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Abstract. This paper focuses on the projective Riemann quadratic (PR-
quadratic) Finsler metrics, which are variant of the Finsler metrics in Finsler
geometry. The paper introduces a special class of PR-quadratic Finsler met-
rics, called SPR-quadratic Finsler metrics, which is closed under projective
changes with respect to a fixed volume form on M. This class contains the
class of Douglas-Weyl metrics and is a subset of the class of Weyl metrics. The
paper shows that any SPR-quadratic Finsler metric has a scalar flag curva-
ture and a PR-quadratic Finsler metric has a scalar curvature if and only if
it is of SPR-quadratic type. The results presented in this paper contribute to
a deeper understanding of the behavior of PR-quadratic Finsler metrics and
provide insights into the geometric properties of these metrics.
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1. Introduction

Two regular metrics on a manifold M are considered projectively related if
they share the same geodesics as the point sets. Geodesics represent the equa-
tions of motion that describe the behavior of space, making them significant in
Physics. Utilizing the characteristics of regular metrics on a manifold M and
applying them to introduce new projectively invariant quantities is a classical
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approach in projective geometry. In the realm of Finsler metrics, there exist
well-known projective invariants, such as the Douglas curvature, Weyl curva-
ture, and generalized Douglas-Weyl curvature [2], [3]. These invariants play a
crucial role in understanding the geometric properties of Finsler spaces. The
concept of projective invariants is important in Finsler geometry. The tensors
that contain both Ricci curvature Ric = Ric(x,y) and S-curvature S = S(z,y)
are more applicable in this field [17][18][20]. Z. Shen introduced the concept of
Projective Ricci curvature PRic for a Finsler metric F [8], which is defined as
follows

IS R

The Projective Ricci curvature of Finsler metrics on a manifold M is projective
invariant with respect to a fixed volume form on M. Here, the Ricci curvature
is defined as the trace of the Riemann curvature. The Ricci curvature, which is
defined as the trace of the Riemann curvature, plays a significant role in Finsler
geometry. The Riemann curvature is a fundamental quantity in this field and
is represented by a family of linear transformations

PRic = Ric+ (n—1) (s|mym S ).

R, : T,M — T, M,

where y € T,,M, with homogeneity Ry, = A’R,, for every A > 0.

A Finsler metric (M, F) is considered R-quadratic if its Riemann curvature
Ry is quadratic in y € TaM. R-quadratic Finsler spaces are a rich class of
Finsler spaces.

In Finsler geometry, the Riemann curvature of a projective spray in a Finsler
metric (M, F) is referred to as the Projective Riemann curvature. Similarly,
the Projective Ricci curvature is defined as the Ricci curvature of the projective
spray.

In this paper, the focus is on studying Projective Riemann quadratic (PR-
quadratic) Finsler metrics. In particular, a special class of P R-quadratic Finsler
metrics, called SPR-quadratic Finsler metrics, is considered. It is proved that,
this class of Finsler metrics contains the class of Douglas-Weyl metrics (DW-
metrics). The class of DW-metrics is closed under projective changes and is
equal to the intersection of two classes of Douglas metrics and Weyl metrics.
In special case, it is proved that,

{DW — metrics} C {SPR — quadratic metrics} C {Weyl metrics} (1.1)

The Weyl and Douglas curvatures of PR-quadratic Finsler metrics are also
considered. It is shown that a PR-quadratic Finsler metrics is of scalar curva-
ture if and only if it is of SPR-quadrartic. Moreover, It is proved that Every
P R-quadratic Finsler metric is a GDW -metric.

In the paper, the vertical and horizontal derivatives with respect to the
Berwald connection are denoted by ”” and ”|”, respectively.
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2. Preliminaries

A Finsler metric on a manifold M is a non-negative function F' on T'M
having the following properties
(a) Fis C* on TM \ {0},
(b) F(\y) = F(y),VA>0, ye TM,
(c) For each y € T, M, the following quadratic form g, on T, M is positive
definite,

u,v € Ty M. (2.1)

)

1
gy (u,v) := 3 [Fz(y + su+ tv)} o

To measure the non-Euclidean feature of F;, define C, : T, M x T, M x T, M —

R by
1d

2dt
The family C := {Cy},crm o} is called the Cartan torsion.

Cy(u,v,w) := [gy+tw(u,v)] ‘t707 u,v,w € Ty M. (2.2)

A curve ¢ = ¢(t) is called a geodesic if it satisfies
d%ct ir
W + 2G (C7 C) = 0, (23)
where ¢ = 9 and G' = G'(x,y) are local functions on TM given by
{ 0?F% ,  OF?
orroyt’ ~ oal

and called the spray coefficients of F. The Riemann curvature R, = R, ai-i & dz*

. 1 .
G (x,y) = 19" (@,y) boyenm (4

of I is given by
0G" _ o’qt Lo 092Gt B oGt OG™
azk  dzmayk? dymoyk  oy™ dyk

For the Riemann curvature of Finsler metric F' one has [8]

Ry =2
i 1 i i 7 %
R Kl = g(R kil — R l.k)v and R] kl — R kl.j- (25)

A Finsler metric F' on a manifold M is called a Berwald metric if G* are
quadratic in y € T, M for all x € M. For y € T,, My, define

By : T,MTMQT,M— T, M

o P
By (u,v,w) = B} pulvFw! —

oxt’

i _ _ 9at
where Bjkl = Byioy oyl Put
E,T,MT,M —R

Ey(u,v) = Ejkujvk,
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1pm _ 10 _ i 0 _ i O
B km, u = w55, v =05 andw—wawi. B and E are

where Ejp = 3
called the Berwald curvature and mean Berwald curvature, respectively. F' is
called a Berwald metric and Weakly Berwald (WB) metric if B =0and £ =0,

respectively [9].

The S-curvature S = S(z,y) was introduced as follows [9]
d
S(z,y) = =7 (v(0): 7' ()] je=0;
where 7(z,y) is the distortion of the metric F' and ~(¢) is the geodesic with
~(0) = z and +'(0) = y on M. It is considerable that [§]

Ei; = %S.i.j- (2.6)
The non-Riemannian quantity x-curvature is denoted by x = x; dx? and defined
as L
Xj =S jmy" —S;; = —§(2Rmk,m — R™ k). (2.7)
Let
1 o3 oG™

g g Kl n—i—layﬂﬁy’fayl(aymy )
It is easy to verify that D := Djikldxj ® 8‘; ®dx* @ dxt is a well-defined tensor
on slit tangent bundle T'Mj. It is known as the Douglas tensor, referred to as D.

The Douglas tensor D is a non-Riemannian projective invariant, namely, If we

consider two projectively equivalent Finsler metrics F and F, with a positively
y-homogeneous projective factor P = P(x,y) of degree one, it follows that the
expression

G' = Gi + Py,
holds true. Moreover, this implies that the Douglas tensor associated with F’
is equal to the Douglas tensor associated with F' [4], [8]. One could easily show
that

Djikl = Bjikl - {Ejkéf + Ejlé,i + Ekléj- + Ejklyi}. (28)

n+1
Douglas curvature, Djikh is a projective invariant constructed from the Berwald
curvature. Finsler metrics with Dji k1 = 0 are called Douglas metrics. The met-
rics with the following condition are called GDW metric which are projective
invariant.

D' imy™ = Tiny',

for some tensors Tjx;.

Lemma 2.1. [8] Let F and F be two projectively equivalent Finsler metrics on
a manifold M. Then, their Riemann curvatures are related by

Ry = R}, + ES', + 1y, (2.9)

where

E=P?—P,y", T = 3(Pjp — PPy) + E .
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Here P, denotes the covariant derivative of projective factor P with respect to
F.

For a spray G on an n-dimensional manifold M and given a volume form
dV on M, we can construct a new spray by [8]
2S

G:=G+—Y.
n+1

The spray G is called the projective spray of (G,dV'). In local coordinates,
S

Gi= G — 2.1
G =G Y (2.10)

The projective Ricci curvature of (G,dV) is defined as the Ricci curvature of
G, namely,

PRiC(G’dV) = RiCé.

Then by a simple computation one has

. ‘ Sio S
PRic(g,qvy = Ric+ (n — 1){n—i|—1 + [n—i— 1]2}, (2.11)

where Ric = Ricg is the Ricci curvature of the spray G, S = S(g qv) is the
S-curvature of (G,dV) and S is the covariant derivative of S along a geodesic
of G. Tt is known that G remains unchanged under a projective change of G
with dV fixed, thus PRic(g.qv) = Ricg is a projective invariant of (G,dV).
For a Finsler metric (M, F'), the Riemann curvature of a projective spray is
called projective Riemann curvature,

PR (c.av) = R'ig-
A Finsler metric (M, F) is called PR-quadratic Finsler metric if

PR;".m = 0.

3. Finsler metrics of PR-quadratic type

In this section, we dive into the fascinating world of PR-quadratic Finsler
metrics. These metrics are a special type of Finsler metrics that possess certain
unique properties. By carefully considering these metrics, we can gain valuable
insights and further our understanding of the mathematical principles behind
them.

Lemma 3.1. Let Finsler metric (M, F) is of PR-quadratic type. Then

PR v = w6’y — a6y + (e — pra)d'j + ¢ 5. (3.1)
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prr and ti' on M can be expressed as pp, = ppi(x) and tj'y = tj'(x).
Moreover, t;%; do not include any terms involving 6';, 6'y, 6%, or y* and one
has

tjikl = —tjilk, tjikl + tkilj + tlijk =0. (3.2)

Proof. By using the assumption that G' = G — S/(n+ 1)y* and referring to
(2.5) as well as (2.9), it becomes possible to establish the Projective Riemann
curvature of F' as follows.
. . 1 1 ; 1 ;
PRy = R'yy + g(Tk —Ex)0" — 3(7'1 —E)8"% + g(Tk.l k)Y, (3.3)
where

s? Sio SS. Sii
E = =— - — Ey.
(n+1)2+n+17 Tk 3(n+1)2 3n+1+ .

It is known that

Foe L [Br g g m (3.4)
.k—n+1 a1 |k |m.kY . :
On the other hand,
3S|;€ 1 3(Sz) k.l
= — — — = FE. 3.5
TS T T a2 TR (3:5)
It should be noted that one might discover that
3
Tt =Tk = o <S|k4l - S|z.k), (3.6)
3 SS i
— E = - . .
T — Bk n+1@m+n+l% (3.7)
and
E 3
ThA = = (3.8)

2 2(n + 1) Xk?v
where xj, is the y-curvature of F' defined as (2.7). Now put
Ry = apd’y — ;6" + by’ + t'w,
where the factors 6%, 6%, and 3’ are not present in t%s;. After placing the

equation mentioned above in (3.3), the result is obtained.

: 1 ) 1 )
PR;'y = (ar + g(Tk —E) 0 — (o + g(Tz —E;) 0% (3.9)

1 . 1 ) .
+ (bt + g(Tk.l — T1k))0; + (brr + g(Tk.l —Tik)) Y ke

Upon discovering that F' is of PR-quadratic type, one can deduce that

1 1 . .
(ax + g(Tk —E);= ik, bu= *g(ﬂc.l — 1K) For(x), ey =ti'k(x),
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where pjr = pir(z), o = ogi(z) and ;%% = ;' (z) exhibit dependence on

M, where oy, satisfies the condition oy; = —oy, and tjikl satisfies the condition
t;' = —t;'1. Following that, we obtain [8]
PR 1y = pjid't — 0’ + 03’y + ' 1. (3.10)

The following identities hold for the Riemann curvature of G = G'—S/(n + 1)y,
PR’ + PR+ PRi';,, =0, PR;'y = —PR;"i.
After considering the previous identity and referring to equation (3.10), it be-
comes apparent that we can readily deduce the result referenced in equation
(3.2). The previous identity and (3.10) produce
Okl = —Olk = [k — Mkl

which (3.1) is determined. O

An interesting topic to delve into next is the relationship between PR-
quadratic and GDW -metrics. The remarkable finding is that every P R-quadratic
Finsler metric can be regarded as a GDW -metric.

Proposition 3.2. The Douglas curvature of PR-quadratic Finsler metric sat-
isfies the following equation
, 1 ,
Dj" ko = mS.TDjrklyla
where Djikl‘o = Djik”mymand S = S(xz,y) denotes the S-curvature of F.

Proof. By employing the assumption, which states that F' is PR-quadratic, as
well as the subsequent Ricci identity [8]

PB;' jijjm — PBj" kit = PR;" ik,
we conclude
PB;"1jjm — PBj"kmi = 0,

where denotes the horizontal derivative with respect to Berwald connection
of G*, while PB;%j; denotes the Berwald tensor of G'. By referring to (2.10)
and (2.8), it becomes evident that

b2 | |77

PBjiy = Dy

It indicates that
Dy kafjm — Dj kemii = 0. (3.11)

Nevertheless, based on (2.10), we have
i i 1 i i i
D' rijjm = Dj" pijm + m{s.ij kel +SeDj"mi +SuD;" km

+S D% +SD; kim — S D ka6 — S Dy iyt
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It can be derived from the two equations above that

7 7 1 r 7 r 7
Di*rijm — Di'kmp = m{S.TDj k10, — S +D;" km 6]

+(S.rmD; ki — S.r.leTkm)yi}-

Now, contracting the aforementioned equation by y"* leads to the desired out-
come. 0

3.1. Douglas-Weyl (DW)-metric. DW-metrics possess certain unique prop-
erties that make them particularly interesting to study. By being the inter-
section of Douglas and Weyl metrics, they inherit some characteristics from
both classes. To further understand these DW-metrics, we investigate their
relationship with the Projective Riemann curvature tensor. In particular, we
observe that these metrics fall within the realm of PR-quadratic Finsler met-
rics. This class encompasses a wide range of Finsler metrics that exhibit cer-
tain quadratic properties with respect to projective transformations. Within
the PR-quadratic Finsler metric class, we identify a specific subset known as
S PR-quadratic metrics. These metrics possess additional special properties
that make them particularly interesting and worthy of investigation. In partic-
ular, we have

Theorem 3.3. Let F' be a Finsler metric on a connected manifold M (n > 2).
If F is a DW -metric then it is PR-quadratic with

PR, = 0,099 (8" 1yP — 6Pxy"), (3.12)

where Opq = Ogp = Opq().

Finsler metrics characterized by the projective Riemann curvature in the ex-
pression (3.12) are referred to as Special PR-quadratic (SP R-quadratic) Finsler
metrics.

Proof. Let F be a Finsler metric of DW type. Then the vanishing of the Weyl
curvature implies that F is of scalar flag curvature.

Ry = MNF*§'y — yry"),

where A = A\(z,y) is a function on T'M.
Now, by referring to (2.5), one can deduce the validity of the subsequent

identity
2 2

R = (%/\.l + )\?Jl)d_(sim - (%/\m + )\ym).jﬁil (3.13)

+% ()\,myl - )\_lym>5ij + %(A,myl — )\‘lym) 'jyi.
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In [8], we can find the following equation.
R;" ik = Bj'kijm — Bj'kmii- (3.14)

However, as assumed, F' belongs to Douglas classification. Then with reference
to (2.8), it can be concluded

Bj'y = (Ejkéil + Ejd'y + End'; + Ejkllf)- (3.15)

n+1
(3.13), (3.14) and (3.15) yield
(3.16)

1) (B + M) g = — 725 Ejui,
(2) 3y = Aiym) & = — 757 (Brmit — Ertjm),
(3) 3Ny = Aiym) ik = =725 (Ejkmit — Ejtjm)-
According to the reference (2.6) and the initial equation in (3.16), one discovers
2 1

1 T
*mEg‘ku = *ms.j.ku = *m(su.j.k +S5,B;" k)

F2
= (S + A ) . 3.17
( 3 M + Ay ik ( )
Then )
1 F S‘l
— 8By = (A A )
ny1- Tk 3 Uns yl+n+1 gk
Noting (3.15), one gets *%HS.rBjrkl - f(m)_j.kl and then
F? S‘l SS
S : ) -
( 3 i yl+n+1 + (n+1)2/ 5k
Then there exists a function 6 = 0y (x) on M such that
2 S|l SS
Oy = — A+ A : ) 3.18
kil (3 1+ yl+n+1+(n+1)2).k (3.18)
Thus )
Sio S
AF? 4 = Opyy”y"
Tt T i = ey
which based on (2.9), it is equivalent to
E+ \F? = 0,97y (3.19)

Now we show that 0x; = 6. In the beginning, it is worth mentioning that
according to (3.18), one obtains

1
Okt — O, = ——(S)p — 5 — =AYy — A . 3.20
WO = 1( itk = Sik.) 3( WYk — AkY1) (3.20)
The contraction of the above equation by y*, with reference to (2.7), produces
1 F?
(O — Ou)y" = Xi+ Al

n+1 3



124 N. Sadeghzadeh

Assuming that A is the scalar curvature of F', utilizing (2.7) will produce

n+1
3
The two equations above demonstrate that

F2)\,. (3.21)

X1 =

Or1 = 0. (3.22)
Now, noting (3.8) and (3.21), we have
1
T — AYk = —§(E + AF?) 1,
which after observing (3.22) and (3.19), one reaches the following.
Tk — )\yk = — pkyp. (323)
By its contradiction by y*, one has
A2+ E = TR
By putting (3.19) and (3.23) in (2.9), one gets PR%;, = (AF? + E)§%), + (1) —
Ayk)y' = OpqyPy? — O,ryPy’. This expression, based on (2.5), allows us to find
PR;'1 = 0,0}, — 0;16;.
O
According to the theorem mentioned above, the class of DW-metrics is a subset
of the class of SPR-quadratic Finsler metrics that have been specified in (3.12).
It can be demonstrated below that each Finsler metric which is S PR-quadratic
has scalar flag curvature. To put it in another way, the class of SP R-quadratic

Finsler metrics is closed under projective transformations with a fixed volume
form dV, and one must fulfill

{DW — metrics} C {SPR — quadratic metrics} C {Weyl metrics}.

Theorem 3.4. Let ' be a SPR-quadratic Finsler metric on a manifold M.
Then it is of scalar flag curvature.

Proof. Provided that F' is classified as SPR-quadratic, a function 6,y = 04
will exist on M such that
PR = 0,y Y5}, — OrpyPy" (3.24)

By considering the definition provided by [8] for Weyl curvature and acknowl-
edging its characteristic as a projective invariant, one obtains

k.m ~

. i i 1 m i 1 m 1 m %

where PW, and W} are the Weyl tensor related to G¢ and G, respectively.
By substituting (3.24) in the equation above, we obtain PW} = W} = 0. The
prior equation implies that F' is of scalar flag curvature. O
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Corollary 3.5. A PR-quadratic Finsler metric is of scalar curvature if and
only if it is of SPR-quadratic type.

Proof. Let (M, F) be considered as PR-quadratic. Using reference (3.25) and
Lemma (3.1), the calculation of the Weyl curvature becomes possible as follows.

; n—2 2n—1
to™ mo0;, (*im -
0 modk + 1k mo T T

W]z = sz = toiko - n—1 tommk)yi.
As shown in the proof procedure of Lemma 3.1, t'y; = tjiklyj do not include
any terms involving &%;, 8%, 6, and y*. Then the Weyl curvature vanishes if

and only if ¢y°4o = 0, and this point combined with Lemma (3.1) gives
PRt = 000"k + (2p0k — pr0)y’s

where oo = fipgyPy? and pro = prpy?. By substituting 0, = pgp — 2pq, We
arrive at the desired conclusion. (]

In conclusion, the examples provided demonstrate that DW-metrics are
strictly contained within S P R-quadratic Finsler metrics, and these Finsler
metrics are in turn strictly contained within Weyl metrics. In other words,
(1.1) is proved. Presented here is the SPR quadratic Finsler metric, which
does not fall under the category of DW-metric.

Example 3.6. Put
Q={(z,y,2) € R¥|2®+y*+22 <1}, p=(2,9,2) €Q, y= (u,v,w) € T,Q.
Define the Randers metric F = a+ 3 by

o V(=yu +2v)2 + (12 + 02 + w?)(1 — 22 — 4?) 5= —yu + v
= , =1

1—a2—y? — 22— 2

The above Randers metric has vanishing flag curvature K = 0 and S-curvature
S = 0. F has zero Weyl curvature then F is of GDW metric. But 8 is not
closed then F' is not of Douglas type.

The subsequent example provides a clear indication that the class of SPR-
quadratic Finsler metrics is distinct from the class of Weyl metrics, with the
former being a subset of the latter.

Example 3.7. [8] The family of Randers metrics on S® constructed by Bao-
Shen are weakly Berwald which are not Berwaldian. Denote generic tangent
vectors on S as

uU— + 1}2 + 22
Ox Oy 0z

The Finsler function for Bao-Shen’s Randers space is given by

F(x7y7z’u7v7w) = a(‘r’y’z;u’v7w) +/B($7y7z;u’v’w)7
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with

VA(cu — zv + yw)? + (2u + cv — 2w)2 + (—yu + v + cw)?
1+ 22 4 y? 4 22
BV = 1(cu — zv + yw)

B - 1+ T2 + y2 + 2
where A > 1 is a real constant. The above Randers metric has vanishing S-
curvature and with positive constant flag curvature 1. Due to vanishing S-

o = 5

7

curvature, Gi equals G*, followed by
PR';. = R’ = F*6's — yry/,
which does not possess SP R-quadratic property, unless F' is Riemannian.
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