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Abstract. Using the Lie classical method, the potential symmetry of the gen-
eralized hyperbolic quasilinear and Boussinesq equations is investigated. To
find these symmetries in specific cases, we study various scientific examples
that admit these symmetries. In addition, using this method, the potential
symmetries of the conservative forms of the Boussinesq equation is determined.
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1. Introduction

In various applied sciences, including engineering sciences, mathematical
physics, quantum and particle physics, physical chemistry, etc., conversation
laws are examined for a vast domain of nonlinear partial differential equations
(PDEs) [15, 13]. Generally, the principal laws in physics that express that
discrete quantities of an isolated system stay stable over time are called con-
servation laws.

The Lie symmetry method, known as the classical Lie method, is a basic
method in this field. By this method, we can reduce the order of ordinary
differential equations and also reduce PDEs and convert them to ODEs in cer-
tain cases [7, 21, 22]. In recent decades, due to the widespread applications of
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science, Lie classical groups, especially potential symmetries, have been con-
sidered by researchers [8, 23]. Furthermore, relation between a conservation
law and symmetries perform a significant work in the analysis of qualitative
attributes of the solutions [6, 19, 24, 25, 26]. Undoubtedly, the history of the
potential symmetries go back to Bluman et al., in 1988 [3]. The potential proce-
dure is used to earn an extensive range of symmetries of PDE, that is rewritten
as a conservative form. Scientists studied the Lie symmetries of the potential
system, which is created by adding potential variables as extra unfamiliar func-
tions to the equation. By calculation the Lie point groups of transformation,
that operate on the various spaces of the dependent and independent variables
and their derivatives of the system, an other set of symmetries, so called po-
tential symmetries, are obtained. These symmetries are different from point
and Lie-Bécklund symmetries [11]. Approximate symmetries are another type
of symmetries that are used to obtain solutions for equations that have a small
parameter [9, 10]. Invariant solutions for potential symmetries lead to finding
more solutions for the PDE under study. Any Lie group results in potential
symmetries, provided that at least one of the generators clearly depends on the
potential variables. In searching for new solutions with the reduction method,
these symmetries will be useful [4, 18, 16, 20, 24].

This study is dedicated to the potential symmetry analysis of generalized
quasilinear hyperbolic equations, which is another type of second-order wave
equations,

r(x)uy = [s(z, w)ur + k(z,u),. (1.1)

Here r € C1(R) and s,k € C'(R?) are nonzero functions as s, = k, = 0. In
[20], an analysis of potential symmetries has been obtained for a type of this
equation.

In continuation, the Boussinesq equation is studied. This equation is applied
to various physical phenomena, including diffusion long waves in shallow water
[5]. The main form of this equation is

Uy — Uy + U2, + Sui + gy =0 (1.2)

where « is real parameter and u(t,z) is an arbitrary functional and ¢,z are
time and space variables respectively. Considerable interest in the Boussinesq
equation in the last few decades has led to the construction and study of many
solutions and developments of this equation. For instance, using symbolic
computation method, rogue wave solutions, three types of breather solutions
and analytical N-soliton solutions have been obtained by Ma for generalized
nonlinear Boussinesq equation [1, 14]. In [17], a complete study has been done
on different types of this equation. In the second part of this study the potential
symmetries of the conservation laws for this equation, will be obtained by the
multiplier method.
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The outline of this study is as follows. Section 2, is dedicated to recalling the
principal definitions about potential symmetry. In Section 3, these symmetries
of equation (1.1) for three scientific items are investigated. Finally, the potential
symmetries of the conservative forms of the Boussinesq equation are analyzed
in section 4.

2. Preliminaries

Assume G is a n-th order system of a PDE with independent variables (¢, x)

such that z = (x!,--- ,2P) and dependent variables u = (ul,--- ,u9) as

G(t,z,u,u® - u™) =0, (2.1)

Here we denote the n-th order partial derivative of the function u by (™. To
calculate the symmetries of equation (2.1), it is sufficient to rewrite it in the
conservative form:

Dy plu] + Dyab[u] = 0, (2.2)
where
plu] = p(t,z,u,u® - w1y
and
Ylu) = ot u,u®, o D),

Assuming the system G{t, z;u} can be explicitly rewritten in the conservative
form (2.2), a potential variable v(¢, ) can be introduced as an additional unfa-
miliar function. The pair of potential equations p that derived from (2.2) are
defined as follows

v = plu, v = —vful. (2.3)

With community of system G{t,z;u} and potential equations p, the potential
system H{t,xz;u,v} are constructed. Indeed, the solution set of potential sys-
tem H{t, z;u,v} and G{t,z;u} are equal. The infinitesimal symmetries are
obtained from the following equations,

X" (vz = plu])la = 0, X" (v + ¢[u])|la = 0. (2.4)

By replacing v, with p[u], and v; by —¢[u] in equations (2.4), the determining
equations are created. The potential symmetries of (2.1) are resulted by solving
this equations. With the generators &, 7,7 and ¢, the Lie symmetry for (2.3)
is clearly defined. If the relation £2 + 72 + n2 = 0 holds, point symmetries are
obtained and if €2 472472 > 0 then potential symmetries are obtained for the
equation (2.1). This symmetries give new solutions of (2.3). Finally, another
solutions of (2.1) are induced.
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3. Potential symmetry of the Hyperbolic equation
After rewriting equation (1.1) in conservative form, we get
Dy(r(x)ut) — Dy (s(z,w)us + k(x,u)) = 0. (3.1)
Substituting a potential variable v(¢,z) in (3.1), we have
vy = r(z)ug, v = s(x,u)ur + k(x, u). (3.2)
After solving characterize system,
X vy = rug)| 7y = 0, X (v — suy — k)|(r) =0, (3.3)

the generators are obtained. X' is defined as

X! = 5% + T% + “”a% + "a% + soil)a%gﬂ + wél)a%t + nﬁl)% + nél)a%-(&ﬁl)
Where
O = 0+ (Pu — )ty — Tty — Tyigtty — €42 + Py — TyllyUy — £ty g,
9051) = @1 + (Pu — T Uy — TuUF — Gty — Eulilia + P — TyUsVy — Eylig Uy,
1Y = 0+ (e — E2)0r — E0V2 + Tty — Tot — TuligVs — TyUpt — EuligUs,

Ny’ =1+ (Mo — Te)0¢ — To0F + Nutty — TuteV — Ve — Eu Uiy — EuUa Ut
Therefore (3.3) becomes
- [(Sﬁt + Qutiy + Po)vr — (& + Eute + Eup)ug — (T¢ + Tuur + Tvvt)ut} f+

77:6 + nuuz + nvvz - [51’ + guuaz + gvvz:| Vy — |:7_:v + Ty Ug + TyUg |Vt = Oa (3 5)
- [(‘Pt + @utiy + ©o)vr — (& + Euttr + Eyve)ug — (T4 + Tuus + Tuvt)ut}ng '

M+ Nty + MyVy — [Et + Euuy + 51}“75} Vg — [Tt + Ty Uy + Tvvt} vy = 0.

By replacing v, with r(z)us, and v with s(x, u)us + k(x,u) in (3.5), determi-
nant equations are obtained.

In the following, we going to verify physical cases of r(z), s(z,u) and k(z,u),
which admits potential symmetries by calculating the point symmetries of
them. These cases are very important in physics and mathematics. They
are especially useful in investigating space-time metrics on pseudo-Riemannian
spaces [2, 27, 28].

Case 1: s(z,u) = u,r(z) = b and k(z,u) = e, here b and \ are change-
less. The infinitesimal group are computed as:
& =c1z+ co,
T = c3t + cy0,
p = c5T + cg,
7= (c1 —c3)v.
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Then, symmetries are obtained by the following generators:

Xl = £7
%%
XQ —’U%,
X3 =T,
g (3.7)
X4 a0
% g
X5 _tg 'Uai,
= %oz " Vo0

Undoubtedly, X5 becomes the only potential symmetry of equation (1.1), be-
cause this symmetry satisfies the condition : €2 + 72 + 92 =1 > 0.

Case 2: s(x,u) = u,r(x) = x and k(z,u) = u®. Hence, infinitesimal symme-
tries are determined as,

5 =17 + cov,

T = Co2U + €3,
—coul (3.8)
U+ C1U + ¢4,

Sp:

7 = C1v + Cs.

Therefore, point symmetries are provided with these vector fields

X, = gv
%
X2 —U@,
X3 = e (3.9)
X4:x§+v§+uaﬂ,
o

X5 = v— + zu— — .
5 U3x+xu8t x Ou

Certainly, X and X5 are potential symmetries for equation (1.1). Because,
respectively, we have

2
u
E+72+¢2=1>0, f§+73+¢§:1+ﬁ>0,
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Case 3: s(z,u) = u,r(x) = x and k(z,u) = u. The infinitesimal symmetries
are defined as,

§ = + csv,
T = C52U + Cg,

—osun + [(Zt +u)ey — 02} v —2c1v + { —c1u? + (=2c1t + c2)u

gp:

1 1
—|—201v} t+ 22ciu — —cud + =cou® + csu,

n= 6211)2+ |:( tz)Cl +62t+03:|’l).

with following generators

Xlzl'%,
15)
2= =
t
g 0 uv 0 0
Xsg=2u—— ——— ,
gt 1('98u ox
Xy =tu—+v—,
ou 0

1 0 0
X5 = (—v+ut+7u2)— +tv——,
2 ou ov ) p . 5
Xe:{(2t+u)vf2v+( u? — 2tu + 20)t + 22u — u3)] +( 02 + (22 2)1})7.
ou v
In this case, X3, X5 and Xg are the potential symmetries for equation (1.1).
Since, we have:
u?
G+mi+er=1+—5>0,
Eo+ 70 +9h=1>0,
E+r2+pl=4t+u—2)2>0.

(3.10)

4. potential Symmetry Analysis of the Boussinesq Equation

A set of conservation laws for the Boussinesq equation is obtained with the
following forms [12],

Dy(ut) + Dy (3uuy, — uy + aus,) = 0,

2

Dy (zuy) + (3o:uum +u— %u — XUy — QU2 + aa?u;gz> =0, (4.1)

(
(
Dy (tu, — u) + Dy (3tuuy, — tuy + atugy) = 0,
3
Di(—zu + xtuy) + D, (Sxtuux +tu — itUQ — xtu, — 3taus, + 3atmu3x> =0.

In the following, we going to verify the potential symmetries of the Boussinesq
equation, which is rewritten in a form (4.1), by calculating the point symme-
tries of them.
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Case 1: By putting the equation (1.2) in the conservative form, it’s potential
symmetries are calculated

Di(us) + Dy (3uuy, — uy + cug,) = 0. (4.2)

From the equation (4.2), the infinitesimal symmetries are resulted as,

1
&= g(Cﬂ + 5¢5)t + cax + cp,

L o
T = iclt +02t+63,
2 1
n=—(ert +5ea)(u— 7)),
1 1
p=F(x)+ 5(6133 + 5¢5)u + 5(5@ — 25¢4)v.

Then, symmetries are obtained by the following generators:

Xi =0,

X2 = 8907

X3 =20, — 2ud, — 5v0,, (4.3)
X4 = t(?a; + u@m

X5 =1t0; +v0,.

Clearly, nothing of point symmetries are a potential symmetry for (1.2), because
we have

&+m+m =0

Case 2: Consider another conservative form as follows,

3
Dy(zuy) + D, (31‘qu +u— §u2 — TUy — QUoy + OZZ,C’LL;),w) =0. (4.4)

The following infinitesimals are derived from the equation (4.4),

1
£E= Z(Clt + deq)z,

1 2
T = iclt +Cgt+C37

1 1
n= 75(0115 +4eyq)(u— g),

1 1 2
v =Fi(x) + ﬁ(1262 — 48¢y)v + E(3$2u —t¥)ey — §C4t'
Thus, point symmetries are provided as
X1=0
X2 = a’u.a
2
X3 =20, — 2u0, — 4v9, — gt&,,
X4 = tat + ’Uav.

(4.5)
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Also, none of them are potential symmetries. Since we have
E+1l+m=0.
Case 3: Suppose the conservative form is as follows
Di(—u+ tuy) + Dy (3tuuy, — tuy + atugy) = 0. (4.6)

Equation (4.6) admits the following infinitesimals,

1
51(5%+C4)x+05+%6,

C2
T=7+C1+C3t,

_ 2 (Beat +c1)(Bu—1)
=15 ¢ :
1 (crx + 5eg)(u

p = Fl(],‘) — g%) =+ (263—,564)1},

with following generators,
X1 = 0,
Xo =20, + 2(1 — u)dy, — 500,
X3 =10 + 200,.

Clearly, no potential symmetry is obtained, because &2 + 72 + n? = 0.

Case 4: We turn to the last conservative form of (4.1)
3
Dy(—zu + xtuy) + D, (3ztuu, + tu — itu2 — ztu, — 3taus, + 3atzus,) = 0.(4.7)

Then, the following infinitesimals are concluded,

C2
T=7+01+C3t,

1 (4eat +¢1)(Bu—1)

T=7% t )
122 1 1
Y= Fl(LE) — ZI jlu — §t2C4 — éclt + (263 - 204)’[}.

As a result, point symmetry is obtained
X1 =320, — 6(3u — 1)9, — (6v + t*)d,,
X2 = t@t + 2’[)81).

Since all point symmetries satisfy condition €2 + 72 + 12 = 0, no potential
symmetry is achieved. It should be noted that the obtained conservation laws,
besides being new, are non-equivalent and non-trivial. The reason for this is
that the effect of the Euler operator on them is non-zero and also the effect of
the Euler operator on the difference of their two primitives is also non-zero.
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5. Conclusions

The present study is devoted to investigating the potential symmetry of

generalized quasilinear hyperbolic and Boussinesq equations. The infinitesimals
and potential symmetries for real scientific items r(x), s(z,u) and k(x,u) of
generalized quasilinear hyperbolic equation are achieved. Then, by calculating
the point symmetries of conservative forms of the Boussinesq equation, we
conclude that the equation under study has no potential symmetry.
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