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Abstract. The norm of Cartan torsion plays an important role for studying

of immersion theory in Finsler geometry. In this paper, we find necessary and

sufficient condition under which a class of Finsler metrics defined by a Rie-

mannian metric and a 1-form on a manifold has bounded Cartan torsion.
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1. Introduction

One of the complicated problems in Finsler geometry is whether or not

every Finsler manifold can be isometrically immersed into a Minkowski space.

The answer is affirmative for Riemannian manifolds. In [12], J. Nash proved

that any n-dimensional Riemannian manifold can be isometrically imbedded

into a higher dimensional Euclidean space. In [9], Ingarden proved that every

n-dimensional Finsler manifold can be locally isometrically imbedded into a

2n-dimensional “Weak” Minkowski space, i.e., the indicatrix is not necessarily

strongly convex. Burago-Ivanov showed that any compact Cr manifold (r ≥
3) with a C2 Finsler metric admits a Cr imbedding into a finite-dimensional

Banach spaces [5]. However for general Finsler manifolds, the answer is negative

as Shen in [15] proved that a Finsler manifold with unbounded Cartan torsion

cannot isometrically imbedded to any Minkowski space. For the Finsler metric
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F , one can define the norm of the Cartan torsion C as follows

||C|| = sup
F (y)=1,v ̸=0

|Cy(v, v, v)|
[gy(v, v)]

3
2

.

The bound for two dimensional Randers metrics F = α + β is verified by

Lackey [2]. In [11], Mo-Zhou extend his result to a general Finsler metrics,

F = (α+β)m

αm−1 (m ∈ [1, 2]). The Cartan torsion is one of the most fundamental

non-Riemannian quantities in Finsler geometry. It was first introduced by

P. Finsler in [8] and emphasized by E. Cartan in [6]. The Cartan torsion

C characterized Riemannian manifolds among the class of Finsler manifolds,

i.e., a Finsler metric is Riemannian if and only if it has vanishing Cartan

torsion. Thus the norm of Cartan torsion plays an important role for studying

of immersion theory in Finsler geometry.

There are many Finsler metrics with bounded Cartan torsion. In [16],

Shen proved that the Cartan torsion of Randers metrics F = α + β is uni-

formly bounded by 3/
√
2, where α =

√
aij(x)yiyj is a Riemannian metric and

β = bi(x)y
i is a 1-form on a manifold M . Mo extended his result to a more

general Randers metrics, i.e., F = (α+β)s/αs−1, where s ∈ [1, 2] is a constant

[11]. Then, Tayebi-Sadeghi found a relation between the norm of Cartan and

mean Cartan torsions of Finsler metrics defined by a Riemannian metric and a

1-form on a manifold, so called (α, β)-metrics [18]. More precisely, they proved

the following.

Theorem A. Let F = αϕ(s) be a non-Riemannian (α, β)-metric on a manifold

M of dimension n ≥ 3. Then the norm of Cartan and mean Cartan torsion of

F satisfy in following relation

∥C∥ =

√
3p2 + 6p q + (n+ 1)q2

n+ 1
∥I∥, (1.1)

where p = p(x, y) and q = q(x, y) are scalar function on TM satisfying p+q = 1

and given by following

p =
n+ 1

aA

[
s(ϕϕ′′ + ϕ′ϕ′)− ϕϕ′

]
(1.2)

where

a := ϕ{ϕ− sϕ′} (1.3)

A = (n− 2)
sϕ′′

ϕ− sϕ′ − (n+ 1)
ϕ′

ϕ
− −3sϕ′′ + (b2 − s2)ϕ′′′

ϕ− sϕ′ + (b2 − s2)ϕ′′ . (1.4)

The Cartan tensor of an (α, β)-metric is given by following

Cijk =
p

1 + n
{hijIk + hjkIi + hkiIj}+

q

∥I∥2
IiIjIk. (1.5)
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The quantity p = p(x, y) is called the characteristic scalar of F . It is remarkable

that, a Finsler metric is called semi-C-reducible if its Cartan tensor is given by

the equation (1.5). It is proved that every non-Riemannian (α, β)-metric on a

manifold M of dimension n ≥ 3 is semi-C-reducible [10]. For a Randers metric

on an n-dimensional manifold M , we have the following

Cijk =
1

1 + n

{
hijIk + hjkIi + hkiIj

}
,

and

∥C∥ =

√
3

n+ 1
∥I∥.

They find a subclass of (α, β)-metrics which have bounded Cartan torsion.

They showed that the (generalized) Kropina metrics F = α2/β have bounded

Cartan torsion.

Theorem B. Suppose that F = αm+1

βm be a generalized Kropina metric on

a manifold M . Then the Cartan torsion of F is bounded. More precisely, the

following holds

∥C∥ =
(2m+ 1)√
m(m+ 1)

.

Thus the norm of Cartan torsion of a Kropina metric is bounded by

∥C∥ =
3√
2
.

It is remarkable that the class of (α, β)-metrics forms a rich class of com-

putable Finsler metrics. Many (α, β)-metrics with special curvature properties

have been found and discussed [1][7][22].

In [19], Tayebi-Sadeghi considered a special (α, β)-metric, called the general-

ized Randers metric F =
√
c1α2 + 2c2αβ + c3β2 on a manifold M . By putting

c1 = c2 = c3 = 1, we get the Randers metric. They proved the following.

Theorem C. Let

F =
√
c1α2 + 2c2αβ + c3β2

be the generalized Randers metric on a manifold M , where α =
√
aij(x)yiyj is

a Riemannian metric, β = bi(x)y
i is an 1-form on M with ∥β∥α < 1 and c1, c2

and c3 are real constants such that

0 < 3c2 < c3 < c1.

Then F has bounded Cartan torsion and

||C|| < 3

2

c2
(
c1 + 2c2 + c3

)2
c1(c1 − 3c2)

3
2

. (1.6)



54 First author and second author

One of important (α, β)-metrics is Berwald metric which was introduced by

L. Berwald on unit ball U = Bn [4]. Let us put

α =

√
(1− |x|2)|y|2− < x, y >2

1− |x|2
,

β =
< x, y >

1− |x|2
,

λ =
1

1− |x|2
,

y ∈ TxB
n ≃ Rn and <,> and |.| denote the Euclidean inner product and norm

on Rn, respectively. Then the Berwald’s metric can be expressed in the form

F =
λ(α+ β)2

α
.

The Berwalds metric has been generalized by Shen to an arbitrary convex do-

main U ⊂ Rn [17]. As an extension of the Berwald metric, Tayebi-Sadeghi

considered the metric F = c1α+ c2β+ c3β
2/α, where c1, c2, c3 ∈ R. Then they

proved the following.

Theorem D. Let

F = c1α+ c2β + c3
β2

α

be an (α, β)-metric on a manifold M , where α :=
√
aij(x)yiyj is a Riemannian

metric, β := bi(x)y
i is an 1-form on M with ∥β∥α < 1 and c1, c2 and c3 are

real constants such that

0 < c2 < c1, and 0 < 2c3 < c1.

Then F has bounded Cartan torsion and

||C|| < 3

2

(
8c23 + c1c2 + 4c23 + 2c2c3 + 5c2c3

)
(c1 − 2c3)

3
2 (c1 − c2)

1
2

. (1.7)

By Theorem D, it follows that if c22 = c1c3 then the norm of Cartan torsion

of Finsler metric

F =
√
c1α2 + 2c2αβ + c3β2

is independent of b := ||β||α =
√
bibi, where b

i = ajibj . It is an interesting prob-

lem, to find a subclass of (α, β)-metrics whose bound on the Cartan torsion is

independent of b. In the final section, we give two subclasses of (α, β)-metrics

whose bound on the Cartan torsions are independent of b. Then we get the

following.

Theorem E. If F = αϕ(s) are the (α, β)-metrics defined by following

ϕ1 = −d1
√
s2 − b2

b2
+ d2s+ d3 (1.8)
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and

ϕ2 =
d1
√
b2 − s2

b2
+ d2s+ d3, (1.9)

where d1, d2, d3 are constants. Then the norm of Cartan torsion of F is inde-

pendent of b = ||β||.

Then we prove the following.

Theorem F. Let F = αϕ(s), s = β/α, be an (α, β)-metric where α =√
aij(x)yiyj is a Riemannian metric, β = bi(x)y

i is an 1-form on M with

∥β∥α < 1. Suppose that ϕ = ϕ(s) defined by following

ϕ = c1s+ c2
√
b2 − s2 + c3

√
b2 − s2

∫
eλs

(b2 − s2)
3
2

ds, (1.10)

where c1, c2, c3 are real constants. Then the norm of Cartan torsion of F is

independent of b = ||β||.

In [13], Rajabi studied the norm of Cartan torsion of Ingarden-Támassy

metric

F = α+
β2

α
and Arctangent Finsler metric

F = α+ β arctan(β/α) + ϵβ

that are special (α, β)-metrics. She proved that theses metrics have bounded

Cartan torsions. In this paper, we find a condition under which an (α, β)-metric

has bounded Cartan torsion. More precisely, we prove the following.

Theorem 1.1. Let F = αϕ(s), s = β/α, be an (α, β)-metric on a manifold

M . Then F has bounded Cartan torsion if and only if the function

A(s) :=
3s(ϕ′2 + ϕϕ′′)− 3ϕϕ′ − (b2 − s2)(ϕϕ′′′ + 3ϕ′ϕ′′)

2ϕ
1
2 (b2 − s2)−

1
2

(
ϕ− sϕ′ + (b2 − s2)ϕ′′

) 3
2

(1.11)

is a bounded function for |s| < b where b := ∥βx∥α.

2. Preliminaries

A Finsler metric on a manifoldM is a nonnegative function F on TM having

the following properties:

(i) F is C∞ on TM \ {0};
(ii) F (λy) = λF (y), ∀λ > 0, y ∈ TM ;
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(iii) for each y ∈ TxM , the following quadratic form gy on TxM is positive

definite,

gy(u, v) :=
1

2

[
F 2(y + su+ tv)

]∣∣∣
s,t=0

, u, v ∈ TxM.

To measure the non-Euclidean feature of Fx, define Cy : TxM × TxM ×
TxM → R by

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]∣∣∣
t=0

, u, v, w ∈ TxM.

The family C := {Cy}y∈TM\{0} is called the Cartan torsion. From the homo-

geneity of F , it follows that

Cy(y, v, w) = Cy(u, y, w) = Cy(u, v, y) = 0

and

Cλy = λ−1Cy, λ > 0.

Let (M,F ) be an Finsler manifold of dimension n, {∂i} be a basis for TxM at

x ∈ M and {dxi} is its dual. Put

Cy(u, v, w) = Cijk(y)u
ivjwk,

where u = ui∂i, v = vj∂j and w = wj∂j . Then

Cijk =
1

2

∂gij
∂yk

=
1

4

∂3F 2

∂yi∂yj∂yk
.

By definition, F is a Riemannian metric gij = gij(x) if and only if Cijk = 0.

In some lectures, the following is chosen as the Cartan tensor

Aijk := FCijk

which is a homogeneous of degree 0 in y.

The norm of Cartan torsion C at point x ∈ M is defined by

∥C∥x := sup
y,v∈TxM\{0}

F (x, y)|Cy(v, v, v)|
[gy(v, v)]

3
2

.

and the norm of Cartan torsion on M is defined by

∥C∥ := sup
x∈M

∥C∥x.
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3. Proof of Theorem 1.1

Let α =
√
aij(x)yiyj be a Riemannian metric and β = bi(x)y

i be a 1-form

on an n-dimensional manifold M . Using α and β one can define a function on

TM0 as follows

F = αϕ(s), s :=
β

α
.

where ϕ = ϕ(s) is a C∞ positive function on an open interval (−b0, b0). The

norm ∥βx∥α of β with respect to α is defined by

∥βx∥α :=
√
aij(x)bi(x)bj(x).

In this section, we are going to prove Theorem 1.1. For this aim, we need

the following.

Lemma 3.1. Let F = αϕ(s), s = β/α, be an (α, β)- metric on 2-dimensional

manifold M . Then

∥C∥ = sup
0≤θ≤2π

∣∣∣3t(ϕ′(t)2 + ϕ(t)ϕ′′(t)
)
− 3ϕ(t)ϕ′(t)− (b2 − t2)Ω(t)

∣∣∣
2(b2 − t2)−

1
2ϕ(t)

1
2

(
ϕ(t)− tϕ′(t) + (b2 − t2)ϕ′′(t)

) 3
2

(3.1)

where

Ω(t) :=
(
ϕ(t)ϕ′′′(t) + 3ϕ′(t)ϕ′′(t)

)
and t = b cos θ.

Proof. Since F is a non-degenerate metric, for an arbitrary vector y there exists

a unique vector y⊥ that satisfies

gy(y, y
⊥) = 0, (3.2)

gy(y
⊥, y⊥) = F 2(p, y). (3.3)

The frame {y, y⊥} is called the Berwald frame [3]. By the definition of the

bound of Cartan torsion, it is easy to show that for the Berwald frame {y, y⊥}
the following holds

∥C∥p = sup
y∈TpM

F (p, y)|Cy(y
⊥, y⊥, y⊥)|

|gy(y
⊥, y⊥)| 32

. (3.4)

Now, we are going to compute y⊥ for F . First, we choose a local orthonormal

coframe {ω1, ω2} of Riemannian metric α such that

α2 = ω2
1 + ω2

2 , β = b ω1,

where b :=
√
aijbibj .

Now, let {e1, e2} is the dual frame of {ω1, ω2} and

y = ue1 + ve2, and y⊥ = ūe1 + v̄e2
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be the representation of y and y⊥ with respect of {e1, e2}. It is easy to see that

F (p, y) =
√
u2 + v2 ϕ

(
bu√

u2 + v2

)
. (3.5)

A direct computation yields

gy(y, y
⊥) =

1

2
Xuū+

1

2
Y
(
uv̄ + vū

)
+

1

2
Zvv̄, (3.6)

gy(y
⊥, y⊥) =

1

2
Xū2 + Y ūv̄ +

1

2
Zv̄2, (3.7)

Cy(y
⊥, y⊥, y⊥) =

1

4
Mū3 +

3

4
Nū2v̄ +

3

4
Pūv̄2 +

1

4
T v̄3, (3.8)

where

X :=
∂2F 2

∂u∂u

(
p, y

)
,

Y :=
∂2F 2

∂u∂v

(
p, y

)
,

Z :=
∂2F 2

∂v∂v

(
p, y

)
,

M :=
∂3F 2

∂u∂u∂u

(
p, y

)
,

N :=
∂3F 2

∂u∂u∂v

(
p, y

)
,

P :=
∂3F 2

∂u∂v∂v

(
p, y

)
,

T :=
∂3F 2

∂v∂v∂v

(
p, y

)
.

By putting (3.6) and (3.7) in (3.2) and (3.3), one can obtain
Xuū+ Y (uv̄ + vū) + Zvv̄ = 0

Xū2 + 2Y ūv̄ + Zv̄2 = 2F (p, y)2
(3.9)

Solving (3.9) for ū and v̄, we get

ū =

√
2
(
Y u+ Zv

)
F (p, y)√(

XZ − Y 2
)(

Zv2 +Xu2 + 2Y uv
) , (3.10)

v̄ = −

√
2
(
Xu+ Y v

)
F (p, y)√(

XZ − Y 2
)(

Zv2 +Xu2 + 2Y uv
) . (3.11)

It follows from (3.8), (3.10) and (3.11) that

Cy

(
y⊥, y⊥, y⊥

)
= 2−

1
2A

(
XZ − Y 2

)− 3
2
(
Zv2 +Xu2 + 2Y uv

)− 3
2

F (p, y)3,(3.12)
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where

A :=
(
Y u+ Zv

)3

M − 3
(
Y u+ Zv

)2(
Xu+ Y v

)
N

+3
(
Y u+ Zv

)(
Xu+ Y v

)2

P − (Xu+ Y v)3T.

Substituting (3.3) and (3.12) into (3.4) yields

∥C∥p = sup
y∈TpM

2−
1
2F (p, y)

∣∣∣∣A(XZ − Y 2
)− 3

2
(
Zv2 +Xu2 + 2Y uv

)− 3
2

∣∣∣∣ .(3.13)
It is easy to see that for

y = (r cos θ)e1 + (r sin θ)e2

we have

F (p, y) = rϕ(b cos θ)

and

X = 2b2(sin θ)4
(
(ϕ′(b cos θ))2 + ϕ(b cos θ)ϕ′′(b cos θ)

)
+ 2(ϕ(b cos θ))2

+2(b cos θ)(sin θ)2ϕ(b cos θ)ϕ′(b cos θ),

Y = −2b2 cos θ(sin θ)3
(
(ϕ′(b cos θ))2 + ϕ(b cos θ)ϕ′′(b cos θ)

)
+2b(sin θ)3ϕ(b cos θ)ϕ′(b cos θ),

Z = 2b2(cos θ)2(sin θ)2
(
(ϕ′(b cos θ))2 + ϕ(b cos θ)ϕ′′(b cos θ)

)
+ 2(ϕ(b cos θ))2

−2b cos θ(1 + (sin θ)2)ϕ(b cos θ)ϕ′(b cos θ),

M = −6b2 cos θ(sin θ)4

r

(
(ϕ′(b cos θ))2 + ϕ(b cos θ)ϕ′′(b cos θ)

)
+
2b3(sin θ)6

r

(
ϕ(b cos θ)ϕ′′′(b cos θ) + 3ϕ′(b cos θ)ϕ′′(b cos θ)

)
+
6b(sin θ)4

r
ϕ(b cos θ)ϕ′(b cos θ),

N =
6(sin θ)3(cos θ)2

r

(
(ϕ′(b cos θ))2 + ϕ(b cos θ)ϕ′′(b cos θ)

)
− (sin θ)5 cos θ

r

(
ϕ(b cos θ)ϕ′′′(b cos θ) + 3ϕ′(b cos θ)ϕ′′(b cos θ)

)
−6(sin θ)3 cos θ

r
ϕ(b cos θ)ϕ′(b cos θ),
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P = −6b2(cos θ)3(sin θ)2

r

(
(ϕ′(b cos θ))2 + ϕ(b cos θ)ϕ′′(b cos θ)

)
+
2b3(cos θ)2(sin θ)4

r

(
ϕ(b cos θ)ϕ′′′(b cos θ) + 3ϕ′(b cos θ)ϕ′′(b cos θ)

)
+
6b(sin θ)2(cos θ)2

r
ϕ(b cos θ)ϕ′(b cos θ),

T =
6b2 sin θ(cos θ)4

r

(
(ϕ′(b cos θ))2 + ϕ(b cos θ)ϕ′′(b cos θ)

)
−2b3(sin θ)3(cos θ)3

r

(
ϕ(b cos θ)ϕ′′′(b cos θ) + 3ϕ′(b cos θ)ϕ′′(b cos θ)

)
−6b sin θ(cos θ)3

r
ϕ(b cos θ)ϕ′(b cos θ).

Thus for

y = (r cos θ)e1 + (r sin θ)e2

the relation (3.13) reduces to (3.1). □

Proof of Theorem 1.1: Suppose the function defined in (3.15) is bounded. By

Lemma 3.1, we conclude that the Cartan torsion of F is bounded in dimension

2. In higher dimensions, the definition of the Cartan torsion’s bound at an

arbitrary point p ∈ M is given by

∥C∥p := sup
y,v∈TpM\{0}

F (p, y)|Cy(v, v, v)|
[gy(v, v)]

3
2

.

Considering the plane P = span{u, y}, from the above conclusion we obtain

that ∥C∥p is bounded. Furthermore, the bound is independent of the plane

P ⊂ TpM at the point p ∈ M . Hence the Cartan torsion is also bounded. This

completes the proof. □

Example 3.2. In [14], Shen Find a Family of Landsberg (α, β)- metrics which

are not Berwald metrics. They are in form

ϕ(s) := exp

[∫ s

0

kt+ q
√
b2 − t2

1 + t(kt+ q
√
b2 − t2)

dt

]
, (3.14)

where k and q are constants. Recently. Sadeghi proved that an (α, β)-metric

F = αϕ(s), s = β/α, on a manifold M has bounded Cartan torsion if and only

if the function

A(s) :=
3s(ϕ′2 + ϕϕ′′)− 3ϕϕ′ − (b2 − s2)(ϕϕ′′′ + 3ϕ′ϕ′′)

2ϕ
1
2 (b2 − s2)−

1
2 (ϕ− sϕ′ + (b2 − s2)ϕ′′)

3
2

(3.15)
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is a bounded function for |s| < b where b := ∥βx∥α. Substituting (3.14) in

(3.15) yields

A(s) =
2b2q√
1 + kb2

.

Thus by Theorem 1.1, these metrics have bounded Cartan torsion.

Example 3.3. In [20], Yang study a family of (α, β)- metrics in form

ϕ(s) = sm(b2 − s2)
1−m

2 , (3.16)

where m is a constant. This type of metrics have special curvature properties

[21]. Substituting (3.16) in (3.15) yields

A(s) =
2m− 1√
m(m− 1)

. (3.17)

Thus these metrics have bounded Cartan torsion.
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9. R. S. Ingarden, Über die Einbetting eines Finslerschen Rammes in einan Minkowskischen

Raum, Bull. Acad. Polon. Sci. III, 2(1954), 305-308.

10. M. Matsumoto, Theory of Finsler spaces with (α, β)-metric, Rep. Math. Phys. 31(1992),

43-84.

11. X. Mo and L. Zhou, A class of Finsler metrics with bounded Cartan torsion, Canad.

Math. Bull. 53(2010), 122-132.

12. J. Nash, The imbedding problem for Riemannian manifolds, Ann. Math. 73(1957), 20-37.

13. T. Rajabi, On the norm of Cartan torsion of two classes of (α, β)-metrics, Journal of

Finsler Geometry and its Applications, 1(1) (2020), 66-72.



62 First author and second author

14. Z. Shen, On a class of Landsberg metrics in Finsler geometry, Canadian. J. Math.

61(2009), 1357-1374.

15. Z. Shen, On Finsler geometry of submanifolds, Math. Ann. 311(1998), 549-576.

16. Z. Shen, On R-quadratic Finsler spaces, Publ. Math. Debrecen, 58(2001), 263-274.

17. Z. Shen, Projectively flat Finsler metrics of constant flag curvature, Trans. Amer. Math.

Soc. 355(4) (2003), 1713-1728.

18. A. Tayebi and H. Sadeghi, On Cartan torsion of Finsler metrics, Publ. Math. Debrecen,

82(2013), 461-471.

19. A. Tayebi and H. Sadeghi, Two classes of Finsler metrics with bounded Cartan torsions,

Global Journal. Advanced. Research. Classical. Modern Geometries, 7(1) (2018), 23-36.

20. G. Yang, On a class of singular Douglas and projectively flat Finsler metrics, Differ.

Geom. Appl. 32(2014), 113-129.

21. G. Yang, On a class of singular projectively flat Finsler metrics with constant flag cur-

vature, Int. J. Math. 24(2013), 16 pages, 1350087.

22. L. Zhou, A local classification of a class of (α, β)-metrics with constant flag curvature.

Differ. Geom. Appl. 28(2010), 170-193

Received: 01.02.2021

Accepted: 25.06.2021


