F and F satisfy (1.6) if and only if
the following hold

(i) B is a closed form;

(ii) by = 27{(1) +b2)ay + (r — 1)bibj};
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(i) G (2, y) = AG5(Az,y) — Ta?b’ + 0y,

where 0 = a;(x)y® is a 1-form and T = 7(x) is a scalar function on M.

We remark that (1.7) comes from the following ODE

659 = (p+7s%)9"

which have many solutions in the class of («a, §)-metrics. See the Section 4.

Also, the Randers metrics (1.3) which satisfy (1.6) are written in the form
of spherically symmetric Finsler metrics. In order to find the non-trivial exam-
ples of Finsler metrics satisfying (1.6), we come back to spherically symmetric
metrics and prove the following.

Theorem 1.3. Let F = ug(r, s) and F = u¢(r, s) be two spherically symmetric
Finsler metrics on R™. Then the spray coefficients of F' and F satisfy (1.6) if
and only if there exists a scalar function g := g(x) on R such that

M712 — 82[p(Ar, As) — Asds(Ar, As)
o(r,s) = s/ g( [ D ds + ¢(r)s, (1.8)

$20/72 — g2

where ¢s = 0¢/Is and ¢ := c(t) is a scalar function on R.

2. PRELIMINARIES

For an n-dimensional Finsler manifold (M, F'), there is a special vector field
G which is induced by F on TMy := TM\{0}. In a standard coordinates
(xt,y?) for T My, it is given by

B . B
ot -2G (xay)@a

G:yi

where

0*F? ,  OF? }
YA

The homogeneous scalar functions G are called the geodesic coefficients of F.
The vector field G is called the associated spray to (M, F'). The projection of

an integral curve of spray G is called a geodesic in M. A curve ¢ = ¢(t) is a
geodesic of F' if and only if its coordinates (c(t)) satisfy the ODE

G'(z,y) = gzll{

é+2G(¢) = 0.

For more details, see [3].
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The Busemann-Hausdorff volume form dVp = op(z)dz! A --- A dz™ related
to F' is defined by
_ Vol(B" (1))
Vol{(yi) € Rn F(yi%

op(z):

Jy

where B"(1) denotes the unit ball in R™.
The distortion 7 = 7(x,y) on TM associated with the Busemann-Hausdorff
volume form on M, i.e., dVpy = o(x)dx' Adz?... Adz™, is defined by following

det (gij (xv y))
o(x) '

7(z,y) =1In

Then the S-curvature is defined by

S(a,9) = 0 [r(et) )]

dt t=0
where ¢ = ¢(t) is the geodesic with ¢(0) = x and ¢(0) = y. In alocal coordinates,
the S-curvature is given by
_oGgm L 9(no)
"oy e

S

A Finsler metric F' on an n-dimensional manifold M is said to be of isotropic
S-curvature if

S=(n+1)oF,

where o = o(z) is a scalar function on M.

For y € T, My, define By, : T, M x T, M x T, M — T, M by

. 0
l
By (u,v,w) := B, (y)u’ v"w 3 =
x
where
B .. PG
Jkl dyi dyk oyl
u = ui% 2, U= vi% z and w = wi% z- The non-Riemannian quantity B

is called the Berwald curvature. F' is called a Berwald metric if B = 0.
For a non-zero vector y € T, My, define E, : T, M x T, M — R by
E, (u,v) := E;;(y)u'v?,
where
ym?

1
Eij = §Bm

Then, E is called mean Berwald curvature and F is called a weakly Berwald
metric if E = 0.
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Also, by using the Berwald and mean Berwald curvatures of F', one can define
the Douglas curvature D, : T,M x T, M x T, M — T, M by D,(u,v,w) :=
Dijkl(y)uivjwk%|z, where

. ) 2 ; i ; i
Dljkl e szkl — m{E]k(le + Eﬂé,@ + Ekl(S;' + Ejk,lyl}'

The Finsler metric F' satisfies D = 0 is called a Douglas metric.

3. PrROOF OF THEOREM 1.1

An (o, B)-metric is defined by

F:=oa¢(s), s=

)

8
a

where ¢ = ¢(s) is a scalar function on (—bg, bg), @ = /a;;(z)y'y’ is a Riemann-
ian metric and 3 = b;(z)y’ is a 1-form on M. For an (a, B)-metric F := a¢(s),
s = B/a, one can define

bij07 = db; — b;0?,

where 0" := da® and @] := ', dz* are the Levi-Civita connection forms of
Riemannian metric . Put

o 1 (p . o 1(p _p
Tij += 3 (bw + b]ﬂ)’ Sij += 3 (bw b]ﬂ)’
i e pipd i — j
Ty = b Tij, r:=>b b7’l“ij, Sj = b Sigs ro = ’I"jy],
.f j .f j o i, .f j
S0 1= 8597, Tio =Ty, Too =i y'y’, Sio = Si;y,
3 im

. im .
= 8my, T = AT Ty,

Sl

where a” = (a;;)~" and b’ := a'b;.
Let G* and G?, denote the geodesic coefficients of I and «, respectively. By
a direct computation, one gets the following formula

G'=G' +By +T, (3.1)
where

B :=0a *(rg — 2Qasy),
T = aQs} + (rop — 2Qasy)b’,

¢/
@=L
o 00— 560" + '8
20[(6 ') + (12— 2)g"]’
_ 1 o
MY sy o)
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For a Finsler metric F with spray coefficients G?, let us define the following
quantity.
_ _ 1 _
e =G — ——G" y".
F n -+ 1 mY
Then we prove the following.

Lemma 3.1. Two Finsler metrics F and F on a manifold M satisfy (1.6) if
and only if the following holds

I} (2, y) = A (Az, y). (3.2)

Proof. Let the spray coefficients of F' and F satisfy

G'(z,y) = AG'(Az,y) + P(z,y)y’ (3.3)
Thus
1 m ~m
Substitution (3.4) in (3.3), we get (3.2). O

Next we calculate the quantity 1% for an arbitrary (a, 3)-metric.

Lemma 3.2. For an («, 8)- metric F = ad(s), s = B/a, on an n-dimensional
manifold M, the following holds

T 7 7 i /=12 2 /
Ik = I, + aQs’y + WIb —nﬂ[ma (b2 — s2)T + Q's0
20 (rg — Q' (b2 — 5%)s0 — sto)}yi, (3.5)

where
I':= o0 — QQOzSO.

Proof. By a direct computation, we obtain from (3.1) that
. . , 1 4
%, = Hza + T’L — m (O[QS”%)ym + [\II(T()O — 2Qaso)bm]ym:|y7’. (36)

It easy to see that

(O‘ané)ym = ailmeSné + a72Q/[me‘2 - /Bym]sné
= QIS(% (37)
and
[U(roo — 2Qaso)b™]ym = Wa '(b* — s*)(roo — 2Qaso)

+2V(rg — Q' (b* — 5*)sg — Qssp).  (3.8)
Substituting (3.7) and (3.8) in (3.6), we get (3.5). O
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Proof of Theorem 1.1: Let F' = a+f and F' = a+ 3 be two Randers metrics
and G* and G' be the spray coefficients of F' and F, respectively. Suppose that
G°, and G, are the spray coefficients of a and @&, respectively. By Lemma 3.1,

we have
Iy (2, y) = MIp(Az, y)
Substituting ¢ = 1 + s and ¢ = 1 + 5 in (3.5), we obtain
H% = Hia + asio,
and
s = 10 +as,.
By (3.9), (3.10) and (3.11) we get

I, (z,y) + a(z, y)s's(z,y) = M, (Az,y) + Aa(Az, y)5' o (A, y).

It is easy to see that
T, (2, —y) = I, (2, ),
15 (A, —y) =I5 (A, y).
Thus by replacing y by —y in (3.12), we obtain
IT, (2, y) = MI; (A2, y),
and
a(z,y)sp(z,y) = ra(Az, )5z, y).
It follows from (3.13) that o and & satisfy (1.6). If
a(z,y) = c(z)a(Az,y)
then from (3.14) we get
s'(x) = ﬁﬁj()\m).

Otherwise

This completes the proof.

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

O

A Finsler metric F' is said to be isotropic Berwald metric if its Berwald

curvature is in the following form

Bijk:l = O‘{ijyk(sil + Fykyz(sij + Fylyj(sik =+ ijykylyi}7

(3.15)

for some scalar function o = o(x) on M. Consider following Finsler metric on

the unit ball B C R",

_ VP = (ePlyP- <2y >+ <ay>
1 —|z[? ’

F(y):

y € T,B" = R,
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where |.| and <,> denote the Euclidean norm and inner product in R", re-
spectively. F' is called the Funk metric which is a Randers metric on B"™. One
can show that F' is positively complete on B”. The Funk metrics are also non-
trivial isotropic Berwald metrics o = % Shen proved that every Berwald metric
satisfies S = 0. Then Tayebi-Rafie Rad generalized his result and proved the
following

Lemma 3.3. ([15]) Every Finsler metric on an n-dimensional manifold M with
isotropic Berwald curvature (3.15) has isotropic S-curvature S = (n+ 1)oF.

The converse of Lemma 3.3 is not true in general. It is interesting to find
some Finsler metrics that these notions of curvatures for those are equal. Here,
we study two Randers metrics satisfy (1.6) such that the one has isotropic
Berwald curvature. Then, we prove the following.

Theorem 3.4. Let F = a+ 3 and F = a + [ be two Randers metrics satisfy
(1.6). Suppose that F has isotropic Berwald curvature. Then F has isotropic
Berwald curvature if and only if it has isotropic S-curvature.

Proof. Suppose that F has isotropic S-curvature
S = (n+1)eF,
where ¢ = ¢(x) is a scaler function on R™. Then

_ 1 -
By ="k (3.16)

Since F and F satisfy (1.6), then

Gi(w,y) = AG (A, y) + P(z,y)y". (3.17)
By assumption, we have

Bijkl = C{ijyk(sli + ijyltsli + Fykyl(S; + ijykylyi}
which implies that
n+1
Eij = TCFyiyg. (318)

By (3.16), (3.17) and (3.18), we get

EFyi,yj = C)\Fyiyj + Pylyj

which yields

CFyiyjyk = C)\Fyiyjyk =+ Pyiyjyk.

Thus
o PG

?

Bjkl = 78yj8ykayl = )\{Bjkl + Pyjyk(sl + Pyjyl,(sk + Pykykldj + Pyjykylyi}

= E{Fylyk6; + ijyz(s;; + Fy]ykél’ + ijykylyi}.
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This means that F has isotropic Berwald curvature. By Lemma 3.3, the con-
verse is trivial. O
4. PROOF OF THEOREM 1.2

In [1], Bécsé-Cheng-Shen studied the ODE (1.7). For certain values of p
and r, they found some solutions of (1.7) which can be expressed in terms of
elementary functions as follows:

(i) For r = —1 and p = £1, we get

b= V1—s? +sarctan(=%z) +es  if p=0, (4.1)
+ 5% —In(s + +s°)"+es 1 = —1. .
YT+ 82 —ln(s+ YT+ s2)° if p=—1
(ii) For r =1 and p = £1, we have
6= V1i+s24es if p=1, (42)
V1—s2+es if p=—1. .
VAl 2 f 1
(iii) For r = 1 and p = £3, we get
¢ = VT4 e tes, i p=1; (4.3)
V1— 52— T“”_Zsz—&—ss, if p=73t '

Here, we consider the class of (a, 8)-metrics F=a¢(s), where p=¢(s) satisfies
the following equation

¢ —s¢' = (p+rs°)¢”, (4.4)
where r and p are constants. (4.4) is equal to
—1
2\
¢ = ks/w%ds +ts, (4.5)

where k and ¢ are constants.

In [5], Li-Shen-Shen considered the class of Douglas (a, §)-metrics and proved
the following.

Theorem 4.1. (Li-Shen [5]) Let F = ¢(s), s = B/, be an (a, B)-metric on
an open subset U C R™ (n > 3), where a = \/a;;(x)y'yl and B = bi(x)y* # 0.
Let b :=||Bz]|]a-

Suppose that the following conditions hold: (a) [ is not parallel with respect
to a, (b) F is not of Randers type, and (c¢) db =0 everywhere or b = constant
on U. Then F is a Douglas metric on U if and only if the function ¢ = ¢(s)
satisfies the following ODE:

{14 o1+ kas?)s® 4 kys? [0 () = (1 + kas) {0(s) = s0/(5) ) (4.6)
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and [ satisfies
by = 20{ (L Fnb?)ay; + (kab? + kis)bib | (4.7)

where T = 7(x) is a scalar function on U and ki, ko and ks are constants with

(k'27 k'3) 7é (07 O)

Let us consider the (o, f)-metric F = a¢(s), s = B/a, where ¢ = ¢(s)
satisfying (4.4). If B satisfies

by = 27{ (p+ V¥)ai; + (r = 1)bi; }, (4.8)

where 7 = 7(z) is a scaler function, then £ is a closed 1-form. In this case, F’
is a Douglas metric. See page 22 in [1].

Proof of Theorem 1.2: Suppose that F and F satisfy (1.6). By Lemma 3.1
the following holds

e (z,y) = A H%()\Jc,y). (4.9)

Substituting

—1

2\ 2
(b:ks/%ds—l—ts, and ¢ =143

into (3.5) yields

H%‘ = sz + OéASiQ + C(TOO — 2A0480)b1
1 _
E—— {Da L2 — 5?)(rop — 2Aasg) + Bsg
+2C(rg — B(b* — 5%)sg — Asso)}yi, (4.10)
I, = II} + as). (4.11)

where

2\ 2

—1

1-2r / (p—|—7’$2)W 1-2r

B = —s(p+rs?) = = ds — tk~'s(p +rs?) =,
1
T2t (P
(I1—r)s
o+ = )

D =
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It follows from (4.9), (4.10) and (4.11) that

1
n+1

I, + aAs’y + C(roo — 2Aaso )b’ — {Dozl(b2 — 5%)(rop — 2Aasg)

+Bsg + 2C [ro — B(b2 - 82)80 - ASSO} }yi
= AL Az, y) + XA a(\x, y)55( Az, y). (4.12)

Replacing y* with —y in (4.12), one can see that

tk_l{QCsobl + mmsoy’ - s"o} = Aa(Az,y)a Wi oAz, y), (4.13)

where

W :=p+rs? (4.14)

(ptrsH)(r—1)(b—s)(b+s)B
e L (4.15)

The left side of (4.13) is rational in y while its right side is irrational. So, it
follows that

s'g=35",=0.
Substituting ', = 0 into (4.12) implies that
W (2,y) = A (A, y). (4.16)

By (4.16), it follows that F' is a Douglas metric. Then, by Theorem 4.1 we
have

by = 27{ 0+ D)as; + (r = 1)biby) }. (4.17)
Substituting
§9=0 and b; = 27{(19 +b%)ai; + (r — 1)bibj}

into (4.12), we have

M (2, y) = MIL (A, y) — Ta?b’ + T8y’ (4.18)
n+1
Then by (4.18), one can conclude that
G (7, y) = A\GL(\x,y) — Ta?b" + 0y, (4.19)

where 0 = a;(z)y’ is a 1-form on M. O
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5. PROOF OF THEOREM 1.3

In this section, we are going to prove Theorem 1.3.

Proof of Theorem 1.3: Let G and G denote the spray coefficients of F' and
F, respectively. Then by (1.1), we have

G' = uPy' + u?Qa’,
G' = uPy' + u?Qu, (5.2)
where

P= =3 (s0+ 02 =10.)Q + 515 (50 +70),

i _¢T + 3¢rs + T(bss
2r ¢ — sgs + (12 — $2)ss

P = *%(S&Jr (r? —s )¢9>Q+ 7(5% +T¢s)7

Q _ i _(Zr + Sérs + T(Ess
2r é - Sés + (TQ - 82)&88 )

Since the spray coefficients of F' and F satisfy (1.6), then there exists a scalar
function P = P(z,y) defined on Ry such that the following holds

G'(z,y) = A\G'(Az,y) + P(z,y)y". (5.3)
By (5.1), (5.2) and (5.3) we get
()\up()\r, As) —uP(r,s) + P(z, y))yZ + u? ()\QQ()\n As) — Q(r, s))x’ =0.(5.4)
It follows from (5.4) that
Q(r,s) = N*Q(\r, As), (5.5)
(5.5) is equal to following

— A (AT, AS) + A250,5 (A1, AS) + N2y (A7, As)
AAT, AS) — Asds (A, As) + A2(12 — 52) g (A7, As)

 —=hp(1,8) + 50p5(1,5) + 1dgs(r, 5) (5.6)
©o(r,s) — sps(r,8) + (12 — 82)gs(r,8)
Put
A(r s):i=Vr2—s? [(b(r s) — sos(r, )]
(rys) := /\m[ AT, As) — Asds(Ar, As)].
A direct computation yields
sA,(r,s) +rAg(r,s) I
(r2 —s2)Ay(r,s)  Q (5:7)
sB,(r,s) +rBy(r,s) I
(r2 — s2)Bs(r,s) Q (58)
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where
II:= _d)r(r: 3) + S¢7-3(T, 3) + Tgbss(rv 5)7
IT:= A28, (A1, AS) — A, (A1, As) + A2rdgs (A1, As),
Q= ¢(r,s) — 5¢5(r,5) + (1% — 82)pss(r, 5),
Q == d(Ar, As) — Asds (A, As) 4+ A2 (r? — 52)dys (A1, \s).
By (5.6), (5.7) and (5.8), one can see that

Ay(r,s)  Bp(r,s)

Ay(r,s)  Bs(r,s) (5:9)
So there exist a function g := g(x) such that
A(r,s) = g(B(r,s)). (5.10)
It is easy to see that (5.10) is equal to (1.8). O
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