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ABSTRACT. In this paper, we study the H-curvature, an important non-Riemannian quantity,
for a rich and important class of Finsler metrics called Finsler warped product metrics. We
find an equation that characterizes the metrics of almost vanishing H-curvature. Further,
we show that, if F'is a Finsler warped product metric, then the H-curvature vanishes if and

only if the x-curvature vanishes.
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1. INTRODUCTION

The non-Riemannian quantity H was introduced by Akbar-Zadeh [1] and
developed by some other Finslerian geometers [8, 11]. Tt is determined by the
x-curvature in the following way

1
H;; = E(Xi.j + Xj.i)s (1.1)

where y := ypdu®? and H := H,pdu? @ du® denote the y- and H-curvatures
of F' respectively, and “ - 7 denote the vertical covariant derivatives with
respect to the Chern connection [15]. See [9, 17, 18] for interesting results on
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Finsler metrics with the H-curvature. A Finsler metric F' on an n-dimensional
manifold M is called of almost vanishing H-curvature if
n+1

Hyp = 5

OF, a,5, (1.2)

where 0 := 04 (u)v? is a 1-form on M.

In [9], X. Mo gave a characterization of spherically symmetric Finsler metrics
of almost vanishing H-curvature. Then, the equivalence property between x =
0 and H = 0 for the metrics proved in [14] and [9]. Recall that a Finsler metric
F is said to be spherically symmetric if the orthogonal group O(n) acts as
isometries on F' [13, 10].

In [3], Chen-Shen-Zhao introduced a new class of Finsler metrics using the
concept of the warped product structure on an n-dimensional manifold M :=
I x M where I is an interval of R and M is an (n — 1)-dimensional manifold
equipped with a Riemannian metric. In fact, they consider metrics of the form:

1

v
F(u,v) = a(a,v (ul, ), 1.3
() = i 5)6 (u, 5o (13)
which are called Finsler warped product metric, where u = (u', @), v = 1;1% +
¥ and ¢ is a suitable function defined on a domain of R2. This class of Finsler
metrics includes spherically symmetric Finsler metrics. Furthermore, they ob-
tained the formula of the flag curvature and Ricci curvature of Finsler warped

1

product metrics and gave the characterization of such metrics to be Einstein.

H. Liu and X. Mo obtained the differential equation that characterizes the met-

rics with vanishing Douglas curvature [7]. Then, Liu-Mo-Zhang found equa-

tions that characterize the metrics of constant flag curvature and constructed

explicitly many new warped product Douglas metrics of constant Ricci [6].
Troughout this paper, our index conventions are as follows:

1<A<B<...<n, 2<1<3<L...<n.

In this paper, we mainly study Finsler warped product metrics with the H-
curvature. First, we give a characterization equation for such metrics to be of
almost vanishing H-curvature (Theorem 1.1). Then we show the equivalence
property between y = 0 and H = 0 for the metrics (Corollary 1.4).

In fact, we get the following main results.

Theorem 1.1. Let F' = &a¢(r,s) be a Finsler warped product metric on an
n-dimensional manifold M = I x M, where r = u!' and s = v'/&. Then F has
almost vanishing H -curvature if and only if

sd{)\s — 8Ts + %[(n -2 ps+(2n—-1) T]} =(n+1)0(¢ — s¢s), (1.4)

where 6 is a 1-form on M and A\, i and 7 are defined in (2.5), (2.6) and (2.7),
respectively.

For 0 = 0, we get
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Corollary 1.2. Let F = a¢(r,s) be a Finsler warped product metric, where
r=u' and s = v'/&. Then F has vanishing H-curvature if and only if

)\S—srs—l—%[(n—Q)us—i—(Qn—l)T]:O. (1.5)

In [4], Liu-Mo-Zhang obtained the differential equation that characterizes
Finsler warped product metrics with vanishing y-curvature, and it is given at
below.

Lemma 1.3. Let F = &a¢(r,s) be a Finsler warped product metric, where
r=u' and s = v'/&. Then F has vanishing x-curvature if and only if

3 —3s7s+ (2n— 1)1+ (n — 2)us = 0. (1.6)

Now, the following corollary easily obtain by Corollary 1.2 and Lemma 1.3.

Corollary 1.4. Let F = a¢(r,s) be a Finsler warped product metric, where
r=u' and s = v'/&. Then x =0 if and only if H = 0.

A Finsler metric F' on an n-dimensional manifold M is said to be R-quadratic
if its Riemann curvature R, is quadratic in v € T,, M [2]. Najafi-Bidabad-Tayebi
and X. Mo showed that all of R-quadratic Finsler metrics have vanishing H-
curvature in [12] and [8]. Together with Corollary 1.4, we have the following:

Corollary 1.5. Let F = a¢(r,s) be a Finsler warped product metric, where
r = u! and s = v'/a. Suppose that F is R-quadratic, then F has vanishing
X-curvature.

Finsler metrics with vanishing y-curvature is closely related to Finsler met-
rics of constant curvature. A Finsler metric F is called to be of constant Ricci
curvature, if

Ric = (n—1)skF?,

where the Ricci curvature Ric is defined as Ric = RE.
Note that there is a notion of Ricci curvature tensor introduced in [5],

. 1
Ricap = §{Rg cp + RE CA}7 (L.7)
where Ric = Ricapv®v®. By (1.7), one can easily see that Ricap = (n —
1)kgap implies Ric = (n — 1)kF?. It is an interesting problem to see the
difference between Ric = (n — 1)kF? and Ricap = (n — 1)kgap [14]. Hence,

we discuss this interesting result via Finsler warped product metrics with the
following theorem:

Theorem 1.6. Let F = ag¢(r,s) be a Finsler warped product metric, where
r=u' and s = v'/&. Then Ricap = kgap, if and only if ¢ satisfies

(n —1)k¢? = Ric+ &N+ (n — 1)p — v, (1.8)
3As + (2n —1)7 — 3575 + (n — 2)pus = 0. (1.9)
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2. PRELIMINARIES

Let F be a Finsler metric on an n-dimensional manifold M and G = vAauLA —
QGAO%, in local coordinate u',...,u" and v = v4 a?A be a spray induced by

F. The spray coefficients G are defined by

1
GA = ZgAB{[F2]uch’UC — [FQ]UB},
where gap(u,v) = [%Fz}v%s and (g4P) = (gap)~!. For a Riemannian

metric, the spray coefficients are determined by its Christoffel symbols as
G'(u,v) = %F;k(u)vjvk. The spray coefficients G4 of a Finsler warped product
metric F' = a¢(r, s) are given by [3]

G'= ®a%,  G'= G+ 0acT, (2.1)
where [! = % and
82 (Wrwss — Wsrg) — 2w (Wy — SWrs) T - S$(wrwss — Wswyrs) + Wswy

2(2wwss — w?2) ’ 2(2wwss — w?2) ’
(2.2)

b =

where w = ¢2.
The well-known non-Riemannian quantity, S-curvature, is given by

S(u,0) 1= S r(el®), 6)] o

where ¢(t) is the geodesic with ¢(0) = v and ¢(0) = v, [16]. According to the
given definition, S-curvature measures the rate of change of the distortion on
(TuM, F,) in the direction v € T,,M. For Berwald metrics the S-curvature is
zero, [19]. In local coordinates, the S-curvature is defined by

0GC 0
S = 50C —vcau—c[anBH}, (2.3)

where dVi = op(u)du' A --- A du™ is the Busemann-Hausdorff volume form.
The E-curvature E = E pdu® @ duf and x-curvature x = x pdu® are

defined by Fap := %S_A_B and x4 = S,A‘CUC — S‘A, and the quantity H, =

Hpdu® @du® is defined as the covariant derivative of E along geodesics, more

R

precisely Hap := E4 B|Cvc, where “ - 7 and denote the vertical and hori-

“ | 2
zontal covariant derivatives with respect to the Chern connection, respectively.
The H-curvature can be also expressed in terms of x4, (1.1).

In section 3, we need the following lemma given by Liu-Mo-Zhang.
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Lemma 2.1. [4] For a Finsler warped product metric F' = &¢(r,s), the x-
curvature is given by

X = xadu®
= deu1+xjduj

= —d{AS — §Ts + %[(n —2us+(2n—-1) T]}(dr —sw), (24)

where & is the Hilbert form of & and

A= (20, — 5D,,) + (20D, — %) +2(D, — 5D, )V — (20 — 5D,)D,(2.5)

= U2 2500, — sV, + 20V, (2.6)
T o= 20, — sV, +s(T? - 200,) + 20, b — U P, (2.7)
v = ST+ . (2.8)

In particular, F' has vanishing x-curvature if and only if
1
)\s—STS+§[(n—2),us—|—(2n—1)T]:0. (2.9)

In [3], Chen-Shen-Zhao obtained a formula for the Ricci curvature Ric of a
Finsler warped product metric, and it is given at below.

Lemma 2.2. For a Finsler warped product metric F = a¢(r,s), the Ricci
curvature Ric is given by

Ric = Ric+ &M+ (n — 1) —v]. (2.10)

3. H-CURVATURE

In this section, we first derive a formula for the H-curvature of a Finsler
warped product metric F' = a¢(r, s), then we find an equation that character-
izes the Finsler metrics of almost vanishing H-curvature.

1

Let F = ag¢(r,s),r = ul,s = % be a Finsler warped product metric. It is

easy to verify that
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By differentiating x4 and using (2.4) we obtain

H = Hapdu"®du®
= Hyy(dr)? +H1jdr®duj —I—Hildui@dr—l—Hijdui ® du?
= f%[(n —2) (fss + 275) — 35Tss + 3ss](dr)?
+ =slil(n = 2) (s + 275) — 38Tes + 3Ass)dr ® du?
+ Siz[(n —2) (ftss + 275) — 38Tss + 3Ags)du’ @ dr

D= | = O =

3{3)\+ 2n —1)7 — 3575 + (n — 2) ps)aij
2

—

35755 — s(n—2) (uss + 275) +357s — 3sAss — (2n— 1) 7
—(n—2)pus — BAS][iZj}dul ® du?, (3.2)

where we have used (3.1).

Now, we can prove Theorem 1.1.

Proof of Theorem 1.1

For a Finsler warped product metric F = &¢(r,s) a direct computation
yields

Fp = ¢s, (3.3)
Foi = (¢ — s¢,)l;. (3.4)
From the above equations we obtain
Futgs = = us (35)
S es

Foryi = — & lis (3.6)
Py = 2[(6 = 36.)iey — (6 — 6, — 0,11 (37)

Suppose that F' has almost vanishing H-curvature, i.e.,
Hap = ”HGFA 5, (3.8)

where 6 := 04 (u)v? is a 1-form on M. Thus, by (3.2) and (3.5)~(3.7), (3.8)
holds if and only if

1 1
{0 = 2) (s + 27,) — B57is + BAss} = + A b0ss, (3.9)
1
68{[3)\5 +2n—-1)7—-3s1s+(n—2) us]éij + [ s(n—2)(uss + 275)
35%Tes +35Ts — 35 Xgs — (21 — 1)T—(n—2)us—3)\s]lvilvj}

n+1

= 5 0[(6 — s¢s)di; — (¢ — 565 — 2Pss)lil;]. (3.10)
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Substituting (3.9) into (3.10), we get

1 o
65[3 As+(2n—1)7 — 3575 + (n — 2) ps) (@i — Uil;)

1 e
- ”;d 0(¢ — s6)(idi; — IL,). (3.11)

It follows from (3.11) that
sd{)\s — 875 + %[(n —2us+(2n—-1) T]} =(n+1)0(¢—sps). (3.12)

Conversely, assume that (3.12) holds. By differentiating (3.12) with respect
to s, one obtains (3.9). By (3.12) and (3.9), (3.10) holds. Hence, we conclude
that F' = &¢(r, s) has almost vanishing H-curvature if and only if (3.12) holds.
This completes the proof of Theorem 1.1. (Il

Proof of Corollary 1.4: Taking § = 0 in (3.12), we obtain
1
)\S—STS+§[(m—2)pS+(2m—1)T]:0. (3.13)

Then, the proof is easy to obtain by comparing (2.9) with (3.13). O

In [3, Lemma 3.1], Cheng-Shen-Zhao proved that a spherically symmetric
metric is a Finsler warped product metric. Then, we have the following [14, 9].

Corollary 3.1. Let (B"(v), F) be a spherically symmetric Finsler manifold.
Then the H-curvature vanishes if and only if the x-curvature vanishes.

Example 3.2. Consider the following metric

L 32+r2(1—r2)+rs)2
= .
T1—r2)2 /2 21— 12)

It is warped product form of the Berwald’s metric on B™ [3]. The flag curvature
of F is K =0, then it satisfies H = 0. Thus, the Finsler metric F = &¢(r, s)
has vanishing x-curvature.

Proof of Theorem 1.6: It is known that for any Finsler metric, Ricap =
(n — 1)kgap if and only if Ric = (n — 1)kF? and Hap = 0. By Corollary
1.4, for any warped product metric, Hag = 0 if and only if x4 = 0. Thus
for a warped product metric F' = &¢(r, s), Ricap = (n — 1)kgap if and only
if Ric = (n —1)kF? and x4 = 0. By (2.9) and Lemma 2.2, we prove the
theorem. (]
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