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ABSTRACT. In this paper, we are going to consider a class of («, 3)-metrics which introduced
by Matsumoto. We find a condition under which a Matsumoto metric of almost vanishing

H-curvature reduces to a Berwald metric.

Keywords: Matsumoto metric, Almost vanishing H-curvature, Berwald cur-
vature.

1. INTRODUCTION

The («, 8)-metrics form an important class of Finsler metrics appearing
iteratively in formulating Physics, Mechanics and Seismology, Biology, Ecology,
Control Theory, etc, see for instance [4, 9, 10, 11, 13]. This class of metrics was
first introduced by Matsumoto [5]. According to definition, an («, 8)-metric
is a Finsler metric of the form F := oz(b(g), where ¢ = ¢(s) is a C*™ on
(—=bo,bo) with certain regularity, o = \/a;j(x)y’y’ is a Riemannian metric and
B = b;(x)y® is a 1-form on a manifold M.

The Matsumoto metric is special and significant («, 8)-metric which consti-
tutes a majority of actual research, which is defined by

F =

5 (1.1)
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The Matsumoto metric is an important metric in Finsler geometry, which is
the Matsumoto’s slope-of-a-mountain metric. In the Matsumoto metric, the
1-form B = b;y’ was original to be induced by earth gravity. Hence, we could
regard b; as the infinitesimals. This metric was introduced by Matsumoto as a
realization of Finsler’s idea “a slope measure of a mountain with respect to a
time measure” (see [6, 14]).

In [2], Bao-Robles-Shen proved that the time-optimal solutions of the well-
known Zermelo navigation-moving that is the motion of a vehicle equipped
with an engine with a fixed output power in presence of a wind current-are
actually the geodesics of a Randers metric. One may find in [3], an analog
work for pure pursuit navigation formed on Matsumoto metric. Notice that,
Matsumoto gave an exact formulation of a Finsler surface to measure the time
on the slope of a hill and introduced the Matsumoto metrics in [6].

In [1], Akbar-Zadeh considered a non-Riemannian quantity H which is ob-
tained from the mean Berwald curvature E by the covariant horizontal differ-
entiation along geodesics. This is a positively homogeneous scalar function of
degree zero on the slit tangent bundle. Akbar-Zadeh proved that for a Finsler
metric of scalar flag curvature, the flag curvature is a scalar function on the
manifold if and only if H = 0. One can remark that the mean Berwald cur-
vature E obtained by taking a trace from the Berwald curvature B. Then
the quantity H, = H;;dz’ @ da’ is defined as the covariant derivative of E
along geodesics, where H;j := Ejjj,,y™. A Finsler metric F' is called of almost
vanishing H-curvature if

n+1

H= F~'0 h, (1.2)

where hy,(u,v) = g, (u,v) — F~2(y)gy(y, u)g,(y,v) is the angular metric and
0 = 0;(x)y" is a 1-form on a manifold M.

Theorem 1. Let F = a¢(s), s = f/a, be an («a, B)-metric on an n-dimensional
manifold M defined by (1.1). Suppose that B satisfies

7‘2']' = c(bzaij — bibj), Sij = 0, (13)

where ¢ = ¢(x) is a scalar function on M. Suppose that F has almost vanishing
H-curvature. Then F reduces to a Berwald metric.

2. PRELIMINARY

Given a Finsler manifold (M, F'), then a global vector field G is induced by
F on T My, which in a standard coordinate (2%, y") for T My is given by

0
oz’

G a,y) L

ey oy
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where G*(z,y) are local functions on T My satisfying G*(z, \y) = \2G*(x,y),
A >0, and given by

1,1 9*°F?2 8F2}
47 8xk8y1y oxt |
G is called the associated spray to (M, F'). The projection of an integral curve
of the spray G is called a geodesic in M. F is called a Berwald metric if G*
are quadratic in y € T, M for any x € M [12, 13, 15].
For y € T, My, define B, : T,M ® T,M @ T, M — T, M by By(u,v,w) :=
. . . 3 i
B’jkl(y)ujvkwl%m where B*);, == %.
Then F' is called a Berwald metric if B = 0.
Define the mean of Berwald curvature by E, : T, M @ T, M — R, where

G' =

B is called Berwald curvature.

By(.0) = 3" g9 w)g, (By(wv.er).ey). (2.1)
=1

The family E = {E,},era\ oy is called the mean Berwald curvature or E-
curvature. In local coordinates, Ey(u,v) := E;;(y)u‘v?, where
1 m
Eij = §B mij-
By definition, E,(u,v) is symmetric in u and v and we have E,(y,v) = 0. E
is called the mean Berwald curvature. F is called a weakly Berwald metric if
E=0.

The quantity H, = H;;dz’ ® dz? is defined as the covariant derivative of E
along geodesics. More precisely, H;; := Ejjj,,y™. In local coordinates,

= L PGE . PG aGm  @GE agm  o'Gh
N Oy oyI Oyk o™ AyioyI Oyk oy™ Ayt Oyidykoym Ayl Oydykoy™
(2.2)

A Finsler metric F is called of almost vanishing H-curvature if H = (n +
1)/(2F)6h, where 6 := 0;(z)y" is a 1-form on M and h = h;;dz’ ® da’ is the
angular metric.

An (o, B)-metric is a Finsler metric of the form F' := o@(g), where ¢ = ¢(s)
is a C* on (—bg, by) with certain regularity, a = \/W is a Riemannian
metric and 8 = b;(z)y’ is a 1-form on M (see [8]). For an (o, 8)-metric F :=
ad(s), s = B/a, let us define b;; by bmﬂj = db; — bjé'g, where 0% := dz* and
0 = ngdack denote the Levi-Civita connection form of a. Let

1 1
rij =g {bi\j + bjlz},sij =3 [biu - bj“}.

Thus 3 is a closed form if s;; = 0 and is a Killing form if r;; = 0. Also, 8
reduces to a parallel 1-form if s;; = 7;; = 0. Let us define

e Bl g e hle. . e 0] o e . a0] e ) .
rj = b'rij, 85 1= b"si5, 10 = 1597, Si0 1= Siy’ 0 1= 1597, 50 1= 5597

]
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To satisfy that F' is positive and strongly convex on T My, it is known that if
and only if

B(s) >0, ¢(s)—s¢'(s)+ (B—352)¢"(s) >0, |s|><B<by,

where B := b = ||B]|2.
Let G' = Gi(z,y) and G°, = G (z,y) denote the coefficients of F' and «
respectively in the same coordinate system. Then, we have

G'=G" +aQsh + (7"00 — QQaso) (@yg + \Ilbi>, (2.3)
where
__¢
Q _d) - 5¢,7
A =1+ 5Q + (b — s*)Q’,
_Q—sQ
0 := TN
_@
v =oA

If 3 is a parallel 1-form, namely s;; = r;; = 0, then (2.3) reduces to G* = G",.
In this case, F' reduces to a Berwald metric.

In this section, we are going to find the formula of H-curvature of (o, 5)-
metrics. First, we remark the formula of E-curvature of («, 5)-metrics.

Lemma 2 ([8], Proposition 3.1.). Let F = a¢(s), s = 8/a, be an («, 3)-metric.
Put Q := ®/(2A2), where

P = —(Q—sQ)(nA+1+sQ) — (b* —s*)(1+sQ)Q".
Then the E-curvature of F' is given by the following

E;j = C1bibj 4+ Ca(biy; + bjyi) + Cayiyy + Caaij + Cs(riobj + j0bi) + Ce(rioy; + 750Y:i)
+C7T‘ij + Cg(sibj + Sjbi) + Cg(siyj + sjyi) + Clo(ribj + iji) + Cu(?‘iyj + iji),

(2.4)
where
C; ::ﬁ {fbaQ”so +2aA?0"rg — A2Q"ro + 2A%0Q" Qsy + 4A%aY' Q' sy + 20{A2\I/HSO},
Cr =5 {QQAQ\I/”SO — 20 A2 + 20/ A2aQsg — A2 s + 2200 sQsp

+4AA20Y Q' sos + 2aA% U rg + 2aA2T" sr¢ + 20A%T" 550 + DaQ’so + q)aQ”sos},
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1
Cs :ZW{ALAQSQQ”aQSO — 2A%2Q0" g 4+ 120A%W s1 4+ 120A% W 550 4+ 4aA? T s2r
+4aA?V" %55 + 8A?S2Q0 Q' so + 2PaQ" sos* — 10V A%srg + 120 A2saQsg
+6PaQ’sgs — 3<I>r0},
1
Cy:i=— VNN {4aA2\I"sso — Bry — 20 A%srg + 4V A%saQsg + 4aA>* T srg + 2@@@'808},
Q/
05 = ?’
c ._2AQSQ/ +
67 oa3A2
(0]
O7i= " anr
1
C {QQ’A2 AT + '},
8 1T 5 AD Q+ + @Q
Cy = — ~Cs,
o
ql/
ClO =,
a
s
Ci1 :=— —Cho.
a

By Lemma 2, we get the following.

Proposition 3. Let F = a¢(s), s = f/a, be an («, B)-metric on a manifold
M. Then, the H-curvature of F' is given by the following
Hij =Ci[(rio + si0)bj + (7o + sj0)b] + Cabibj + Cs[(rio + si0)y; + (70 + 5j0)yi]
+ Ca(biy; + bjyi) + Csyiy; + Coaij + Cr[riojobs + j0j0bi + Tio(rj0 + 550) + rj0(ri0 + Sio)]
+ Cs(riob; + 7j0bi) + Co[riojys + mj0j0%:] + Cro(rioys + mjoyi) + Cririjjo + Crarij
+ C13[s4j0b5 + 8j10bi + 5i(Tj0 + 5j0) + 85(ri0 + Si0)] + Cra(5:b5 + 5;0;)
+ Ciss410y5 + 550ui] + Ci6(siy; + 559:) + Crr[(rij0bj + 7510bs)
+ 7i(rjo + Sj0) + 75 (Ti0 + Si0)] + Cis(r:bj + r;b;)
+ Cro(r40Y5 + 7510%i) + C20(riy; + 75vi),

(2.5)
where
Cq ::ﬁ [‘bastso + A2(2a\Ilssr0 — Qssm0 + 2aQs5Qs0 + 4aQsQss0 + 20(\113550)] ,
Ca ::;BAA‘S) [@astso + A2(200W 570 — Qssro + 20055sQs0 + 405 Qss0 + 204\1/5350)]
+ 2@@’% [@(@19Qus50 + 2Qusj050 + PQussopp) + 20 (2810 Wssro + AV, or0 + AWisrop)

— A2 02570 — AQ, 4070 — Assop0) + 204 (2A|OQSSQ +AQ0Q + AQSSQ‘O)SO



78

Cy:=

Cy =

Cs =

Ce :=

M. Faghfouri and N. Jazer

+ 2aA2QSSQso|O + 4o <2AA|OQSQSSO + AQQS|0Q380 + AQQSstso + A2Qstso\O>

+ 2« <2AA|0\I/SSSO + A% 050 + A2‘115580\0)]7
2004 A2
+2aA%Tgrg + 208> Um0 + 200 U550 + PaQsso + ‘I’QQSSS‘)S] ’

[2aA2\IISSSO — 20 A%rg + QQSAQCMQSO — A%Qgssm0 + 2A2DAQSSSQSO + 4A2aQSQSsos

204 A2
1 2a <QS‘0A2Q30 +20,A00Qs0 + Qs A2Q 050 + QSAQQsO‘O) — 20N g Q5510 — A2, 0570

[za (2AA,0\1/5550 + A%, 050 + Az‘l’ssso‘()) —2Q,10A%r0 — 4 A0 gr0 — 225 A% g

- A2st%r0 — A2Qusrojo + 20 (28480205550 + A,405Qs0 + A%Rus5Q)050 + A22us5Qs0)0)
+ 4o <2AA|OQSQSSOS + AQQS|0QSSOS + AQQSQS‘OSQS + AQQSstows) + 4AQQSQSsor00
+2A2Q4:Qrooso + 2a <2AA|0\I/ST() + AQ\I/S|07’0 + A2\Ilsr0|0 + 24849 Usssr0 + A2\I/SS‘OS’!‘0

+ AQ\I/SS‘OST()‘O + 2840 Psssso + AQ\I/SS‘OSSO + A2\Ilsssso‘0) +2A2%W,  ro0s0 + 2A2W s .r0070

+ a ®pQsso + P(Qs050 + PQssgpio + P1oRss)s08 + PQys10508 + PQsssgj0s ) + PQsssoroo|,
| I | | | |

A|0
atA3

+ [ZaAQ\I/SSso + 2QSA2aQso + 2A2aQSSsto + 4A2aQSstso + 204A2\I/SSsso

+ PaQsso + PaQsssso + QQAQ‘I/ST‘() + 204A2\Ilsssr0 — AQQSSST‘() — 295A2r0] ,

1 T
— [4a <2AA|052933Q50 +2A257%0,, Qs + A%5?Q,10Qs0 + A%* Qs Qpos0 + AQSQstQsmO)
4a® A «

- 2(2AA‘032QSS7‘0 + ZAQSTO—OQSSTO + AQSQQSS‘OTO + AQSQQSST()lo) + 12a(2AA‘O\PSsr0
a

T T
+ A2\I/S|057’0 + Aqus%ro + A2‘llssr0|0 + 24840 Usss0 + A2\I/S|0880 + Az‘llsgso + A2‘1/5880‘0>
+ 4o <2AA|O\I/SSSQT0 + AQ\IJSS‘OSQTO + 2A2\Ilsss@r0 + AQ\IJSSS2TO‘O + QAA‘O\IISSSQSO + A2\Ilss‘os2so
o
.
T 2A2\I/555%30 n Azxpsss?sm()) 1 2082 (SAA‘OQSQSSO +4A20,0Qs50 + 4A202,Q, 050
+48%Q,Qus0/0 + P10Qss50 + PQusj050 + PQussofo ) + 4550 (14224 Qs + BQus )00
~10 <QS‘OA2sr0 +20,AA gsro + QA2 g 4 QSAQSrO‘()) + 60:(202,10A25Qs0 + 42 AA (05Qs0
(7
T
4 QQSA2%QSO +20,A25Q 050 + 202 A%5Qs0/0 + P(0Qs508 + PQ. 0505 + <1>st0|05)
2a5 A3
+ 12aA2‘I/Ssso + 4aA2\115552r0 + 4aA2\IJSSs2so + SAszQsasto + 2€I>aQ555052 - 10QSA257"0

—3®|gr0 — 3Prqjp + Gq)QSSOT‘()()] — [4A252955aQso — 2A%82Q0, .10 + 12022 510

1120, A250Qs0 + 6DaQs 505 — 3<1>r0],
-1 2 2., 100 2
o5 A2 [4a<2AA|O\Ifssso + A% 0880 + A \Ilsjso + A \Ilssso‘()) — @)oo — D0
- 2(QS|0A2ST0 +20,AA gsro + QSA2%r0 + QSA23rO|0> fa [4(95,0&5@50 T QSAQ%QSO
+ Q:sA%5Q 050 + Qs A?5Qs0)0 + 20 AN |g5Qs0 + 204 0T gsro + A2 gsro + AQ\IJS’%TO

A‘O

+ AQ\I/’ST0|0) +290Qs508 + 22Q 0508 + 2PQs 8005 + 2<I>Q5507“00] +—=
4a3A

[4aA2\I/Ssso

— Bro — 20, A2s70 + 405 A25aQs0 + 4aA2 W sro + 2q>astos],
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4AAgsQs + 242500 + D)o N rooQds (24250 + ®)A g

203 A2 at a3A3 ’
-
Ci1:=——
YT oaA?
co 80 2Bp
12T00A2 T QA
1 2 2
C1s =5 20,420 +22%w, + 2Q.],
1
Cra ::204A2 [2QS\OA2Q + 4QSAA\OQ + ZQSAQQ\O + 4AA‘0\I’5 + 2A2\I/S|0 —+ CD\OQS + (st\O]v
Ao 2 2
QA3 [QQSA Q + 2A%T, +¢1>QS],
1
Cis i=— ~Ci3, Cigi=——Ciq— T%Clg, Cir7 = — s,
@ «a @ e
1 s T s
Cis =—Vy, Cyg := ——C17, Coo:= 7%017 — —(Cis,
@ «a @ @
and
T00 S7T00
Ajp ==Qos + FQ + 2[7"0 +s0 — . ]Qs +®2 - 52)Q5|0
r r
@0 == [ndjo + T2 Q+ Q0] (@ — 5Q0) — (Qpo — " Qs — 5Quj0) (nA + 1+ 5Q)

T00

—2[ro 40 = T2 (14 5Q) Qs — (67 = 57| 22 QQus + 5Q10Qus + (14 5Q)Qusfo

«

3. PROOF OF THE THEOREM 1

For the Finsler metric defined by (1.1), we get

1 1
— . Y=
—1+42s 1-3s+2B
Using the Maple program, we can obtain the quantity H for the Finsler metric
defined by (1.1). By using Proposition 3, putting s;; = 0 and r;; = c(b?*a;; —
b;b;) in (2.5) and decomposing of the rational (Rat) and irrational (Irrat) parts,

Q= (3.1)

we have the following
Hji = (Rat) i, + a(Irrat) jk, (3.2)

where Rat and Irrat are listed in Appendix 4. It is remarkable that, if H =
(n+1)/(2F)6h then by equating the parts of rational and irrational parts in
two sides of equation, we get two simple equations. By the obtained equations,
one can get the desired result.

Now, suppose that F' has almost vanishing H-curvature on a n-dimensional

manifold M. Then
n+1

H;j = F~'0h;, (3.3)
where 0 := 6;(x)y® is a 1-form on M. Substituting (3.2) in (3.3), we get

(n+ 1)6h;, = 2F [(Rat) i, + a(Irrat) ji]. (3.4)

|



80 M. Faghfouri and N. Jazer

Multiplying (3.4) with b6’ and using Maple program, we get the following

I {( — 32B3c2p — 32nB3c2bt + 5284 — 20nB4c? — 2B3c? — 2n8302)a12 n 3(939
+96nB2c?b*B — 188 B3c?B + 4nB2%c?nB + 100B3c?*nB — 2Bc?*nB + 44B3nd — 32B%28
+30B%n0 — 2Bc?B + 44B30 + 96 B2c2b4 8 + 9BO + 0 + nb + 30820 + 24B40 + 24B4n0)a11

+ ( — 10BnB0 — 148B4c2nB? + 284B%c2 32 — 69B2 B0 — 96 B32bin g2 + 64B22b*n B2
+64B2c2b* 82 + 96 B3c? 32 — 96 B3c?b* 8% — 69B%nB0 + 96 B3c*nB? + 30B%2 B2 — 156 B3n B0

— 116B*nB6 — 156 B340 — 116 B4 + 30B2c2n 2% — 10350)a10 + (12332529 —192B2c2p433
—nB20 + 2BcnB3 — 16B%c? B3 4+ 2B? 8% — 476 B32nB3 — 116 B3 2 8% — 48B4 20 + 32B32bins?
+32B3c2b% 83 — 148 B%c?n B2 — 192B2c2b*nB% — 48 B*nB20 + 44B*c2n B3 + 123B%n 320 + 24Bn B30
+118B3B2%0 — 244B*c?8% + 118B3nB%0 + 24BB%0 — 520) o’ + (8103%%54 +90B328%
+192B2%b*n Bt + 64B2c2B* + 192B2c2b* B4 + 280B2c2nBt — 28 B2nBt — 32B2bin Bt
+128B%c? 8% + 256 B3 830 + 66 BnB30 + 177B% %60 — 28 Bc?8* + 14n8%0 + 56 B*?nBt

4 256B%n8%0 + 177B%n %0 + 66 B330 — 32B2b4 3% + 14539) o + ( +96B2b4 8% — 12B32 45
— 88B3nB%0 + 108Bc?B% — 32B4c? 8% — 64B2c?b* 8% + 66 B2c28° — 88B3 540 + 96 Bc2b*nB°

— 64B2?b*nB° — 552B3c?nB° — 636 B2nB%0 — 435B8%0 — 78 B%c?nB% — 636 B2 540 — 83840

— 32B%2nB3° — 83n8%0 + 144Bc*nfB5 — 435Bn640) ol 4 (8833c2n66 —230B2285 — 212B23°
— 356Bc?nB% 4+ 160B3nB%0 + 948 BB%0 + 160B33%0 — 96 B2 8% — 56 B3c28% — 374B2c?*n B0

+ 948 BnB%0 + 636 B23°0 — 96 B2b n 3% + 281856 + 636 B2nB%0 + 281n559) o+ (2203202,87
+23887c?B + 454n87? B + 32B3c2nB” — 120B38%0 + 32B3?B87 — 120B3nB%0 + 436 B2c*nB”
— 627850 — 1404BB%0 + 32Bc?*b* 87 — 900B23%0 + 32Bc2b*nB7 — 900B%nB°%0 — 627n3°%0

- 1404Bnﬁ60> o+ ( —79B2c23% + 48B3B70 — 144Bc?8° — 144B2*n8® + 1656 Bns’0
+48B3nB70 — 288Bc?*nB8 + 612B%n870 + 612B%8760 + 1656 BB76 + 978n8760 + 978579) at

+ (7230%5 —1032Bn# — 103286 — 8 B3nf — 10000 + 36 Bc?3 — 8B36

— 1000n0 — 228 B%nf — 228329) B8a + (576n + 360B + 360Bn + 36B%n

43682 + 576)590a2 - (189n + 189 + 54(n + 1)3),5109a +27(n + 1)3119] =0, (3.5)

where
1

II:=- T
2(a — B)3[(1+2B)a —38] ab

By (3.5), it follows that 273''0(n + 1) should be a multiple of a? which is
impossible. So § = 0. By putting # = 0 in (3.5), the coefficient of a® reduces to
(2n +1)Bc?B° = 0. Thus ¢ = 0 and § is parallel with respect to a. Therefore,
F reduces to a Berwald metric. ]
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4. ApPENDIX: COEFFICIENTS IN (3.2)

(Rat);; :=A (96n32c2b4biyj + 96nB2c2bYb,y; — 6nBc?b;ib; B — 192Bc?bb;b; 8 + 176nB3c2b;b, 8
+36nB%cb;b; 3 — 48B*c?a;; 8 — 8nB'cjgai; + 96B>c?a;;8 — 12nB’c10a4; + 32B%cigbsb,
+ 63202aijﬁ — GBQC‘Oaijn + 3GB2C|ObibJ‘ —cjoBaijn + 120|OBbibj + c1obibjn + 1832yj02bi
+ 18B?y;c?b; — 216B%y;c?b; — 216 B3y;c?b; — 2¢2b; Bb; — 96Bc*b bibn + cjobsb;
— 3633c|0a¢j —cjoBa;; — 12320‘()(1” — 32B4c‘0a¢j — 7SBc2bib]~ﬁ — 202b¢bjnﬁ + 6n32yjc2bi
+ 144B%%b by, — 96 B2 aimpB — 60B3c%a; B — 16B3c%b;b; 8 + 144B2c2b by,
+ GnBQinQb]- + GOnBSy]-CQbi + GOnBSinij + Gnc|OBbib]- + SBSC‘Obib]'TL — 63202ai]~n5
+ 72B2b;b; B + 12320‘0111-17]'71) o+ ( — 56B3¢/gbiny; 8 — 56 B3c|obiny:8 + 2400 B2c|gbsb; 52
- 9602b4bibjnﬂ3 — 2883202b4yiyj,8 + 1763402nyiyj,3 — 12nBbjcjoByi + 12,32nbjc2Byi
— 12n8b;c10By; + 12,82nbi023yj — IQBQCznﬁyiyj — 72n,BBijc‘Oyi + 318,82anjc|0b¢
— 696,6’3an3-02171- + 2452n32b]-02yi — 72n532bic‘0y]- + 2462n32b1-02yj - 24B302n5yiyj
— 326%nB3y,;c?b; — 328°nB3y;c?b; — 2ny; Bc By; + 483%b1y,;c2b; B + 486%b1y;c?b; B
— 672Bc?b;b;n3° + 96¢)0b" bib;n B> — 48¢)0 Bb byy; 8 — 48¢)0 Bb*b;:8 + 2y;¢/0 By
— yjcjoBbi + 2y;2biB% — yicjoBb; + 2uic?b; B2 + 48BPca;; 8% — 96B%c?a;; 8% + 64B ¢ yiy;
— 120B%¢|gai; 8% — 6Bc%a; 2 — 228B%cjgaq; B2 + 24B%y;jcioyi + T2B3y;ci0y: — 578%cjoBai;
+45bjc0%b; — 36cb;b; 8% — 192B2 b ny;y; B — 48¢)o Bb*biny; B — 48¢|o Bb*biny; B
+ 4837 nbty;c®b; B + 4887 nby;c?b; B + 96¢)0b*bib; B2 + 16B* conyiy; — 144B3cjgai;n?
+ 6Bc*ai;jnB® — 216Bc®b;b; B2 — 32B3ciobiy; 8 — 32B¢jobjyi B — 198B%¢|gai;nB?
+ 120B2¢|gb;ib; B2 4+ 96 B> c*ai;n° + 1682 B3y,c®b; + 163> B2y;c®b; + 2ny;c?b; B2
+ 6OB2yjc‘oﬁbi + 72B2yj02b¢62 + 168B3yj/3’c2y¢ + GOBQyic‘O,Bbj + 72B2y¢c2bj,82
- 2yj,Bcszi + 7552nbjc‘0bi — 15663nbjczbi —6Bbjc)oByi + 24bj,82623y¢ — 6BbicjoBy;
+ 24b;8°c* By; — 72B*c Byiy; — 638 ncjgBai; + 12nBy;cjoys + 24nBy;cj0yi + 2ny;cioBy:
— ny;cjoBb; + Qnyjc2bi,32 — ny;cjoBb; + 360|OBbibjﬁ2 + 3QB4c2yiij + GOB2c2aijn63
— 423%y;c* By; — 483°b y ciobs — 488 yiciob; + 108n8%bjc b — 216n8°b;c2b;
— 13283%b;c)oByi + 288b;3*c* By; — 1323%bic|o By; + 288b; 3 c® By; — 312B%c*B3y,y;
- 108n,34c|OBaij — 6953nyjc|0bi + 144nﬁ4yjc2bi — 69ﬁ3nyic‘0bj + 144n54y¢c2bj
+ 26482 B?y;coy; + 2408° B3y;cjoyi)a” + 1083%y;c2b; + 10853%y;c|o By; — 1083%y;c* By,
— 54,35yj0|0bi + 216n66y¢02bj — 108n65yj0|0bi + 216n66y]-62bi — 108nﬁ5y,-0|0b]-

- 216n,35yjcszi + 108,863,/1'02()]' + 216nﬁ4yjc‘OByi — 5455yic‘0b]’),

(Irrat);; :=A (144B4yj023yi + 1448* Byicjob; — 14458%y;¢/0 By; — 288n3%y;c2b; + 728y, c/0bi

+ 1448 nyjciob; — 2888° B2y;c|oy; + 1445 Byjc|ob; — 288b;8°c? By; — 288b;3°c* By;
+ 2883 B?y;c?y; — 288n8%y;c®b; + 1448 ny;ciobs + 728" yiciob; — 1448%y;¢b;
- 144B5yic2bj + 576,84n32yjc2yi - 576n,35b¢023yj + 288/54nBin|Ob]~ — 576n,85bj02By¢
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— 28883%ny;cjo By; + 2883*ny;c® By; + 2883*nBy;c|ob; — 57663nB2ij|oyi>a7

+ (72132021)1-1;]- — 64B2c2b%b;b; + 12B3c%a;n — 32B*c?b;b; + 32nB%c?ay; + nB3c2ay;

— 3Bc?b;b; + 32B5ca;; — 36 B*c2a;; — 24B3c?a;; — 32B4c?b;bjn + B%c?a;; + 36 BYc?a;n
— 32Bc?b%b;b; — 3nBc?b;b; — 36nB2c?b;b; — T6B3c2b;bin — 64B2c?b*b;byn + 140B3c%b;b;
- 32302b4bibjn) o 4 (192Bc2b4bibjn52 — 32B2c2b4b;ny; B — 32B2c2b4b,ny; B

— 16pnb*y;c*b; B — 16nb*y;c®b; B — 64Bcjob*bibjn — 184nBy;c’b; — 188nBy;c?b;
— 1288nB3y;c?b; — 1288nB3y;c?b; — 168b*y;cb; B — 168bYy;c?b; B + 396 B2c2b;bjn 32
— 64Bc|gb?bsb; B + 16Bejgb*biny; + 16Bejob*byny; — 32¢/0b*bibjnB — 32B%cigbsb;np

+ 213Bc?b;ibjn % — 124B%¢jgbibjn — 84c)oBbibjn — 32B%c*b*byy; 8 — 32B2c*bb;y: 8
- BcQaijBQ +bjcjoByi — 15bj¢)08bi + 33bjc2bi52 +bicjoBy; — QBQCQy,'yj + 13¢|gBai;B
- 32B402ai]ﬂ2 + 723402yiy]- + 363302(11-]-52 — 64B502yiyj + 32B4c‘0ai]ﬂ + 4SB3c2yiyj
—3B%c%a;;8° + 156 B3cjgaq; B — 52B3ciobsy; — 52Bcjobjyi + 96B2¢jgai; B — 24B%c|gbiy;
— 24B%¢|bjyi + 192Bc®b"b;b; 8% + 966 bib;nB? + 32B* c®biny; 8 + 32B*cPbny; B
+96B3c?b;ibjn 3% + 32B%c|gb*biny; + 32B%cob*bjny; — Be?ainB? + 54B%By;cPb;

+ 54B?By;c?b; + 168B%y;cb; + 168B3y;c?b; + 13cgBagnp — 48¢|oBb;b; 8

+ bic|OBnyj + bjc|OBnyi — 15c|0bibjn[3 + 32B4c‘oai]~n5 — 243302nyiyj — 33202a¢jn52
— 36B2¢%b;b; 8% + 16Bc|gb*biy; + 16Bejgb*bjy; — 32¢)0b*bib; 8 + 84B3¢jgai;n
+20B%¢jgbiny; + 20B3¢|gbiny; — 2B*c*nyy; — 32B¢jgbib; B — 3BcPbib; 8% + 33b;c’bin 3
+ GOBQC|0aijnﬁ - 52B20|0bibj,8 + 1QB2C|0binyj + 12326‘0bjnyi — 64B502nyiyj

+ 9602b4b¢b]ﬂ2 — 32B402a,~jn,82 + 3234c2biyj5 + 3234c2bjyiﬁ — 7234c2ny,~yj
+36B%c2a;nB? + 96B%¢hib; 52 + 32B8%¢0b by, + 32B8%¢i0bbyy: ) o + (326%y;¢% By,
— 1208° B?y;c?b; — 288y cioBy: + 1687 y;cj0bi — 488°bYy;¢*b; + 168%b yicb;

- 153,33nbjc‘0bi - 4853b4yi02bj + 14n,32yj0|0bi — SOﬂSnyjczbi + 14n62yi0|0bj
+2978%nb;c*b; + 45Bbjc)o By; — 96b; 8c® By; + 45BbicjoBy; — 96b;8°c* By,

— 63202ﬁzyiyj — 30,83nyi02bj — 144BQBij|oyi - 208ﬁB3ij\oyi + 104B2Bzyjc|0bi

— 1208 B?y,;c®b; + 3282 B?y;cy; + 1048° B2y;c)b; + 135¢9BagjnB® — 144¢)0Bb;b;

- QBCQaijn54 + 12834c2y¢y]-,82 - 9633yjc2b¢ﬁ3 — QGBSyic2bjﬂ3 - 723202ai]-n64

+ 288 Bc?b;b; 8" — 64Bcjqyiy; 8 + 32B¢jobiy; B + 32B% ¢ obsyi B2 + 216 B*cjpain s

+ 99¢j9Bai; 8% + 27Bc*ai; 8* + 144B%¢|gai; 8° + 148%y;c/obi — 308%y;c%b; + 14B8%yic/ob;
— 30B%y;c?b; — 45bjc)oB%b; + 117b;c?b; B* + 128 B2c*bny,y; 8% — 96 B2 b biny; 5°

— 96Bc*b*bjny; % — 64B%c|ob*ny;y; 8 + 32Bcjob*biny; 8% + 32Bc)gb*biny; 8>

+ 64nﬁ2b4yj023yi - 32nﬁb4yjc‘oByi — 9GBc2b4b]-y,ﬂ3 + 12834c2ny,-yj62

— 96nB3y;c’b; 3% — 96nBy;cb; B + 210B>c*nBy;y; — 144BnB>y;c/0y:

— 2088nB3y cioy; + 16n8%bYy ciobi — 488 nbty;c2b; + 161826 yic by — 483°nbty;c?b,
- 32ﬁb4ij|OBy¢ + 64,82b4yj02By¢ — 28Bny;coBy; + 32n52yjc2Byi - 64B2C|0b4yiyj6
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+ 32B%¢jgbjnyi 8% + 32Bc|ob*biy; 8% + 32Bc|gb*b;yi8° — 64B%cgnyiy; B + 32B%¢|gbiny; 8>
+128B2c?bty ;8% — 96 Bc?bby; 8% + 6488 nBbjc?b; — 2645°nB%b;c?y; + 176082 B2bic)oy;
— 2643°nB?b;c?y; + 464B%c*nB2y,y; + 81nB>bjc)o By — 1683°nb;c® By; + 81n3%bic)o By,

— 1688nb;c® By; + 176n8% B%bjc|gy; — 36053an]~c‘0bi)a2} ,

where
1

A= — I
203 [(1 + 2B)a — 34]
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