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Abstract. In this paper, we establish first order gradient estimates for posi-
tive global solutions of the heat equation under closed Finsler-Ricci flow with
weighted Ricci curvature Ric” bounded below, where N € (n,00). As an
application, we derive the corresponding Harnack inequality. Our results are
the generalizations and the supplements of the previous known related results.
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1. Introduction

In Riemannian geometry, gradient estimates for solutions of the heat equa-
tion have become very powerful tools in geometric analysis. They originated
from the pioneering work of P. Li and S.-T. Yau in [8]. After that, the gradient
estimates of the solutions of the heat equation have been studied extensively
and many important results have been obtained. Further, it is natural to con-
sider the heat equation together with Ricci flow as a system. The study of
system of the heat equation together with Ricci flow arose from R. Hamilton’s
paper [7]. The original idea in [7] was to investigate the Ricci flow combined
with the heat flow of harmonic maps. Later, the study of the heat equation
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together with Ricci flow was pursued in many works. For examples, S. Liu ob-
tained the first and the second order gradient estimates for positive solutions
of the heat equation under Ricci flow ( [10]). In addition, M. Bailesteanu, X.
Cao and A. Pulemotov considered a manifold M evolving under the Ricci flow
and establishes a series of gradient estimates for positive solutions of the heat
equation on M ( [2]).

In Finsler geometry, gradient estimates become more complicated because
the solutions of nonlinear heat equations lack higher-order regularity and Finsler
Laplacian is a nonlinear elliptic differential operator of the second order and
has no definition at the maximum point of the function. However, in spite
of these, some important and interesting progresses for gradient estimates on
Finsler manifolds have been made in recent years. In [12], Ohta and Sturm
derived a Li-Yau gradient estimate as well as parabolic Harnack inequalities
on compact Finsler manifolds, all of which depend on lower bounds for the
weighted Ricci curvature Ric”. Furthermore, Q. Xia proved that the Li-Yau
gradient estimate and the Harnack inequalities still hold if Finsler measurable
space (M, F, m) admits a convex boundary ( [15]). On the other hand, there are
also a few studies on gradient estimates for positive solutions of the heat equa-
tion under Finsler-Ricci flow. Lakzian proved first order differential Harnack
estimates for positive solutions of the heat equation (in the sense of distri-
butions) under closed Finsler-Ricci flows with Ricci curvature bounds ( [9]).
Shortly afterwards, F. Zeng and Q. He generalized and corrected Lakzian’s re-
sults under some curvature constraints ( [16]). It should be point out that the
authors in both of [9] and [16] all assume that the non-Riemannian quantity
S-curvature vanishes. Recently, the first author established first order gradient
estimates and the corresponding Harnack inequality for positive solutions of
the heat equation under closed Finsler-Ricci flow with the condition that the
weighted Ricci curvature Ric™ has a non-positive lower bound ( [5]). Different
from the assupmtions in [9] and [16], there is no any constraint condition about
S-curvature in [5].

In this paper, we will mainly derive first order gradient estimates for positive
global solutions of the nonlinear heat equation under closed Finsler-Ricci flow
with the condition that the weighted Ricci curvature Ric" has a non-positive
lower bound, where N € (n,00). Then, we derive the corresponding Harnack
inequality. The researches in this paper can provide important support for
further discussions of the gradient estimates of the positive global solution
of the nonlinear heat equation under Finsler-Ricci flow. Our results are the
natural generalizations and the supplements of the previous known related
results. More precisely, we prove the following results.
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Theorem 1.1. Let (M,F(t),m)te[O’T] be an n-dimensional closed Finsler-
Ricci flow equipped with a measure m on M and evolving by

99ij ,
&j = —2Ric;;. (1.1)
Suppose that there exist four constants Ky, Ko, K3, K4 > 0 such that
—Kig, < Ric(z,y,t) < Kagy, Ric" > —Ks, (1.2)
|DRic| < Ky, (1.3)

where N € (n,00), DRic denotes the covariant differential of Ricci curvature
tensor Ric.
Let w = u(z,t) be a positive global solution of the heat equation Jyu(z,t) =
2
Au(z,t) and p := inf, , yermx o1 {22((3;3;?) } Then for any (x,t) € M x
(0,T), «a>1 and 0 < e < 1, we have
F?(V(logu)(z,t)) — ads(logu)(z,t)

Na? Na?  [2(a—1)VCi+2K;+ |1 — 2 e
—ei 201-¢) a—1)

+\/2(1N_55) (nCh +2K§)}. (1.4)

Here, Cy := max{K?, K3} and S(z,y,t) is the S-curvature of F(t).

<
-2

From Theorem 1.1, we can derive the following Harnack type inequality.

Corollary 1.2. Under the same assumptions as in Theorem 1.1, the following
estimate holds: for any pair of points (x1,t1), (x2,t2) in M x (0,T] such that
t1 < tg and for any a > 1, 0 < e < 1, we have

% 1F2 . e
w(@y,t) < ueg,tz) <t2> exp{a/ Mds
0

tl 4 t2 - tl

(tg—tl)NOé 2(05_1)\/67(1"1'2[(34_‘1_1\72571’6
2(1—¢) [ 4(a—1)

+\/2(1N_€5) (nC, +2K2)] } (1.5)

Here, v = v(s) is a smooth curve joining xo to 1 withy(0) = z2 and y(1) = 1,
and F (Y(s)) |r(s) = F (7v(s),7(s),7(s)) is the length of the vector §(s) at time
7(s) = (1 — 8)ta + sty.

The paper is organized as follows. In Section 2, we will give some necessary
definitions and notations. In Section 3, we will give some necessary and impor-
tant lemmas firstly. Then we will give the proofs of Theorem 1.1 and Corollary
1.2 in Section 3.
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2. Preliminaries

In this section, we will recall some necessary definitions and notations in
Finsler geomtry. For more details, we refer to [1,3,11-13].

Let (M, F) be an n-dimensional smooth Finsler manifold. For any y €
T,.M\{0}, F(z,—y) # F(z,y) in general. The reversibility of F' is defined by

Ap:= sup M (2.1)

yeTM\{0} F(z,y)
Obviously, Ap > 1 and Ap = 1if and only if F' is reversible. In our discussions,

we always assume that Ap < co.
Let G = ¢ 8‘; —2G"-2., where G' = G'(x,y) are defined by

g

L [0gi | Og Ogik | ok

= gt o — . 2.2
¢ 17 {8:6’“ * 0w T at [V (22)

The Riemann curvature Ry, = Rik(:c, y)dz* @ 821‘ T, M — T, M is defined by

([1])

oG" 0?Gt . - 0G! 0G" 0GI

= _ 95 j_ 9= 9 9

Ox* 8xj6yky +26 Oyioyk Oyl oyk’ (2:3)

Further, the Ricci curvature Ric(y) is defined as the trace of R,. In a local

Rik(x,y) =2

coordinate system,

Ric(y) = R(z,y), y € T, M \ {0}. (2.4)
The Ricci curvature tensor of a Finsler metric F' is defined by
1
Ric;j(z,y) := (2Ric) (z,y). (2.5)
yiyd

Usually, we denote Ricci curvature tensor by
Ric(z,y) = Ricij(v,y)dz’ @ da’. (2.6)

Let 7 : TMy — M be the natural projective map, where TMy := TM\{0}. =
pulls back T'M to a vector bundle 7*T'M over T'My. In other words, 7T*TM|(z’y)
is just a copy of T, M. Similarly, we define the pull-back cotangent bundle
7*T*M over T My whose fiber at (x,y) is a copy of T M. Define

o 0 0 . 0G"

— J i
oxt oxt

J_— L .— _, 2.7
o M=l (27)
Then HT'M := span {%} is a well-defined subbundle of T(T' M) and is called
the horizontal tangent bundle of M. Furthermore, the vertical tangent bun-

dle of M is defined by VT'M := span{a%i}. Thus we obtain a decomposi-
tion T(TMy) = HTM @ VTM and we have a natural frame {%7}76%1} for

T(T My) and its dual frame {dxi, 5—}{} for T*(T'My), where §y* := dyi-l-N;dxj.
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The vector bundle 7*T'M over T'M,, admits a unique linear connection, which
is called the Chern connection. The Chern connection D is determined by the
following equations

DYY — Dy X = [X,Y], .
for Ve TM\ {0} and XY, Z € TM, where

3 72
Cy (X, Y, Z) i= Cip(a, V)XY gk = L O E(a, V) yiyigh

~ 49VIVIOVE
is the Cartan tensor of F' and DYY is the covariant derivative with respect
to the reference vector V' ( [1,3]). Torsion freeness (2.8) is equivalent to the
absence of dy* terms in Chern connection forms w}, namely w;- =TI j LT, V)dz*,
together with the symmetry I, (z, V) =T (z, V).

Let T := T.-2 ® dz' be an arbitrary smooth local section of 7*TM ®

i 0xd

7*T*M. Tts covariant differential is ( [1])

DT := (DT’ ® dat,

"Oxd
where
D . -
(DT, :=dT’, + Thwj, — T jw;.
The (DT')’, are 1-forms on T'My. They can therefore be expanded in terms of
the natural basis {dxs, 5%} :

oy°®

(DTY,; = T% dz* + Tji;s?, (2.10)
where
. 5T , .
o= 5t T*TY, - Tk (2.11)
; or’,
. i (2.12)
) 8ys

On Finsler manifold (M, F'), the Legendre transformation £ : TM — T*M
is defined by
_ o), y#0,
O
It is known that F'(z,y) = F*(z, L(y)) ( [13]).
Given a smooth function v on M, we define the gradient vector Vu(x) of u
at x € M by Vu(z) := L7 (du(x)) € T, M. In a local coordinate system, we
can express Vu as

Vu(:v):{ da7 a7’ v e MM

where M, = {z € M | du(x) # 0}.

ij ou 8 _
g (z,Vu) -, T € M,, (2.13)
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Furthermore, the Hessian V2u of u is defined by
V2u(X) := DY“Vu (2.14)
for any X € T, M and x € M, ( [4,11,14]). In a local coordinate system, let
X = Xiaa We have

T

O(Vu)
OxI

DY'Vu = { —|—NJZ:(3:,Vu)}X' 0

] P
oxt’
where (Vu) := g% (=, VU)%. From this, the components of V2u are given by

i O(Vu) i
i ou + Nj(z, Vu). (2.15)
Let (M, F, m) be a Finsler manifold equipped with a measure m on M. Write

the volume form dm of m as dm = o(z)dztdx? - - - da™. Define

det (gi(z, y))

() '

We call 7 the distortion of F. It is natural to study the rate of change of the

distortion along geodesics. For a vector y € T, M\{0}, let ¢ = o(t) be the
geodesic with 0(0) = z and 6(0) = y. Set

d

S(z,y) == - [1(0(t),6())] le=o- (2.17)

S is called the S-curvature of F ( [3,13]).
We decompose the volume form dm of m as dm = e®dz'dz? - - - da™. Then
the divergence of a differentiable vector field V' on M is defined by

(V*u)

7(z,y) :=In (2.16)

ov'? 0P ;0
div,,,V = — f— =V'—. 2.1
vy, V D +V RIS V=V RIS (2.18)
One can also define div,,V in the weak form by following divergence formula:
/ ¢ div,,V dm = —/ dp(V) dm (2.19)
M M

for all ¢ € C°(M), where C°(M) denotes the set of C*-functions on M with
compact support.

Now we define the Finsler Laplacian Au of uw € HL (M) by

loc
Au := div,, (Vu). (2.20)

Equivalently, we can define Laplacian Au on the whole M in the weak sense
by

/ ¢ Audm:=— | do(Vu)dm (2.21)
M M

for all ¢ € C°(M).
The following result is important for our discussions.
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Lemma 2.1. ( [13] [14]) On M, = {x € M | Vu(x) # 0}, we have

Au = Z D?u(eq,eq) — S(Vu) = tryg, Vu — S(Vu), (2.22)
where D?u (eq,e4) = gvu(VZu(es),eq) and e, ..., e, is a local gy, -orthonor-
mal frame on M, .

For any v € T, M\ {0}, the weighted Ricci curvature of (M, F,m) is defined
by

. no | Ric(v) +S(z,v) if S(x,v) =0,
Ric"(v) = { —00 if S(z,v) #0,
S?(z,v) (2.23)

Ric™ (v) := Ric(v) 4+ S(z,v) — N_n’

Ric™(v) := Ric(v) + S(z,v).

Here, N € R\ {n}. For K € R, we say that Ric" > K means that Ric" (v) >
KF?%(z,v) for all v € T, M and any = € M.

We say that an L2-continuous function u = u(z,t) in H}(M) is a global
solution of the nonlinear heat equation dyu(x,t) = Au(z,t) on (M, F(t), m), if
u = u(x,t) satisfies the following ( [11]):

(1) uelL? ([O,T],H&(M)) NH? ([O,T],Hfl(M));
(2) For any ¢ € C°(M) and almost all ¢ € [0,T], we have

[ 6 outm = [ do(v)dm.

Here we remark that « € L2 ([0, 7], H}(M))NH" ([0, T], H~*(M)) implies that
u e C([0,T],L*(M)) (also see [6]).

We summarize the existence and regularity of heat flow from [11] as the
following

Lemma 2.2. ( [11,12], existence and regularity)

(1) For each ug € H}(M) and T > 0, there ezists a unique global solution
u = u(z,t) to the heat equation on M x [0,T], and the distributional
Laplacian Au(z,t) is absolutely continuous with respect to m for all
te(0,7T).

(2) One can take the continuous version of a global solution v = u(x,t) such
that u € HE (M) N CYP(M x [0,T)). Furthermore, the distributional
time derivative Oyu lies in HL (M) N C(M). Here, 0 < 3 < 1.

loc
3. Proofs of main results

Let (M, F'(t),m),c (o 7 be an n-dimensional Finsler-Ricci flow equipped with

a measure m on M for each t € [0,7] and evolving by
99
ot
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In order to prove the main results in this paper, we first introduce some neces-
sary lemmas that we will need later.

Lemma 3.1. ( [9]) Let (M, F(t),m),c(07) be an n-dimensional Finsler-Ricci
flow. Then for any smooth function f on M x [0,T], we have

O [F*(Vf)] 29" (df) [0uf1; 15 + 2Ric” (df ) fi f;
2d (0:f) (Vf) + 2Ric(V f) (3.2)

on My. Here, f; := ggl and Ric' := ¢'"¢'° Ric,s.

Let uw = wu(x,t) in H}(M) be a positive global solution of the nonlinear
heat equation Oyu(z,t) = Au(z,t) on (M, F(t),m). In the what follows, the
Laplacian and gradient vectors are all determined with respect to V := Vu and
are valid on M, := {x € M | Vu(x) # 0}.

Let f(z,t) := logu(z,t). By Lemma 2.2, we have f(z,t) € HZ,
CY#(M x [0,T]). Then, we have gv; = gy, on M, and

ohf=e o, Vf=eIVu, Af=eTAu—-F*Vf).

(M) N

Hence the heat equation for u implies
of =Af+ FXV]). (3.3)
Let o(x,t) := t0s f(x,t) and
F(z,t) =t {F*(Vf(z,t) — adf(z, 1)} = tF*(Vf(z,1)) — ao(z,t). (3.4)

Lemma 3.2. ( [5]) In the sense of distributions, o(x,t) satisfies the following
parabolic differential equality,

AVio — 00 + % +2do(Vf)
=t {—2Ric(v f) = 2Ric(V f)fi; — 2 fj% [Ric" (V f)]} . (3.5)

Here, fi; : Oy

= 9210z

From Lemma 3.2 and (2.23), we can derive a parabolic partial differential
inequality for F. For more details, also see Lemma 3.3 and (3.10) in [5].

Lemma 3.3. ( [5]) In the sense of distributions, F(z,t) satisfies

AVIF 4+ 2dF (V) — O.F + % =B (36)
where
B=a <2tRicij(Vf)fij + 2tRz‘c”"i (VA i+ QtF(@f) Ric", (V [) (sz)f>
2
+ 2t(a — DRic(Vf) + 2RicV (Vf) + 2t% + 2t | V2 f | rseo

(3.7)
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for any N € (n,00), where HVzUHZS(vu) denotes the Hilbert-Schmidt norm
with respect to gy, -

We must say that (3.7) is the starting point for the proof of Theorem 1.1.
Now we are in the position to give a proof of Theorem 1.1.

Proof of Theorem 1.1. We choose a local orthonormal frame with respect to
gvu at any x € M, such that the Chern connection coeflicients Fék(Vu) =0
for all 4, j, k. Then we have

Ric(Vf) = Ricij(Vf), trge, Vf=> fii=Af+S(Vf), (3.8)

2
1
’va}HS(Vf) Z ij = (Z fu) = (Af +S(Vf))>. (3.9)
1,j=1 =1
2
Firstly, for any a,b € R and A > 0, the inequality (, / /\%Lla + Aj\rlb) >0

implies
1
)\ + 1
= (N

12

By taking a = Af, b= S(Vf) and —n)/n, we get

2 (A S%(VS)
- N N—n"

Note that (3.10) is very important for our estimates which will be used in the

L (AF+S(V)) (3.10)

following.
On the other hand, by Young’s inequality, we have

n

aRicT (V) fl < Y o (ch” Vi) Z
i,7=1 i,j= 1
By our assumptions, Ric;;(Vf)? < C1g:;(Vf)?, where C := max{K?, K3}.

Then we have

Z (RZC”(V]C))2 < TLC1,

i,j=1
from which, we obtain
|aRic (V) fij] < —01 +5 Z £
2] 1
Hence, we get
t
2taRic (Vf) fi; > —ﬂCl —te Z i (3.11)

3,7=1
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Similarly, we have the following:

2 - ta?
'” —tE Ri ” —tY eff > ——Kj—tcF?
2taRic ( 1 ) j:IEfg =TT eF=(Vf),
(3.12)
fi

QtQF(Vf)

Ric", (V1) (V2f)}
Y (

i,k=

n
ch”,C V) ) —t Z 5
i,k=1

ta® 2
3,j=1
Then, substituting (3.11) - (3.13) into (3.7) and by (3.9), we can get
2t8%(V
B > —i20a—)VCi +2Ks + JF(V) + #
ta?
- (nCy +2K3) +2t(1 — ¢) Z
i,5=1
2t8%(V
> 7t[2(01 — 1)\/ 01 + 2K3 + €]F2(Vf) + Ni(—’n‘,f)

2
—t% (nC +2K2) +24(1 — ) x % (Af +S(V)?.
Further, by (3.6) and (3.10),

AVIF 4 2dF(Vf) — 0 F + ?

2etS2(V f)

4[2(047 1)y/C1 +2K; +€}F2(Vf) TN _—n

2 _
- t% (nCy +2K2) + W(AW

—t {2(04 —1)\/Cy +2K; + <1 - Nan) 5} F2(V)

2 2t(1 —
19 (nCy +2K2) + %

t{Qal f+2K3+|1—7| ]Fz Vi)

ta? 2t(1 —¢)

(Af)?

(Af)% (3.14)

From (3.3), we get

Af =0f = FA(Vf) = —

Q|+
7N
~| %

— +(a— 1)F2(Vf)) .
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Let n(x,t) = “;2(%{), and then F2(Vf) = Zn. If n(z,t) < 0 for some
(x,t) € M x (0,T], then F(z,t) < 0 and (1.4) holds obviously. Hence we can

always assume that 7(z,¢) > 0. In this case, we have the following

F

E.

Af=—[14(a—1)n) (3.15)
Furthermore, by (3.14) and (3.15), we have

AVIF +2dF(Vf) — O F

= 25\17072? [1+(a_1)"]2f2_{[Q(Q—l)\/a+2K3+ 1- NQManJri}f
_g(nCl—f—?Kf) = G(x,1). (3.16)

Now, fix arbitrarily a value t € (0,T]. Because (M, F(t),m) is a closed
Finsler manifold for each t € [0, 7], we can assume that F takes its maximum
at some point (zrg,to) € M x [0,t]. Since the assertion (1.4) is obvious if
F (x0,t0) < 0, we can assume that F (xg,%o) > 0 and hence 0 < top < ¢. In
this case, if G (zg,t0) > 0, we have G > 0 on a neighborhood of (x¢,%p). Then,
because of (3.16), on such a neighborhood F is a strict sub-solution to the
linear parabolic operator

AVIF £ 2dF(Vf) — 0,.F.

Therefore F (g, to) is strictly less than the supremum of F on the boundary of
a parabolic cylinder [to — 6,t9] x B}, (z9,6) for sufficiently small § > 0, where
By, (20,0) == {z € M|dp(xo,x) < §}. In particular, F cannot be maximal
at (zo,tp). This is a contradiction. Thus we conclude that G (xg,t9) < 0.
Therefore, at (x,to), we have

2(1—¢) 2 12 2u 1
Nazp, L Tle- Dt F [2(a 1)y/C1 +2K5 + |1 mk}m% F
Oézto 2
- (nCy +2K3) <0. (3.17)
Let
2(1—¢) 2
A=——F"1 —-1
Na2to [ +(O( )77] )
— 2u 1
B = [2((1 1)V/C1 +2K3 + |1 N—n|€}n+t0’
OZQtQ

Obviously, A, B, C' > 0 for any 0 < € < 1. Note that 1 4+ (o — 1) > 0 for any
a > 1. Solving F from the quadratic inequality (3.17) of F and by inequality
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Va2 + b2 <a+bfor any a,b > 0, we have

0 < Flaosty) < — (B +VB2+ 4Ac)

A

24

< % (B+ x/@)

- E)gft(‘; 1)77]2{{2(0‘7 1)y/Cy + 265 + |1 — %H”
+ % S+ (= 1)) \/2(1%5) (nCy +2K9)}. (3.18)

By inequality a + b > 2v/ab for any a,b > 0, we have
U < 1 .
1+ (a—1)1n)? = 4(a—1)

Note that

1 < 1 <1
T+ (o =Dn? = T (a—Dn ~

Substituting above inequalities into (3.18) yields

Na? N2t {2(a — VO +2K3 + |1 — 22 |e

F(xo,to) < 21—¢)  2(1—¢) 4(a—1)
+\/2(%N'—65) (nC’l +2KZ)} (319)

Then, because of t > ty, we get the following

]:(.%',t) S f(xo,to)
- Na? Na2t (2(a—1)VCi +2K;3 + |1 — 2 |e
= 2(1—5)+2(1_5){ Ha—1)

+\/2(1N_€€) (nC: +2K3)).

Finally, we conclude that the following inequality holds for any (z,t) €
M x(0,T] and o > 1,0 <e < 1

F?(V(logu)(z,t)) — ad(logu)(z,t)
Na2 Na2 {2(04_1)\/(71+2K3+]1— 2 |e

<
TS T Tr Ha—1)
2(1—¢)
+ \/ ~ (nC1 + 2K3)}. (3.20)
This completes the proof of Theorem 1.1. O

Integrating the gradient estimate in space-time as in [8], we can prove the
Harnack type inequality given in Corollary 1.2 from Theorem 1.1.
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Proof of Corollary 1.2. Take any curve - satisfying the assumption and set
I(s) :=logu(y(s),7(s)) = f(7(s),7(s)), 7(s):=(1—s)tz+ st1.

Then [(0) = f(x2,t2), (1) = f(x1,t1). By a direct computation, we have

(1) = 1(0) = f(w1,81) = f(w,12) = /0 S (FOs) () ds
1
— /0 am’” NAY™(s) + O f(v(s), 7(s))(t1 — tg)}ds
_ [ 4(s))
a /o < ty—t1 6tf(’7(8),7—(3))> ds
1 JF(Vf)
/0 {tz—t —Of <7<5>,T<s>>} ds.
By (1.4), we have
Na Na (2(a—1)y/Cy 2fn .
SO < 30 o -n

+ \/MN_;) (nCy +2Kz)} - éFQ (V).

Then we have the following

Fnty) — flaata) < /0 (ts — 1) {F(W(S))F(Vf) _ (V) L, Nae }ds

to — 1 e 2(1 —e)7(s)
(tg*tl)NOé 2(a_1)\/67(1+2K3+’1_]\/2ﬁn|6
2(1—¢) { 4(a—1)

+ \/2(1N_€5) (nCy + 21@}

YfaF?(¥(s)) lrs) | (t2—t1)Na
< / { + }ds
o L4  ta—1t 2(1 —e)7(s)
(tg — t1)Na{2(Oé - 1)\/?14' 2K3 + |1 —
2(1—¢) 4(a—1)

+ \/2(1N_;) (nCy + 2Kg)},

where we have used the following inequality

2p
N—n €

F(¥(5))
bt

aFQ('(S))
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Furthermore, we have the following

log <M> < 04/01 2 (%(s)) |T(s)d8+ Na log (1€2>

U($2, tz) 4 tg - tl 2(1 - 6) tl
(ts — t1)Na [ 2(a — 1)V/CT + 2K3 + |1 — 32 |e
2(1—¢) 4(a—1)

2(1—-¢)
Thus, we can get the following

Na
3(i—e) 1 F2 2
u(z1,t1) < u(wz,t2) <t2> exp {a/ Mds
0

t 4 to — 1t

(t; — t1)Na {2(01 — DVC +2K3 + |1 — 2 e

21 —¢) 4(a—1)
2(1—¢)
which is just (1.5). This completes the proof of Corollary 1.2. O

Remark 3.4. In [5], the first author established first order gradient estimates
and the corresponding Harnack inequality for positive solutions of the heat
equation under closed Finsler-Ricci flow with the condition that the weighted
Ricci curvature Ric™ has a non-positive lower bound. However, the main
results in [5] can not be obtained from the corresponding results in the present
paper by letting N — oo.
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